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Abstract

Graphene, a mono-layer of graphite, is a 2D carbon structure, first discovered in 2004
by A. K. Geim and K. S. Novoselov, who received the Nobel prize in 2010. Its geometric
structure, the honeycomb-lattice, has already been the subject of theoretical considera-
tion years earlier. Starting from the dispersion relation of a simple tight-binding fermion
model, reveals properties of massless Dirac fermions in the region of two points k4 in
momentum space. We approximate this model at half-filling for low-energy excitations
to get correspondence with the Diracian field theory. From the Dirac via the Pauli equa-
tion we derive an effective theory for the Dirac quasi-particles in graphene, including
interaction with a weak electromagnetic field. Finally, we use this theory to calculate
the Landau levels E,, = +v4v/2eBn in graphene.

Throughout this paper we use c = h = 1.
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1. Introduction

1.1. Historical Aspects

Carbon with its four valence electrons is able to bond in several ways and therefore
participates in various structures. This ability made it the most important element in
organic chemistry and a requisite for life on earth. Most allotropes of carbon (diamond,
graphite, fullerene) where first discovered, before examined theoretically. Graphene, a
two-dimensional material with carbon atoms arranged on a honeycomb lattice, instead
was first described by P. R. Wallace in 1947 [1], before it was found by K.S. Novoselov
and A.K. Geim in 2004 [2]. The description of graphene was only used by Wallace to
derive a model for graphite, which can be seen as stacked graphene layers. Graphite was
widely known since the invention of the pencil in 1564. In fact the usability of graphite
for writing lies in the comparably weak van der Waals coupling between the graphene
layers. Wallace, and many others after him, thought that graphene could not exist in its
purely two-dimensional form. Until their discovery in 2004, small flat graphene flakes
were expected to wrap up and build nanotubes and fullerenes. But Novoselov and Geim
were able to consecutively reduce the number of layers in graphite by ripping it apart
whit adhesive tape until they finally produced small flakes of single-layer graphene, which
were stable at room temperature.

1.2. Properties of graphene

In graphene three electrons participate in sp? bonds. These three bonds are realized
in a plane with regular 120 angles between them. Each bond is covalently shared with
a neighboring atom in a o-bond, giving graphene its flat hexagonal structure and its
robustness. With one electron from each carbon atom all o-bonds are fully occupied.
The fourth valence electron occupies one of two states in the remaining p orbital and
forms a half filled m-band. Wallace pointed out that this 7-band has no band-gap and
an unusual linear dispersion for excited electrons [1]. In neutral graphene (half filling)
the Fermi-energy lies exactly at these so-called Dirac points of linear dispersion. This
dispersion gives rise to massless Dirac fermions moving with a speed 300 times smaller
than the speed of light (vp ~ 109m/s). Graphene has a very high electron mobility
~ 250,000cm?/Vs combined with a huge carrier density 10'2cm™2 resulting in the
lowest resistivity (=~ 1076 cm) of all known materials at room temperature [3].

1.3. Structure and aim of this thesis

This thesis focuses on the electronic properties of graphene only. In section 2 we in-
troduce the conventions and formalism to describe the honeycomb lattice and functions
defined on it, as well as intrinsic symmetries of the lattice. We start with a tight binding
Hamiltonian in section 3 to describe the electrons in the p orbitals belonging to the
m-band. We rediscover the linear dispersion described by Wallace and approximate the
dispersion relation and the Hamiltonian at the Fermi energy in terms of the velocity
vp of the Dirac-fermions. On the basis of the approximated Hamiltonian and a form of



the Pauli equation due to Studer and Frohlich [4] we build up an effective low-energy
theory of graphene in section 4, which allows us to couple graphene to an external elec-
tromagnetic field and to calculate the corresponding Landau levels. In the last section
we briefly recapitulate the result of this thesis and take a look at current researches and
possible future applications for graphene.
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Figure 2.1: Honeycomb lattice with primitive vectors @ and sublattice vectors €.

2. The honeycomb lattice

2.1. Geometry of the lattice

Graphen is a two-dimensional carbon-structure, with carbon atoms arranged at the
corners of hexagons. This so-called honeycomb lattice itself is not a Bravais lattice, but
the centers of each hexagon as well as the e- and o-sublattice form a hexagonal Bravais
lattice with the primitive vectors (compare figure 2.1)

1
ay :d(é), @:d(\%). (2.1)
2

In graphene the lattice constant is d = 2.46A [5], and the distance between to carbon
atoms is a = d/v/3 = 1.42A. We now define X as the set of all the vectors on this lattice

X :={¥ € R*# = m a1 + nada, n1,nz € Z}. (2.2)
The two sublattices X, and X, can be written as

Xe =X + €e = {f S R2|f: n1di + nads + €y, N1, N9 € Z},

Xo=X+6€ = {.f S R2|f = ??,161 + 7”@62 + é'm ni,ng € Z}, (2.3)

where we have introduced the sublattice vectors

go:_z:d(ég). 24
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2.2. Symmmetries of the lattice

All symmetries of the lattice can be considered as a combination of simple symmetries
(D;, O, R), that we will discuss now shortly.

2.2.1. Shift symmetry D;

The shift symmetry along a primitive vector @; is a property of any Bravais lattice and
therefore of the two sublattices. Since both sublattices have the same primitive vectors
the entire honeycomb lattice has this symmetry. The symmetry is given by & — & + a;.
This symmetry maps ¢ — e and o — o.

2.2.2. Rotation symmetry O

From figure 2.1 we can see that the honeycomb lattice remains invariant under a rotation

by 60°. The symmetry is given by (z1,z2) — (%x — @xg, %xz + @xl) This symmetry

maps ¢ — o and o — e,

2.2.3. Reflection symmetry R

There are several reflection symmetries. We chose the reflection at the xo-axis, the others
can be realised by combining with O. The symmetry is given by (z1,z2) — (—x1,x2).
This symmetry maps ¢ — e and o — o.

2.3. The reciprocal lattice
The reciprocal lattice is defined as all vectors k with

VieX,IneZ k- -F=2mn. (2.5)
The reciprocal primitive vectors 51, by belonging to @i, dy can be found by the relation

C_L}; . gj = 277‘51']'

- dr [ V3 - Am 0)
— bi=—=| 2,], byg=—= . 2.6
' (—é) = a5 20
As before we define K as the set of all the vectors on the reciprocal lattice
K = {k € R?|k = n1by + naby, n1,ny € Z}. (2.7)

2.4. Fourier-transformations

In order to diagonalize the Hamiltonian we will use Fourier-transformations between the
T and the k space. We first define

fk) =" frexp(—ik - ) (2.8)
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Figure 2.2: Illustration of the relation between the rhombic (left) and the hexagonal
(right) Brillouin zone.

for all k € R? and operators f.:IH — H on the Hilbert-space H.
Equation (2.5) states that for all ¥ € K and & € X

exp(ik' - &) = 1, (2.9)
and therefore

FlE+K) =" frexp(—i(k+ k) 7) =Y fexp(—ik- &) exp(—ik - F) = f(k). (2.10)

Tex Fex
The inverse transformation is an integral over a Brillouin zone B C R? which fullfills
BaK={fcR?Z=b+Fk be BkeK}=R>2 (2.11)
An intuitive choice is
B:{E:mll_fl—l—mﬂ_fg E]R2|—% <mi,mg < %} (2.12)

Although this Brillouin zone is the handiest for calculations, we rather represent data
on a hexagonal Brillouin zone which gives a better impression of the symmetries of the
system (the relation between the two Brillouin-zones is shown in figure 2.2).

The inverse Fourier-transformation can be derived from

fz= / ) dmq / ) dms f mlbl + mzbg) exp(i (mlbl + mgbg) Z)
3 3

V3d?

~ 82

/B a2k f(k) exp(ik - T). (2.13)

Where we have used

2r 4 1 d dv/3
k1 = 7 ko = 3 (—m1 —|—m2> = mp = %/ﬁ, mo = TkQ + 7k1
"2.14)



deta(ml,mg) _ % 0 _ \/§d2
O(ky ko) | | L 4B 82

We can now identify the §-functions

V3d® [, o
050 = 52 /Bd k exp(ik - T),

- 2 —
5(k) = ‘5:25 > exp(—ik - T).

N
xT

(2.15)

(2.16)



3. The tight binding model

In this model electrons are considered to be confined in the attractive potential of an
atom. Electrons can then be described by creation and annihilation operators localized
at discrete points (the atoms).

3.1. Electron creation and annihilation operators

The electron creation operator is given by 0;75. It creates an electron at position x with
spin s =T, . The annihilation operator is given by c, . These fermion operators obey
anti-commutation relations [6]

{cx’s,cl/’s,} = 03,0055, {Cps0Cp g} =0, {cLs,cL’s,} =0, (3.1)
implying the Pauli principle (no creation of two electrons in the same state)

1
CL?S = i{ci,s? c;rc,s} =0. (32)

We now assume that all states can be obtained by creating electrons from an empty
vacuum state |0)

[ t)e =l 10), [ Da=c [0), | It)e=cl cl [0). (3.3)

Orthonormality of these states is straightforward to show if we set (0|0) = 1.

3.2. Hopping between nearest neighbors

The simplest Hamiltonian in the tight binding model is one that describes hopping of
electrons between neighboring sites

H=t Z (c;%’scﬁs + C;SC:E»’S) , (3.4)
<f7m7s

where (Z, ) is a pair of nearest neighbors. Because spin is just an irrelevant summation

index we absorb it into
Co
cp = ( M) (3.5)
x|

H=t <ctcﬂ + ctcﬂ) , (3.6)

giving

3.3. Symmetries of the tight binding Hamiltonian

The Hamiltonian inherits all symmetries of the underlying lattice X (D;, O and R,
compare section 2.2) and has symmetries on its own, namely SU(2)s and SU(2)g.

10



3.3.1. Global SU(2), and SU(2)p symmetries

It is easy to show that

. & .
S=D chyer QT =3 (-D7chyely, Q7= (D,
x

x x

Q=5@Q"+Q7), Q= ; (—QT+Q7), Qs = Z% (cxpeas +ehyek, —1)

T

DN |

(3.7)

all commute with the Hamiltonian [H, S] = 0 and [H, @] = 0 ((—1)* assigns different signs
to the sublattices o and ). Throughout this thesis we use the standard representation

of the Pauli matrices
S 0 1 0 —1 1 0
=((0) G )6 %) @9

Here S is the generator of the S U(2)s spin rotation symmetry that implies a unitary
operator

e =VTe .V = exp(iff - =)Ca (3.10)

This reveals cz as an SU(2)¢-spinor and makes the Hamiltonian of eq. (3.6) obviously
invariant under global SU(2), transformations. The relation [H, S] = 0 also states that
spin is a conserved quantity. The second generator Cj was first found by Yang and Zhang
[7]. Its third component is related to the fermion number operator (with respect to half
filling) as Q3 = %Q, which makes SU(2)g an extension of the U(1)g symmetry well

known from electrodynamics. Similar to spin rotation there exists a fermion number

spinor
C=
d.= ( &1 ) (3.11)
xX xT T
(=1)%cz,

—

W =exp(id - Q), (3.12)

acting on it as (here ¢ acts in the fermion number Hilbert space)

and a unitary operator

L O
L= WTde = exp(iw - E)df (3.13)
Using d we can rewrite the generator Cj as
. N
Q= Z dy7d; (3.14)
xX

11



and the Hamiltonian of eq. (3.4) as

H=t> (dld;+did,), (3.15)
o

which is obviously invariant under SU(2)q transformations. Again [H, @] = 0 implies
charge respectively fermion number conservation. The extension of U(1)g to SU(2)q
predicts a symmetry between electrons and holes, and will be explicitly broken by adding
next-to-nearest neighbor hopping (compare section 3.7). Neither eq. (3.6) nor eq. (3.15)
is obviously SU(2)s ® SU(2)q invariant. There exists a representation with a matrix
operator instead of spinors, which has this property. A detailed construction of this
representation can be found in [8].

3.4. Solutions of the tight binding Hamiltonian

Using the definitions of the lattice, the tight binding Hamiltonian can be written as

_ T T T

H=t), (Cf+€.+al Cordo T CotdoCatntan T CotdatanCateo—a

reX

T T
~ tch oCon o+ chrgOiEchJraJral). (3.16)
The hopping parameter in graphene takes the value t = 2.8V [5]. The D; invariance
discussed before implies a conserved lattice momentum k. In order to rewrite the Hamil-
tonian in the k-basis we have to apply a Fourier-transformation to the operators. The
Fourier-transformed annihilation operators are given by

Go(k) = Y cpexp(—ik- ), éo(k)= > cpexp(—ik- ), (3.17)
reXe reXo

and the inverse transformations are given by

\/ng 2 7 7
2, . = ——— | d°kce(k k- (24 €,)),
e = oy [ EReByexpliE - 7+ &)

V3d? Lz -
THds g2 /Bd2kco(k)exp(1k-(x+eo)) (3.18)

Inserting these into the Hamiltonian we arrive at (for step by step calculations compare

appendix A)
H:t<\§:§2>/3d2k (ai ag) (2 90> (Z) (3.19)

where we have introduced the phase factor

—

g(k) = (exp(z‘E- @) + exp(ik - @) + exp(ik - (@1 + 52))) exp(i2k - ). (3.20)

12



Figure 3.1: Dispersion relation on the hexagonal Brillouin zone (only nearest neighbor
coupling, next-to-nearest neighbor coupling is illustrated in figure 3.3).

A unitary transformation yields diagonalisation of this matrix (g = |g|e’®)

1 s <
U= — (eii € ?a) Ut =1 = (3.21)
e'2 2

0 g* 1 ei% e—i% g*ei _g*ei% |g| 0
U UT = = e e . e == 322
(g 0) 2 (622 —6_7’2) (ge_Z ge "2 0 —lg| ( )

and therefore the Hamiltonian in diagonal form

V3d® 2 lgl 0 ¢
H=t| " 2k (et, & t se ). 2
( 872 /B (Cs,o Cs,o) U (O _|g|) U 55,0 (3 3)

The possible energy-eigenvalues are given by

vle NIR

Ew(R) = %tlg(F)]. (3.24)

3.5. Dirac cones

We have seen in section 3.2 that the energy of an electron mode is governed by the
function |g(k)|, with a symmetry between positive and negative energy eigenstates. We
will see that this symmetry does not hold when we consider hopping to next-to-nearest

13



Figure 3.2: Position of the spots with |g| = 0 and justification of the hexagonal Brillouin-
zone.

neighbors (compare section 3.7). We now take a closer look at the dependency of |g|
on k. We see that the negative and positive energy states meet only at the two distinct

points
. 4 (LB
=t ( 6 ) , (3.25)

which are exactly the edges of the hexagonal Brillouin zone (see figure 3.2). Since at
half-filling all low-energy excitations will be in this lattice momentum region we focus
on an expansion of |g| in terms of small relative deviation Ak from k+. The quantity |g|
as a function of k; and ko takes the form

9(F)] = \/3 + 2cos(dhy ) + 4cos(gk‘1) Cos(d;/gkg), (3.26)

and can be expanded around k+ as (Ak; = Ak cos(a),Aks = Aksin(a), detailed calcu-
lation can be found in appendix B.1)

V/3d d?

lg(k+ + AK)| = Ak F cos(30) Ak + O(AK?). (3.27)
The dispersion relation becomes
- - 3dt
By (s + AR) = i\/;Ak: +O(AR), (3.28)
which implies phase and group velocity given by the Dirac velocity
dE. E V3dt
i = 2
dAE Ak P T T2 (3.29)

for energies around £ = 0. This is a behavior we know from massless particles such as
photons where the energy is given by E(p) = p, only here with reduced speed vp

E(AE) = Akvp. (3.30)

14



3.6. Expansion of the Hamiltonian for £ ~ 0

Another way to obtain the result above is to expand the Hamiltonian in a series around
k4 (detailed calculations can be found in appendix B.2)

- - \/3d N (cos(4E)  —sin(4F)\ [Ak 2
g(k+ + Ak) = 5 (£1 ) <Sm(4§> cos( ) > (AkQ) + O(AE7). (3.31)
Choosing a new basis py, p2 rotated by an angle 4?” with respect to Aky, Aksy yields
V3d :
9+(P) =5 (£p1 +ip2) . (3.32)

Inserting this into equation (3.19) gives

V3d? 0 0 +p; — ip ¢
H. — 2p(d & , L N 3.33
+=UD ( 82 /B p (c. CO) (ipl k) 0 Co (8:33)

where we recognize the Dirac Hamiltonian

Hy = vp (£o1p1 + o2p2) (3.34)

with vp instead of the velocity of light and m = 0. For further convenience we introduce

the 2D ~-matrices
— 0 1 0 —1

to distinguish between the operator & (which acts on the spin spinor (1, 1)) and 4 (which
acts on the sublattice spinor (e,0)). The Hamiltonian can then be written as

Hy = vpyipi. (3.36)
Applying it twice
H = vh (pi +p3) = vhD” (3.37)
gives us the same dispersion relation as above
E+(p) = tuplpl. (3.38)

3.7. Stability of the Dirac cones

We want to see whether the Dirac cones discovered in the previous section are really a
property of graphene and the honeycomb lattice and not only a curiosity of our model.
Therefore we add a second term to our Hamiltonian defined in eq. (3.4), which describes
hopping between next-to-nearest neighbors, i.e. hopping on one of the sublattices

y i i i
o=t} (Cf+a Cotentin T Coreutar Ttentar T CrtentaCave,
z

t t t
tCoie,1aCares 1 CoventaCotenta T Cave,Cotantan

t t t
tCie,Cra—a1 T Caveo—a1Coteo—in T Cara,—arCates

Tl e 4l L c. + c‘THgOcﬂ - ) (3.39)

T+€o—dy T+Es T+Eo—da T+eo—d1 T+eo—do

15



with the hopping parameter bounded by 0.02¢ < ¢ < 0.2¢ (this range was obtained by
fitting a third-nearest tight-binding model to experimental results [9]). Repeating the
steps from before one reaches

V3d?
H; =t/
! ( 872

) / d%(h(i%‘) Go(B) o (R) + h(K) 50(12)*50(/;‘)). (3.40)
B
With the new phase factor

h(k) := exp(ik - @) + exp(ik - (@2 — @)) + exp(—ik - @2)
+ exp(—ik - @) + exp(—ik - (@2 — @1)) + exp(ik - @2)
=2cos(k - @) + 2cos(k - (@y — @) + 2 cos(k - @2). (3.41)

Added to the Hamiltonian from eq. (3.19) this takes the form

\/§d2 2 ~f ht/ g*t 5.
H+H1_< = /Bdk<c. co> (gt ht,) >~ (3.42)

The same unitary transformation yields diagonalisation

\ﬁdQ 2 ot + ht,+|g|t 0 5.
H+H1—<8W2 /Bdk<c. CO)U< ) ht,_‘g‘t>U i PRCRE)

Remembering eq. (3.26) one finds

h(k) = |g(k)|? — 3. (3.44)
And from eq. (3.27)
h(ks + AK) = =3 + ZdQAkQ + O(AR?), (3.45)

The new dispersion relation then becomes

2
E(k+ + Ak) = =3t + \/g’thk + <id2t’ T % cos(3a)> Ak* + O(AK?).  (3.46)

With ¢’ considered to be much smaller than ¢, this gives only a small shift of the energy
in the region of the Dirac cones but the linear approximation itself holds (compare figure
3.3). Adding H; explicitly breaks SU(2)q to its subgroup U(1)q, since [Hj, Q] # 0 but
still [H;, Q] = 0. As we can see in eq. (3.46) this breaks the symmetry between electrons
and holes (even when neglecting the —3¢’ shift). The commutation relation [Hy, S] = 0

is still valid, so SU(2)s ® U(1)g remains a microscopic symmetry of graphene.

16
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Figure 3.3: Dependence of the dispersion relation on the parameter ¢ (for ¢/t =
0,0.2,0.33,0.45). Notice the stability of the Dirac cones up to the —3t’
shift, the asymmetry of valence and conduction band (except for ¢ = 0)
and the displacement of the Fermi energy from the Dirac points for ¢ > t/3
(existence of valence band states with higher energy than conduction band
states).
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4. Effective low-energy theory of graphene

4.1. Local SU(2); ® U(1)q spin symmetric form of the Pauli equation

We want to derive a macroscopic field theory for graphene from the microscopic tight
binding model. We start with the Pauli equation, which describes non-relativistic elec-
trons (which our Dirac-like electrons with velocity vp actually are). Studer and Frohlich
[4] observed that the Pauli equation has (up to corrections of order m =) an even local
SU(2)s @ U(1)g symmetry. The Pauli equation then takes the form

) . e =2 = e = 1 /= o e = _\2
1 <at—Z€q)+ZWv'E+Z%B‘O') U = —% (V—I—ZeA—Z%E X O') \Ij, (41)
which can also be written with covariant derivatives
. 1
In this case the SU(2)s ® U(1)g covariant derivatives are given by
D, =0, +W,+ieA,. (4.3)

We can identify the U(1)g vector potential A, well-known from electrodynamics, except
for a small deviation by the Darwin correction in its time component

1

oV E. (4.4)

Ay=—-d+
The non-Abelian vector potential of SU(2)s is given by
. Oq
W, = ZW;}? (4.5)

and

a_ € pa a_ & b
W= B W= o —caE. (4.6)

A detailed analysis of the properties of these covariant derivatives was made in [10]. In eq.

—

(4.2) we identify the underlying equation for free non-relativistic electrons (A = 0, ® = 0)

: Logig 1
00 = —5 00, = — AU, (4.7)

In analogy to this, we can replace in our quasi Dirac equation
10,V = —ivpyLOy ¥ (4.8)
the derivatives 0, by their SU(2), ® U(1)q covariant derivatives D,,

iD= —ivpy,y D; ¥ (4.9)

18



providing the coupling of electromagnetic fields to the graphene electrons

i (00— ie® + iz 50, +is 0B ) W = —ivp L (0 +ied; — ig—epBlot) .
2m 4m

8m?

(4.10)
At this point one has to take into consideration, that we are working with an equation
for a (sublattice-) pseudo spinor. The operator 4 acts on this spinor, while & acts on
the absorbed spin in each component of the (sublattice-) spinor (compare eq. (3.5). We
could solve this by introducing a four-spinor and replacing 4 and ¢ accordingly. However,
Gusynin and Sharapov [11] pointed out that all terms of order m~! (Zeeman effect and
spin-orbit coupling) and higher can be neglected in the low-energy regime where (4.8) is
valid. This leaves the effective theory as we are going to use it

i (0 —ie®) U = —ivp v (05 +ied;) U, (4.11)

where the spin does not appear explicitly and can therefore be treated like a flavor degree
of freedom.

4.2. Landau levels in graphene

As we have seen before, the effective Hamiltonian can be written as
Hy = —ivp vy (0; + ied;) — ed. (4.12)

In oder to calculate the Landau-levels we apply a constant magnetic field B= (0,0, B),
and a corresponding vector potential A = (0, Bx,0), ® = 0. We can then rewrite eq.
(4.12) as a time independent Hamiltonian

Hi = —ivp [v£0z + 7L (9y + ieBa)] (4.13)

which is invariant under translations in the y-direction. Therefore we can apply Fourier-
transformation to the equation in this direction

Hy = —ivp [v10r + 7L (iky + ieBx)], (4.14)
and substitution of x by £ = VeB(x + f—é) gives
Hi = vpVeB [—ivio: +v1E] . (4.15)

Rewriting this equation in matrix form

o 0 :Fiag — &
Hy =vpVeB <2Fi85 +ig 0 > , (4.16)

and substituting with ax = (€ & 8¢)/v/2, we obtain
0 —i
M. = vpv2eB ( T mi) . (4.17)

iai 0
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The operators a = a4 = al (af = ai = a_) we know very well as the anihilation

(creation) operators of the harmonic oscillator (w = 1) [12]

1

1 1
Hose = _5852 + 552 =N+ 5, N = CLT(I, [a,aT] = 1, (418)
which is in our definition
1 1
alas =N+35F5, [ax,al] = +1. (4.19)

The square of eq. (4.17) is

f
2 2 (Iiai 0 2 2N+1:|:1 0
Hi_vD2€B< 0 a*iai> _“DeB< 0 N +17F1
= v5eB(2N +1+0%) =vheB(2N +1+01). (4.20)

Since H2 has eigenvalues szQeBn,n € N, all possible eigenvalues of H (and H_) are
given by fvpv2eBn,n € N. In order to prevent confusion between + as an index for
the Dirac points and + as an indication of the positive and negative energy values we
continue our calculations only with H,. All results are also valid for H_. We will see
that there are eigenvectors to all possible eigenvalues. However, first we take a look at
the eigenfunctions of N

1 1/4 62 1 :
o= (1) ew-5) = e (4.21)
The operators act on them as
Nop =nen,  apn = Vnen—1, a'on=vVn+ lonii. (4.22)

It is straightforward to show that the eigenfunctions to the energy values EF = +vpv/2eBn
are

w9=(ao) 70= 75 (5016). 4
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5. Conclusion and outlook

5.1. Recapitulation

We started with a discussion of the honeycomb lattice, which we found not to be a Bravais
lattice itself, but could be viewed as a combination of two hexagonal sublattices (o,e) .
On this lattice we established a tight-binding model (localized electrons hopping from site
to site) which featured Dirac cones E(Ak) = +vpAk around the two Dirac points k.
We showed that the cones and the velocity are unaffected by next-to-nearest neighbor
hopping effects and that the Fermi-energy at half filling (neutral graphene) lies exactly at
the Dirac points. We combined the linear dispersion and the SU(2),®U (1)¢g microscopic
symmetry with the Pauli equation of Studer and Frohlich to an effective low-energy
theory of graphene, given by iD;¥ = —jvpy. D;¥ (where D, are the SU(2); @ U(1)q
covariant derivatives). This allowed us to calculate the Landau-levels E,, = +vpv2eBn
in graphene.

5.2. Conclusions

We saw that we are able to derive electronic properties of a material by simple analysis
of its geometry. The rise of massless Dirac fermions in graphene follows directly from
its double hexagonal lattice structure. Since the lower (valence-band, filled) and upper
(conduction-band, empty) half of the energy spectrum are only connected at the Dirac
points, we expect graphene to have semi-metallic properties. Because of the minimal
connection of the two bands (the state density goes to zero at the Dirac points) graphene
could also be called a zero-gap semiconductor. It has already been shown that graphene
can be turned into a semiconductor (with gap) by connection to other electronic mate-
rials or external fields. Even full control over the electronic properties (switch between
metallic and semiconductor) seems likely.

5.3. Outlook

The number of imagined applications is increasing ever since the discovery of graphene.
The main goal is to use graphene in electronics. By controlling its semiconductor proper-
ties, graphene could become a competitor of silicon based transistors and capacities. Its
thinness of one atom size could reduce size - high drift velocity, large carrier concentra-
tion, sustainability for high currents and long scattering distance at room temperature
could improve signal transport and electricity consumption - and the quantum effects
present in graphene at high temperature even shed light on new applications in most
electronic devices. Because of its high permeability for light, its mechanical flexibility
and high breaking strength it could also be interesting in optical devices such as touch-
and bendable screens or photoelectric cells. The electronic properties of graphene have
been studied very carefully and comprehensively. Less known are its mechanical and
thermodynamical properties, mainly due to problems in modeling such systems and the
absence of cheap graphene samples to experiment with. Huge progress was made in the
theoretical understanding of graphene since its discovery, but the main problem remains:
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fabrication. The original drawing or scotch tape method is not expected to produce large
size samples of monolayer graphene. Epitaxial growth on different substrates like silicon
carbide, ruthenium, iridium or copper from liquid or vapor are the subject of current
research. They all struggle with difficulties in temperature/pressure control, impurity
and strong dependence on the substrate. Still, production of large size samples seams
possible. Another huge problem especially in electronic applications is atomic size cus-
tomization of graphene. Appropriate tools for producing and testing samples to atomic
precision are lacking [3]. Nevertheless graphene seems to be one of the most promising
new materials and will be subject of intensive research in the following years.
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A. Diagonalisation of the Hamiltonian

Inserting the k-basis operators into eq. (3.16) we get

2
\/§d2 2 21/
H:t%:(w /Bd/cBldk

(6.(k)Téo(E’) exp(i(K - (F+ &) — k- (Z+ & +a1)))
+ Co(F) (k) exp(i(K' - (Z+ & — @1) — k - (T + @ + d2)))
4 (R) e () exp(i(K - (4 & — @2) — k- (F+ &))) + h.c.), (A1)

(oYt ea (R exp(i(k' - & — k- (@ +@1)))
+ & (R)Teo (K exp(i(K' - (8 — @1) — k- (@ + @2)))
b e (R) o (R exp(i(R - (8o — ) — k- ) + h.c.). (A.2)

Integrating over K gives

vad: 2 & k- (6 — G —a
H = ( )/Bd kéo(k)t o(k)(exp(zk (&, — & —d1))

82
+ exp(ik - (6> — @1 — Go — @2)) + exp(ik - (85 — T — é’.))) + h.c., (A.3)
keeping in mind that €, = —¢&,
H= (*gz) /B k()1 () (exp(~if - )
o+ exp(—ik - (@1 + @2)) + exp(—ik - @) ) exp(~i2k - &) + huc., (A4)

introducing g(k) := (exp(i%- @) + exp(ik - @) + exp(ik - (@ + &’2))) exp(i2k - &)

2 -, -, -, -, -,
H:t(ﬁg )/Bd2k:<g(k)*é.(k)T o(R) + g(F) & (R) ea(F) (A.5)

8

this can be reinterpreted as

H = (g:ﬂ) /B 2k (52,. 52,0) <2 90) (Z) (A.6)
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A unitary transformation yields diagonalization of this matrix (g = |g|e’®)

els  e7i%
Ui=—=( 40 ) UU=1=
V2 \e'z2 e "2

0 ¢* 1 [t e7i2 g*e —g*ei% lg]
U< 0>UT:2<ia - —i e = 0
g e’ e "2 ge ge 'z

and therefore the Hamiltonian in diagonal form reads

w|e NIR

)

V3d? 2 lgl 0 ¢
H=t Pk (e, & )ut Ul=*].
( ]2 /B (cS, Cs, ) 0 —lg| Zso
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B. Taylor expansions

B.1. Taylor expansion of |g| at the Dirac points foy

The quantity |g| as a function of k1 and ko takes the form

lg(k)| = \/3 + 2 cos(dky) + 4cos(gk:1) cos(d;/gkzg), (B.1)

and can be expanded around Ei as

- - 2 d 3
lg(ks + AK)| = \/3 +2 cos(:i:g + dAky) + 4cos(:|:g + iAkl) cos(Frm + d\gAkg)

2 2
= (3 +2 cos(?ﬂ) cos(dAky) £2 sin(%) sin(dAky)—

4005(1) cos(giAkl) cos(dﬁAkg) F4 sin(z) sin(gAkl) cos(dﬁAkg)
3 2 2 3 2 2
= <3 — cos(dAky) + v/3sin(dAk;)—

d 3 d 3 2
2 cos(iAkl) Cos(d\gAk:g) T2V3 sin(iA/ﬁ) cos(d\Q[Akg))

:<f V3 V3

3 3
(=g Ak1)? + (A= Ako)® F == (k)

d‘fmcl(d‘fm@)?) Ty O(AK?). (B.2)

By defining Ak; = Ak cos(a) and Aky = Aksin(a) we obtain

1

lg(k+ + AK)| = ((d\égAk:)Q T \f(dAk:)?’ cos(3a)> 4 O(AK?)

— << ?Ak ¥ é(dAk:)2 cos(3a))2) : + O(AK?)
_ V3d d? (B.3)
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B.2. Taylor expansion of H at the Dirac points ky

Another way to obtain the result above is to expand the Hamiltonian in a series around
kit

(ks + AK) = (1 +exp(—i(ky + AR) - @) + exp(—i(ky + AF) - 52))
x exp(i(ke + AK) - (260 + @1 + @)
- (1 + exp(—iky - @) [1 AR al} + exp(—iky - @) [1 _iAE - aQD
x exp(i(ks + AK) - (28 + @1 + @) + O(AKD). (B.4)

Using l;/:i = k‘i o = $3,ki €e = 0 gives

g(ks + Ak) = (1 + exp(wg) + exp(iig) - exp(ﬂFig)iAE- a1 — exp(ii%)m%' 52)
x exp(iAk - (26, + @1 + d2)) + O(Ak?)

— AR (eXp(IFig) i + exp(j:zg) 52) +O(AR2)

1 1 3d
Y LI NI LWL Akl A/@L + O(AR?)
2 2 2 2
V3d 1 f V3 5
——i—| A +——i=| A Ak:
5 ?2 2 kl 5 Z kQ O( k’z)
3d 1
_V3d Ak1 SVEIN I IS CIVRE YN BN TS
2 2 2 2
V/3d o\ (cos(F) — sm(%) Ak 2
SLaEw) (m(;) s ) < N@) Ok, (B.5)
Choosing a new basis p1, p2 rotated by an angle %’r with respect to Aky, Aksy yields
\f d
9+(p) = (£p1 +ip2). (B.6)

Inserting this into eq. (3.19) gives

V3d? 2 [t o 0 tp1 —ip2\ ( Ce
Hy =vp ( o2 /Bd D (c. co> <:|:p1 +ipy 0 > N (B.7)

where we recognize the Dirac Hamiltonian

Hy = vp (£o1p1 + 02p2) (B.8)
with vp instead of ¢ and m = 0. Applying it twice
HZ = v (p1 + p3) = vb 7 (B.9)
gives us the same dispersion relation as above
B+ (p) = +uplpl. (B.10)
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