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Abstract

In the first part of this thesis we introduce topological lattice actions, which are invariant
against small continuous deformations of the fields. We present analytic studies for the
1-d O(2) and O(3) models, as well as Monte Carlo simulations for the 2-d O(3) model.
Topological lattice actions violate important properties usually demanded for a lattice
action. We show explicitly that the applicability of perturbation theory, obeying the correct
classical continuum limit and the existence of a Schwarz inequality between the action
and the topological charge Q are irrelevant features of a lattice action for reaching the
correct quantum continuum limit. We also study the scaling behavior of the topological
susceptibility χt = 〈Q2〉/V of the 2-d O(3) model. While the topological susceptibility
is logarithmically divergent, the correlator of the topological charge density has a finite
quantum continuum limit.

In the second part using a loop-cluster algorithm we employ an improved estimator for
the probability distributions of the staggered magnetization order parameter in the spin 1

2

quantum Heisenberg model, as well as of the magnetization order parameter in the spin
1
2

quantum XY model. For both systems, the first and second moments of the proba-
bility distributions are in excellent agreement with the predictions of the corresponding
systematic low-energy effective field theories. We also compare the Monte Carlo data with
the predicted shapes of the constraint effective potentials and study their approaches to
the convex effective potentials in the infinite volume limit. By fitting the Monte Carlo
data to the theoretical predictions of the effective theories, previously unknown low-energy
parameters in higher-order terms of the effective actions are determined.
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Chapter 1

General Introduction

In this chapter the general context of this work is discussed. The introduction is then
continued from a rather technical point of view at the beginning of chapter 2 for the
classical spin systems, as well as at the beginning of chapter 3 for the quantum spin
systems. The introduction given here is thought to give a general overview on the subject
of classical and quantum spin systems.

Physics is traditionally divided into theoretical and experimental disciplines. Thanks
to the interplay between theory and experiment, many basic laws describing nature could
be found. During the last decades, due to the enormous development of fast computing
systems, numerical simulations have become an established technique in physics. Fur-
thermore, computational physics has established itself as a new subfield. An excellent
introduction to the subject can be found in [1].

Several experiments have been supplemented by numerical simulations. Nowadays cars,
aircrafts and many other devices are designed on the computer and usually only very
few calculations are performed analytically. Furthermore, numerical simulations are not
restricted to physics and engineering. The same techniques can also be applied in biology,
chemistry, financial analysis, and sociology. In politics the dynamics of building a majority
in a two party system can, for example, be studied approximately by an Ising model [2].
In biology a Potts-type model has been used to study clustering of genes [3].

In this thesis we use numerical simulations to solve models for classical and quantum
spin systems.

Classical Spin Systems

In the first part of this work we study classical spin systems. However, instead of per-
forming calculations in classical statistical mechanics, we consider classical spin systems
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2 1. General Introduction

as regularizations of quantum field theories. In particular, we use the classical Heisenberg
model as a regularization of the 2-d O(3) model. In the classical Heisenberg model the
fields on a lattice site are described by continuous unit vectors. The numerical simulations
are performed on lattices containing a quadratical unit cell with lattice spacing a. The
2-d O(3) model can be considered as a toy model for quantum chromodynamics (QCD),
the quantum field theory of the strong interaction. Both models share important physical
properties. For example, both the 2-d O(3) model, as well as QCD are asymptotically free
systems. Another common property is the existence of a mass gap.

In quantum field theories the lattice is used as a successful non-perturbative regular-
ization method. While most lattice field theories are not exactly solvable, they can still
be investigated by using numerical simulations. However, numerical simulations in lattice
QCD are very challenging from a computational point of view and require the use of the
most powerful supercomputers. The situation is different for the models studied here.
Thanks to very efficient cluster algorithms it is possible to generate data of extremely high
precision with moderate computational effort.

In classical statistical mechanics and in quantum field theory universality is a crucial
concept. In particular, numerous lattice actions yield the same universal quantum con-
tinuum limit. A universality class is characterized by the space-time dimension and the
symmetries of the relevant fields. In order to construct lattice actions that fall into a de-
sired universality class, one often demands additional features on the lattice action. For
example for the standard lattice action of the 2-d O(3) model one constructs a lattice
action by replacing derivatives of the continuum fields by finite differences of the lattice
fields [4]. Such a discretization guarantees a meaningful limit between the lattice and the
continuum theory and is also known as the classical continuum limit. In addition, the
lattice theory can then be investigated using perturbation theory. Similar concepts are
also used in lattice QCD to construct lattice actions.

In the first part of this thesis we introduce topological lattice actions. Topology is
the study of quantities that are preserved under continuous deformations. The name
topological lattice action is motivated by this fact. We define a topological lattice action as
an action that is invariant against small continuous deformations of the fields. Topological
lattice actions violate important properties usually demanded on a lattice action. We
introduce two types of topological lattice actions. One topological lattice action explicitly
suppresses topological charges, whereas the other does not. Depending on the nature of a
topological lattice action, it may or may not obey a Schwarz inequality between the action
and the topological charge. We use the very efficient Wolff-cluster algorithm [5, 6] for the
topological lattice action without topological charge suppression, whereas we are restricted
to a Metropolis algorithm for the topological charge suppression action. With our study
we test the robustness of universality and show explicitly that some classically important
features of an action are irrelevant for reaching the correct quantum continuum limit.
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Quantum Spin Systems

After the discovery of high-temperature superconductivity (HTSC) by Johannes Bednorz
and Karl Müller in 1986 a new exciting field in physics was born [7]. This experimental
achievement was rewarded with the Nobel prize in 1987. Before the discovery of HTSC
only the ordinary low-temperature superconductivity (SC) was known. Ordinary SC re-
sults from Cooper pair formation of electrons. The Coulomb repulsion is overcome by
an attractive interaction between the electrons mediated by lattice vibrations. This pro-
cess is identified as phonon exchange. In HTSC however, many experts assume that the
phonon exchange does not play an important role. In fact, HTSC results from hole- or
electron-doped antiferromagnetic materials. A key to get a better understanding of HTSC
lies therefore in understanding the dynamics of quantum antiferromagnets. This had been
the motivation to construct a low-energy effective field theory for charge carriers in an
antiferromagnet [8].

In the second part of this thesis we study the antiferromagnetic spin 1
2

quantum Heisen-
berg model using the very efficient loop-cluster algorithm [9, 10]. Spin 1

2
Heisenberg-type

models are argued and believed to be the correct models for the undoped precursors of
HTSC. Usually the microscopic system can only be studied numerically. An exception is
the spin 1

2
quantum ferromagnet, which has been solved analytically [11]. Nowadays many

different high-temperature superconductors with various lattice structures are known. Fa-
mous materials with a square lattice structure are cuprates such as La2−xSrxCuO4 and
YBa2Cu3O7−x. By doping, i.e. by replacing a small amount x by another material, the
cuprates turn into high-temperature superconductors. Spin 1

2
Heisenberg-type models have

been studied for various lattice geometries, such as the square, honeycomb, triangular and
kagome lattices. However it turns out that numerical simulations suffer from a sign prob-
lem if they are performed on a frustrated lattice geometry, such as the triangular or the
kagome lattice. In this thesis we study the the spin 1

2
quantum Heisenberg model on a

square lattice where no sign problems arises.

The Hamiltonian of the spin 1
2

quantum Heisenberg model is SU(2) symmetric. In
the infinite volume limit at zero temperature, the SU(2) spin symmetry is spontaneously
broken down to its U(1) subgroup and two massless Goldstone bosons arise. These massless
Goldstone bosons are known as magnons. The corresponding low-energy effective theory
for magnons has been formulated in [12–16]. The construction of the magnon effective field
theory is performed in analogy to particle physics, where the systematic low-energy effective
field theories have been used to describe the low-energy physics of pions [17]. Pions arise
as the Goldstone bosons of the spontaneously broken SU(2)L × SU(2)R chiral symmetry
of QCD to SU(2)L=R. The corresponding effective field theory for pions is known as chiral
perturbation theory.

We compare our data obtained from Monte Carlo simulations with the corresponding
effective field theory predictions of Göckeler and Leutwyler [18, 19]. The predictions of
Göckeler and Leutwyler are formulated in the language of chiral perturbation theory. Al-
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though these authors had applications to the 3-d classical Heisenberg model in mind, their
results also apply to the antiferromagnetic (2 + 1)-d quantum Heisenberg model.

By introducing an improved estimator for the probability distribution of the staggered
magnetization we extract the constraint effective potential of the staggered magnetization
in an antiferromagnetic quantum Heisenberg model in (2+1) Euclidean space-time dimen-
sions. The extraction of the constraint effective potential requires very precise numerical
data. Generating such precise data is possible thanks to the very efficient loop-cluster
algorithm [9, 10] and the improved estimator introduced here. We also determine the
low-energy constant k0 which appears in higher order terms of the effective action.

Finally, we perform a similar study for the spin 1
2

quantum XY model, where the U(1)
spin symmetry breaks completely, and thus only one magnon arises. The spin 1

2
quantum

XY model describes quantum fluids [20]. It is also very interesting because it contains
a very special kind of phase transition, the Berezinsky-Kosterlitz-Thouless (BKT) phase
transition [21], which is a phase transition of infinite order. In this thesis, however, we use
magnetic language throughout, having in mind quantum magnetism.

Thesis Layout

This thesis is divided into two parts which are organized as follows. In the first part we
study classical spin systems. At the beginning of chapter 2, we start with a rather tech-
nical introduction, discussing further references relevant for our study. We then introduce
topological lattice actions and study them analytically for the 1-d O(2) model using two
different topological lattice actions: one that suppresses topological charges and one that
does not. In both cases, the correct quantum continuum limit is obtained. We study the 1-
d O(3) model in a similar manner. For the 2-d O(3) model we use Monte Carlo simulations.
Again, we use two different topological lattice actions: one that does and one that does
not obey a Schwarz inequality. As before, the correct quantum continuum limit is reached
in both cases. The Monte Carlo data for the topological susceptibility are consistent with
a logarithmic divergence, while the correlator of the topological charge density has a finite
quantum continuum limit.

In the second part of this thesis we study quantum spin systems. As in chapter 2, we
start with an introduction discussing quantum spin systems rather from a technical point
of view and discuss further references relevant for our study. In chapter 3 we investigate
the spin 1

2
quantum Heisenberg model. We first summarize the predictions of the low-

energy magnon effective field theory that are relevant for our study. We then describe
the improved estimator that allows us to obtain very accurate Monte Carlo data for the
probability distribution of the staggered magnetization. Finally, the results of numerical
simulations obtained with a loop-cluster algorithm are compared with the effective field
theory predictions.
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In chapter 4 we perform a similar study for the spin 1
2

quantum XY model. Again, we
first summarize the predictions of the low-energy effective field theory and then present
the results of our numerical simulations. At the end of chapter 4, we compare the Monte
Carlo data with the effective field theory predictions.

Chapter 5 contains the conclusions and an outlook. Some technical details are discussed
in the appendices.





Part I

Classical Spin Systems
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Chapter 2

Topological Lattice Actions

2.1 Introduction

We study classical spin systems with O(2) and O(3) symmetries in one and two spatial
dimensions and introduce topological lattice actions. We define a topological lattice ac-
tion as an action that is invariant against small continuous deformations of the fields. We
study two different types of topological lattice actions. The first one constrains the angle
ϕ between nearest-neighbor O(N) spins to |ϕ| < δ. All field configurations that satisfy
this constraint have the same action value S = 0. Besides not having the correct classical
continuum limit, this lattice action violates the Schwarz inequality. The quantum contin-
uum limit is reached by sending the maximally allowed angle δ to zero. Patrascioiu and
Seiler [22] as well as Aizenman [23] have used an action with an angle constraint to simplify
the proof of the existence of a massless phase in the 2-d O(2) model. Furthermore, Pa-
trascioiu and Seiler have also used an angle-constraint action in their search for a massless
phase in the 2-d O(3) model [24,25], while Hasenbusch used the same action to argue that
RP (N − 1) models are in the same universality class as O(N) models [26]. Refs. [24–26]
presented numerical evidence that the action with the angle constraint falls in the same
universality class as the standard action. We will confirm these results and will extend
them by studying the cut-off effects of this topological action, as well as by investigating
the topological susceptibility and the correlator of the topological charge density. Lattice
actions with a similar constraint have also been used in [27–35], however, not with an em-
phasis on the topological properties of some of these actions. The second topological lattice
action we consider receives local contributions from the absolute value of the topological
charge density. This action does not have the correct classical continuum limit either, but
it obeys a lattice Schwarz inequality. Irrespective of this, the correct quantum continuum
limit is reached for both topological actions.

Following Symanzik’s improvement program [36, 37], one can systematically construct
improved lattice actions [38,39] which eliminate lattice artifacts up to a given order in the

9



10 2. Topological Lattice Actions

lattice spacing. So-called classically perfect lattice actions have been constructed, which
are free of lattice artifacts at the classical level [40–43].

It should be pointed out that topological lattice actions are not regularizations of the
topological field theories that arise in the context of string theory or conformal field theory
[44]. While those theories realize new universality classes, the theories with topological
lattice actions studied here fall into standard universality classes.

The O(N) model in (N −1) dimensions has a topological charge Q ∈ ΠN−1[S
N−1] = Z.

We will investigate the 1-d O(2) and the 2-d O(3) model which have topological charges
in Π1[S

1] and Π2[S
2], respectively. The 2-d O(3) model can also be viewed as the N = 2

member of the 2-d CP (N − 1) model family [45]. The CP (N − 1) manifold is the coset
space SU(N)/U(N−1) = S2N−1/S1. Since Π2[S

2N−1] = {0}, one obtains Π2[CP (N−1)] =
Π1[S

1] = Z, in particular all 2-d CP (N−1) models possess a non-trivial topological charge.
Topological aspects of lattice CP (N−1) models have been investigated in [28,42,43,46–53].
In the 2-dO(3) (or equivalently CP (1)) model, a semi-classical calculation in the continuum
yields a divergent topological susceptibility χt [48]. This divergence is an intrinsic feature of
the theory in the quantum continuum limit. This is supported by a calculation of χt using
a classically perfect lattice action in combination with a classically perfect topological
charge [51]. However, χt still diverges logarithmically, and thus a meaningful quantum
continuum limit is not reached for this quantity. The concepts of classical and quantum
perfect definitions of the topological charge have also been investigated analytically in
the 1-d O(2) model [54]. As we will see, the logarithmic divergence of χt even arises for
topological lattice actions. One concludes that a meaningful quantum continuum limit
of χt does not exist in the 2-d O(3) model. On the other hand, the correlator of the
topological charge density will turn out to have a finite quantum continuum limit. The
work presented in this chapter has been published in [55].

2.2 The 1-d O(2) Model

In this section we study the 1-d O(2) model analytically. In principle we could also perform
numerical simulations. On the other hand, for the 2-d lattice O(3) model we will be
restricted to numerical methods. There we will compare numerical results obtained with
topological lattice actions with the ones using the standard action. In this section we
study two different types of topological lattice actions analytically. One topological lattice
action explicitly suppresses topological charges, whereas the other does not. We compare
the relation between the action and the topological charge. This relation is known as the
Schwarz inequality. For both topological lattice actions, in the quantum continuum limit
ξ/a→ ∞, the ratio of energy gaps of the first two excited states (E2 −E0)/(E1 −E0) and
the product χtξ of the topological susceptibility and the correlation length indeed yield
the correct result. Besides comparing the results in the limit ξ/a→ ∞, we also study the
scaling behavior of those quantities. In particular, we compare the results obtained with
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the topological lattice actions with the standard action and the classically perfect action.

2.2.1 Quantum Mechanics of the 1-d O(2) Model

In this subsection we derive quantities, which will later be compared with the corresponding
results obtained for the two types of topological lattice actions. The 1-d O(2) model
corresponds to the quantum mechanical rotor. The Hamiltonian is given by

H =
L2

2I
= − 1

2I
∂2

ϕ. (2.1)

Here ϕ describes the position of a particle of mass M on a circle of radius R with the
moment of inertia I = MR2. The angular momentum operator is given by L = −i∂ϕ. We
modify the operator by introducing an angle θ. This will allow us to extract a θ-dependent
probability distribution of the topological charge. The modified Hamiltonian takes the
form

H(θ) = − 1

2I

(
∂ϕ − i

θ

2π

)2

. (2.2)

The eigenfunctions

〈ϕ|m〉 =
1√
2π

exp(imϕ), (2.3)

with m ∈ Z specifying the angular momentum yield the θ-dependent energy spectrum

Em(θ) =
1

2I

(
m− θ

2π

)2

. (2.4)

The corresponding Euclidean action with inverse temperature β = 1/T reads

S[ϕ] =

∫ β

0

dt
I

2
ϕ̇2 − iθQ[ϕ], (2.5)

and the topological charge is given by

Q[ϕ] =
1

2π

∫ β

0

dt ϕ̇ ∈ Π1[S
1] = Z. (2.6)

We also would like to study the relation between the action and the topological charge.
Minimizing the action (at θ = 0), the minimizing configurations take the form

ϕ(t) = ϕ(0) +
2πQt

β
, (2.7)

and they have the action 2π2IQ2/β. Consequently, the action and the topological charge
of all configurations obey the inequality

S[ϕ] ≥ 2π2IQ[ϕ]2

β
. (2.8)
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We use the partition function

Z(θ) = Tr exp(−βH(θ)) =
∑

m∈Z

exp(−βEm(θ)), (2.9)

to study the probability distribution of the topological charge

p(Q) =
1

2π

∫ π

−π

dθ Z(θ) exp(−iθQ) =

√
2πI

β
exp

(
−2π2I

β
Q2

)
. (2.10)

From this probability distribution we can extract the topological susceptibility

χt =
〈Q2〉
β

=
1

β

∑
Q∈Z

Q2p(Q)∑
Q∈Z

p(Q)
. (2.11)

Performing the zero temperature limit β → ∞, we arrive at

χt =
d2E0(θ)

dθ2
|θ=0 =

1

4π2I
. (2.12)

We introduce a correlation length ξ using the energy gap at θ = 0

ξ =
1

E1(0) − E0(0)
= 2I. (2.13)

This implies the following dimensionless expression for the product of the topological sus-
ceptibility and the correlation length

χtξ =
1

2π2
. (2.14)

In the 1-d O(2) model this product has a finite result. As we will see, for the 2-d O(3)
model, this is not the case.

2.2.2 Constraint Angle Action

We consider a 1-d O(2) model on the lattice with spin variables ϕt ∈]−π, π]. A spin vector
on a lattice site t takes the form ~et = (cosϕt, sinϕt). The first topological action we are
going to introduce takes a surprisingly simple form. The action is zero for nearest neighbor
spins with |(ϕt+a − ϕt) mod 2π| < δ and infinite for |(ϕt+a − ϕt) mod 2π| ≥ δ. Here we
have introduced the lattice spacing a. We call it the constraint angle action, since the
relevant parameter for this action is the angle δ, constraining the relative angle between
neighboring spins. The geometric definition of the topological charge is given by

Q[ϕ] =
1

2π

∑

t

(ϕt+a − ϕt) mod 2π ∈ Z, (2.15)
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with (ϕt+a−ϕt) mod 2π ∈]−π, π]. To extract the quantities, which will then be compared
with the continuum results, we start with the partition function

Z(θ) = Tr T (θ)N , (2.16)

where β = Na. The transfer matrix T (θ) elements are

〈ϕt|T (θ)|ϕt+a〉 = exp

(
−i θ

2π
(ϕt+a − ϕt) mod 2π

)
, (2.17)

for |(ϕt+a − ϕt) mod 2π| < δ and for |(ϕt+a − ϕt) mod 2π| ≥ δ they vanish.

Diagonalizing the transfer matrix by changing to a basis of angular momentum eigen-
states we arrive at

〈m|T (θ)|m′〉 =
1

(2π)2

∫ π

−π

dϕt

∫ π

−π

dϕt+a〈m|ϕt〉〈ϕt|T (θ)|ϕt+a〉〈ϕt+a|m′〉

=
1

(2π)2

∫ π

−π

dϕt

∫ ϕt+δ

ϕt−δ

dϕt+a exp

(
−i θ

2π
(ϕt+a − ϕt) mod 2π

)

× exp (−imϕt + im′ϕt+a)

= δmm′

1

2π

∫ δ

−δ

dϕ exp

(
−i θ

2π
ϕ+ imϕ

)
. (2.18)

The eigenvalues of the transfer matrix take the form

exp(−aEm(θ)) =
1

2π

∫ δ

−δ

dϕ exp

(
i

(
m− θ

2π

)
ϕ

)
=

sin((m− θ/2π)δ)

(m− θ/2π)π

=
δ

π

[
1 − δ2

6

(
m− θ

2π

)2

+ O(δ4)

]
. (2.19)

In the limit a→ 0 we thus obtain

Em(θ) −E0(0) =
δ2

6a

(
m− θ

2π

)2

=
1

2I

(
m− θ

2π

)2

. (2.20)

Here we have identified the moment of inertia as

I =
3a

δ2
, (2.21)

in order to match the continuum result of eq.(2.4).

Let us now study the scaling behavior for this topological lattice action. For the stan-
dard action the lattice artifacts set in at O(a2). The dimensionless ratio of energy gaps of
the first two excited states takes the form

Es
2(0) − Es

0(0)

Es
1(0) − Es

0(0)
= 4

(
1 − a2

ξs
2 − 3

a3

ξs
3 + . . .

)
, ξs =

1

Es
1(0) −Es

0(0)
. (2.22)
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For the classically perfect action the lattice artifacts are even exponentially suppressed [54]

Ec
2(0) − Ec

0(0)

Ec
1(0) − Ec

0(0)
= 4

(
1 +

4

π

√
ξc
πa

exp

(
−π

2ξc
4a

)
+ . . .

)
, ξc =

1

Ec
1(0) − Ec

0(0)
. (2.23)

For the topological lattice action under consideration, the corresponding result takes the
form

E2(0) − E0(0)

E1(0) − E0(0)
= 4

(
1 +

3a

5ξ
+ . . .

)
. (2.24)

The topological lattice action suffers from strong lattice artifacts of O(a). The terms of
O(a) in the topological action and of O(a3) in the standard action would be forbidden
according to Symanzik’s systematic effective theory for lattice artifacts [36, 37]. However
Symanzik’s theory is applicable in quantum field theory but not in quantum mechanics.
In Figure 2.1 the scaling behavior of the various lattice actions is illustrated. The results
calculated with the topological lattice action converge much slower than the ones for the
standard or the classically perfect action. Still, the topological lattice action has the correct
quantum continuum limit.

The topological charge distribution can be calculated from the θ-dependent energy
spectrum Em(θ). The topological susceptibility χt as well as any other θ-dependent energy
spectrum related quantities will therefore also satisfy the correct quantum continuum limit
automatically. For completeness we still would like to show this explicitly for the topological
susceptibility. We consider the partition function of the lattice model

Z(θ) = Tr T (θ)N =
∑

m∈Z

exp(−NaEm(θ)) =
∑

m∈Z

[
sin((m− θ/2π)δ)

(m− θ/2π)π

]N

, (2.25)

such that

p(Q) =
1

2π

∫ π

−π

dθ Z(θ) exp(−iθQ)

=
1

2π

∫ ∞

−∞

dθ

[
2 sin(θδ/2π)

θ

]N

exp(−iθQ). (2.26)

Since p(Q) is the Fourier transform of an N -th power, it is given by the N -fold convolution
p = p1 ⋆ p1 ⋆ · · · ⋆ p1. The elementary distribution takes the form

p1(Q) =
1

2π

∫ ∞

−∞

dθ
2 sin(θδ/2π)

θ
exp(−iθQ) = Θ

(
Q+

δ

2π

)
− Θ

(
Q− δ

2π

)
. (2.27)

The step function is defined as Θ(Q) = 1 for Q > 0, and as Θ(Q) = 0 otherwise. In the
zero-temperature limit β → ∞, the topological susceptibility takes the form

χt =

∫∞

−∞
dQ p1(Q)Q2

a
∫∞

−∞
dQ p1(Q)

=

∫ δ/2π

−δ/2π
dQ Q2

a
∫ δ/2π

−δ/2π
dQ

=
1

4π2

δ2

3a
=

1

4π2I
, (2.28)
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which is indeed the correct result of eq.(2.12) for the 1-d O(2) model in the continuum.

As a further scaling test, we study the cut-off effects of the topological susceptibility in
units of the mass gap, i.e. χtξ, for the various lattice actions. For the standard action one
obtains

χs
t ξs =

1

2π2

(
1 +

a2

3ξs
2 +

a3

ξs
3 + . . .

)
. (2.29)

while for the classically perfect action one finds

χc
t ξc =

1

2π2

(
1 −

√
πξc
a

[
1 − 4

π2

]
exp

(
−π

2ξc
4a

)
+ . . .

)
. (2.30)

For the topological action the corresponding quantity takes the form

χtξ =
1

4π2

δ2

3

[
log

δ

sin δ

]−1

=
1

2π2

(
1 − a

5ξ
+ . . .

)
. (2.31)

As before, the lattice artifacts of the topological action are of O(a), while they are
of O(a2) for the standard action and exponentially suppressed for the classically perfect
action. The results for the various actions are illustrated in Figure 2.2.

It is obvious that the topological lattice action considered here violates the inequality
(2.8), since all allowed configurations have zero action.

2.2.3 Topological Charge Suppression Action

In this subsection we consider a topological lattice action which receives local contributions
from the topological charge density

S[ϕ] = λ
∑

t

|(ϕt+a − ϕt) mod 2π|. (2.32)

A dimensionless coupling constant λ > 0 suppresses configurations with non-zero topolog-
ical charge. By construction this action obeys the inequality

S[ϕ] ≥ 2πλ|Q[ϕ]|. (2.33)

Hence unlike for the constraint angle action, for the topological lattice action considered
here, there exists a non-trivial relation between the action and the topological charge. How-
ever, this relation is inconsistent with the corresponding inequality (2.8) of the continuum
theory.

In complete analogy to the previous subsection, we study the quantum continuum limit
and the scaling behavior of the topological lattice action. The transfer matrix takes the
form

〈ϕt|T (θ)|ϕt+a〉 = exp(−λ|(ϕt+a − ϕt) mod 2π|) exp

(
−i θ

2π
(ϕt+a − ϕt) mod 2π

)
. (2.34)



16 2. Topological Lattice Actions

It is diagonalized in the basis of angular momentum eigenstates and the corresponding
eigenvalues are given by

exp(−aEm(θ)) =
1

2π

∫ π

−π

dϕ exp(−λ|ϕ|) exp

(
i

(
m− θ

2π

)
ϕ

)

=
1

π

1

λ2 + (m− θ/2π)2

{
λ− exp(−πλ)

×
[
λ cos

(
mπ − θ

2

)
−
(
m− θ

2π

)
sin

(
mπ − θ

2

)]}
. (2.35)

For large λ, which corresponds to the quantum continuum limit, one then obtains

Em(θ) − E0(0) =
1

a
log

[
1 +

1

λ2

(
m− θ

2π

)2
]

→ 1

aλ2

(
m− θ

2π

)2

. (2.36)

In order to match the continuum result of eq.(2.4), we identify

I =
aλ2

2
⇒ λ =

√
2I

a
. (2.37)

The lattice artifacts of the ratio of energy gaps take the form

E2(0) −E0(0)

E1(0) −E0(0)
= 4

(
1 − 3a

2ξ
+ . . .

)
. (2.38)

As for the constraint angle action, the lattice artifacts are of O(a). This is also illustrated
in Figure 2.1. The artifacts of the topological lattice action with topological charge sup-
pression considered here are even a factor 5/2 larger than for the constraint angle action.
For ξ = 15a the deviations from the quantum continuum limit are as large as 10 percent,
while they are only about 0.5 percent with the standard action.

To study the topological susceptibility, let us consider the θ-dependent partition func-
tion

Z(θ) = Tr T (θ)N =
∑

m∈Z

exp(−NaEm(θ)) =

=
∑

m∈Z

{
1

π

1

λ2 + (m− θ/2π)2
{λ− exp(−πλ)

×
[
λ cos

(
mπ − θ

2

)
−
(
m− θ

2π

)
sin

(
mπ − θ

2

)]
}
}N

. (2.39)

As before, the corresponding topological charge distribution p(Q) is obtained as the N -fold
convolution of an elementary distribution

p1(Q) =

∫ ∞

−∞

dθ
2

(2πλ)2 + θ2

{
λ− exp(−πλ)

[
λ cos

θ

2
− θ

π
sin

θ

2

]}
exp(−iθQ)

= [1 − exp(−2πλ)] exp(−2πλ|Q|). (2.40)
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The topological susceptibility in the zero-temperature limit takes the form

χt =

∫∞

−∞
dQ p1(Q)Q2

a
∫∞

−∞
dQ p1(Q)

=
1

2π2λ2a
=

1

4π2I
, (2.41)

which is indeed the correct result.

Let us consider the lattice artifacts of the product χtξ. Up to exponentially small
corrections, we obtain

χtξ =
1

2π2λ2

[
log

(
1 +

1

λ2

)]−1

=
1

2π2

(
1 +

a

2ξ
+ . . .

)
. (2.42)

As for the constraint angle action, the lattice artifacts are of O(a). This result is illustrated
in Figure 2.2.

Despite the fact that the two topological lattice actions violate important features
usually demanded for a lattice action, they both have the correct quantum continuum
limit. This holds for the θ-dependent energy spectrum and all quantities derived from it,
including the topological susceptibility.

2.3 The 1-d O(3) Model

We consider a constraint angle action for the 1-d O(3) model. This system describes a
quantum mechanical particle moving on the surface of a sphere S2. As for the 1-d O(2)
model, it correctly reproduces the quantum continuum limit.

2.3.1 Quantum Mechanics of the 1-d O(3) Model

We consider a particle of mass M moving on a sphere S2 of radius R. The Hamiltonian
takes the form

H =
L2

2I
, (2.43)

where L is the angular momentum operator and I = MR2 is the moment of inertia.
The corresponding eigenfunctions are the spherical harmonics 〈θ, ϕ|lm〉 = Ylm(θ, ϕ) with
l ∈ {0, 1, 2, . . .} and m ∈ {−l,−l + 1, . . . , l}, and the (2l + 1)-fold degenerate energy
eigenvalues are

El =
l(l + 1)

2I
. (2.44)

In this case, one cannot construct a topological charge and the Euclidean action is simply
given by

S[~e] =

∫
dt

I

2
∂t~e · ∂t~e, (2.45)

with ~e(t) = (sin θ(t) cosϕ(t), sin θ(t) sinϕ(t), cos θ(t)).
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2.3.2 Constraint Angle Action

We consider a constraint angle action. The spins ~et = (sin θt cosϕt, sin θt sinϕt, cos θt) are
attached to the sites t of a 1-d lattice with spacing a. The lattice action constrains the angle
between neighboring spins ~et and ~et+a to a maximal value δ, i.e. ~et ·~et+a ≥ cos δ. The action
is zero as long as this constraint is satisfied and infinite otherwise. The corresponding trans-
fer matrix is given by 〈θt, ϕt|T |θt+a, ϕt+a〉 = 1 for ~et ·~et+a ≥ cos δ, and 〈θt, ϕt|T |θt+a, ϕt+a〉 =
0 otherwise. We put ~et = (0, 0, 1) and ~et+a = (sin θ cosϕ, sin θ sinϕ, cos θ). By inserting
complete sets of states |lm〉 and using the fact that the transfer matrix is O(3)-invariant,
i.e.

〈lm|T |l′m′〉 = δll′δmm′ exp(−aEl), (2.46)

one obtains

Θ(cos θ − cos δ) = 〈0, 0|T |θ, ϕ〉 =
∑

l,m

〈0, 0|lm〉〈lm|T |lm〉〈lm|θ, ϕ〉

=
∑

l,m

Ylm(0, 0) exp(−aEl)Ylm(θ, ϕ)∗. (2.47)

Inverting this relation, we get

Ylm(0, 0) exp(−aEl) =

∫ 1

−1

d cos θ

∫ 2π

0

dϕ Θ(cos θ − cos δ)Ylm(θ, ϕ)

= 2πδm,0

∫ 1

cos δ

dx

√
2l + 1

4π
Pl(x), (2.48)

where Pl(x) is a Legendre polynomial. Using Ylm(0, 0) = δm,0

√
(2l + 1)/4π and applying

the Legendre differential equation (with P ′
l (x) = dPl(x)/dx)

d

dx

[
(1 − x2)P ′

l (x)
]
+ l(l + 1)Pl(x) = 0, (2.49)

for l 6= 0 one gets

exp(−aEl) = 2π

∫ 1

cos δ

dx Pl(x) = − 2π

l(l + 1)
(1 − x2)P ′

l (x)|1cos δ

=
2π

l(l + 1)
sin2 δ P ′

l (cos δ). (2.50)

For l = 0 one finds exp(−aE0) = 2π(1 − cos δ), which results in

El −E0 = −1

a
log

[
1 + cos δ

l(l + 1)
P ′

l (cos δ)

]
. (2.51)
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Expanding in small values of δ, i.e. putting cos δ ≈ 1 − δ2/2, one obtains

El −E0 = −1

a
log

[
2 − δ2/2

l(l + 1)
P ′

l (1 − δ2/2)

]

= −1

a
log

{
2

l(l + 1)

[
P ′

l (1) − δ2

4
[P ′

l (1) + 2P ′′
l (1)]

]}
+ O(δ4)

=
δ2

8a
l(l + 1) + O(δ4), (2.52)

where we have used

P ′
l (1) =

l(l + 1)

2
, P ′

l (1) + 2P ′′
l (1) =

(
l(l + 1)

2

)2

. (2.53)

Therefore, identifying

I =
4a

δ2
, (2.54)

we indeed reproduce the correct spectrum of eq.(2.44) in the quantum continuum limit.
Generally one can derive that in the 1-d O(N) model the moment of inertia is given by
I = (N + 1)a/δ2.

Finally, let us consider the lattice artifacts of the ratio of the energy gaps. They take
the form

E2(0) − E0(0)

E1(0) − E0(0)
= 3

(
1 +

a

3ξ
+ . . .

)
. (2.55)

The lattice artifacts are of O(a), as for the 1-d O(2) model.

2.4 The 2-d O(3) Model

In this section we investigate two types of topological lattice actions using Monte Carlo
simulations. The idea to construct the topological lattice actions is in complete analogy to
the 1-d O(2) case. One action explicitly suppresses topological charges, whereas the other
does not. The constraint angle action can be simulated using the very efficient Wolff-cluster
algorithm [5,6]. An efficient cluster algorithm is necessary to study the cut-off effects and
the limit a → 0 of the step scaling function of the correlation length. This requires some
fine tuning of the constraint angle and the possibility to access large box-sizes. For the
topological lattice action, which explicitly suppresses topological charges, we are restricted
to the Metropolis algorithm which performs only local updates. Therefore a high precision
study of the step scaling function of the correlation length is not possible. A numerically
more easily accessible quantity is the step scaling function of the second moment correlation
length. The data points for both topological lattice actions fall onto the universal curve
which was extracted from simulations using the standard action. We also study the scaling
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behavior of the topological susceptibility and the second moment correlation length. While
the topological susceptibility is logarithmically divergent, the correlator of the topological
charge density has a finite quantum continuum limit. Before considering the topological
lattice actions, we first summarize the results obtained in the continuum and using the
standard lattice action.

2.4.1 The 2-d O(3) Model in the Continuum and using the Stan-

dard Lattice Action

In the continuum, the Euclidean action of the 2-d O(3) model is given by

S[~e] =
1

2g2

∫
d2x ∂µ~e · ∂µ~e− iθQ[~e], (2.56)

where ~e(x) ∈ S2 is a unit-vector field defined at each point x in a 2-dimensional Euclidean
space-time. The topological charge is given by

Q[~e] =
1

8π

∫
d2x εµν~e · (∂µ~e× ∂ν~e) ∈ Π2[S

2] = Z. (2.57)

The integral

I =

∫
d2x (∂µ~e± εµν~e× ∂ν~e)

2 = 4g2S[~e] ± 16πQ[~e] ≥ 0, (2.58)

implies the Schwarz inequality

S[~e] ≥ 4π

g2
|Q[~e]|. (2.59)

Field configurations which saturate this inequality are called (anti-)self-dual

∂µ~e = ±εµν~e× ∂ν~e, (2.60)

and are known as (anti-)instantons. The LagrangianL(~e) (at θ = 0) for these configurations
is proportional to the absolute value of the topological charge density q(~e)

L(~e) =
1

2g2
∂µ~e · ∂µ~e =

1

2g2

∣∣εµν~e · (∂µ~e× ∂ν~e)
∣∣ =

4π

g2
|q(~e)|. (2.61)

We will introduce a topological lattice action such that L(~e) is proportional to |q(~e)| for
all configurations, not only for instantons or anti-instantons.

At θ = 0 the 2-d O(3) model can be solved analytically using the Bethe ansatz [56–58].
Using the Wiener-Hopf technique, the exact mass gap of the 2-d O(3) model

m =
8

e
ΛMS, (2.62)
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has been calculated [59]. Here ΛMS is the scale generated by dimensional transmutation in
the modified minimal subtraction renormalization scheme and e is the base of the natural
logarithm. The finite-size effects of the mass gap m(L) for the 2-d O(3) model on a finite
periodic spatial interval of size L have been calculated analytically [60]. A dimensionless
physical quantity

u0 = Lm(L) = L/ξ(L), (2.63)

is then obtained as the ratio of the spatial size L and the finite-volume correlation length
ξ(L) = 1/m(L). One defines the step scaling function (with scale factor 2)

σ(2, u0) = 2Lm(2L). (2.64)

We will compare Monte Carlo data for σ(2, u0) obtained with the constraint angle action
with the analytic result. The step scaling function was first introduced and studied on the
lattice by Lüscher, Weisz, and Wolff [4] using the standard action

S[~e] =
1

g2

∑

x,µ

~ex · ~ex+µ̂. (2.65)

Here x denotes the lattice sites, and µ̂ is a vector of length a pointing in the µ-direction.
A recent study of the lattice artifacts has shown that large logarithms arise, and that
Symanzik’s theory does describe the lattice artifacts correctly [61, 62]. Furthermore, ex-
cellent agreement between the Zamolodchikov bootstrap S-matrix and Monte Carlo data,
obtained with both the standard and a classically perfect lattice action, has been re-
ported [63].

Let us now discuss the topological susceptibility

χt =
〈Q2〉
V

(2.66)

of the 2-d O(3) model, where V = βL is the space-time volume. As in the 1-d O(2)
model, one would expect that the dimensionless quantity χtξ

2 approaches a constant in
the quantum continuum limit. However as we will see this is not the case. In fact, the
divergent behavior of χt in the 2-d O(3) model manifests itself already in the continuum
formulation. As was pointed out by Lüscher [47], the integration over the instanton size
parameter ρ in a semi-classical calculation gives rise to a logarithmically divergent ultra-
violet contribution to χt which is proportional to

∫
dρ/ρ.

Using a geometric definition of the topological charge on the lattice, Berg and Lüscher
have investigated χt [46]. Every square on the lattice is divided into two triangles, as shown
in Figure 2.3.

The spins ~e1, ~e2, and ~e3 at the three corners of a lattice triangle t123 define the corners
of a spherical triangle on S2. The oriented area A123 of the spherical triangle is given by

A123 = 2ϕ ∈ [−2π, 2π], X + iY = r exp(iϕ),

X = 1 + ~e1 · ~e2 + ~e2 · ~e3 + ~e3 · ~e1, Y = ~e1 · (~e2 × ~e3). (2.67)
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The sum of the oriented areas Axyz over all triangles txyz yields the topological charge,
normalized by the area 4π of S2

Q[~e] =
1

4π

∑

txyz

Axyz ∈ Z. (2.68)

This decomposition of the square lattice into triangles is invariant under π/2 rotations
and translation-invariant by an even number of lattice spacings. An individual lattice
plaquette 1234 can be divided into two triangles 123 and 243 or alternatively into triangles
124 and 143. This is illustrated in Figure 2.4. However, generally it is not guaranteed that
A123 +A243 is equal to A124 +A143. One can show, however, that A123 +A243 = A124 +A143,
if the relative angle between nearest-neighbor spins is smaller than π/2. In that case,
the topological charge becomes independent of the particular decomposition into triangles,
and thus becomes invariant even against translations by a single lattice spacing. Since the
definition of the step scaling function refers to a rectangular space-time volume, we prefer
to work on a triangulated quadratic (rather than a triangular) lattice.

For a set of exceptional field configurations the geometric topological charge is unde-
fined. These configurations contain a spherical triangle that covers exactly one half of
S2 and thus has an area ±2π. However, such configurations cannot arise if the relative
angle between nearest-neighbor spins is smaller than π/2. In the following subsection,
we will consider the constraint angle action. The relative angle between nearest-neighbor
spins is restricted to a maximum value δ. Demanding δ < π/2, exceptional configurations
are excluded. For the constraint angle action different topological sectors are separated
by infinite-action barriers. At this point it also becomes obvious that the existence of a
cluster algorithm is essential for an efficient updating of the topological charge. Using
a cluster algorithm, large groups of spins are updated simultaneously and one therefore
leaves a topological sector quickly. It should be noted that the standard action and the
other topological lattice action do not have infinite action barriers. Therefore one can still
investigate the topological charge also for the topological lattice action, which explicitly
suppresses topological charges, even though we are restricted to the Metropolis algorithm.

2.4.2 Constraint Angle Action

The constraint angle action for the 2-d O(3) model can be simulated using the very efficient
Wolff-cluster algorithm [5,6]. Two neighboring spins are put in the same cluster if reflecting
one of them at a randomly chosen plane increases their relative angle beyond the constraint
angle δ. This is very intuitive, since only configurations where all the relative angles
between neighboring spins are smaller than δ are allowed. Only by reflecting the two
spins simultaneously, the configuration still remains allowed with zero action. The cluster
algorithm for the constraint angle action is discussed in appendix A. The finite-volume
mass gap is calculated from the Fourier transform of the correlation function 〈~ex · ~ey〉
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L/a δ/π ξ(L)/a ξ(2L)/a

10 0.44858728 9.4383(1) 15.9515(15)
16 0.434009 15.1013(2) 25.4787(10)
32 0.415095 30.2029(2) 50.847(3)
64 0.398665 60.406(1) 101.578(4)

Table 2.1: Constraint angle δ that leads to u0 = Lm(L) = 1.0595 for various lattice sizes
together with the correlation lengths ξ(L) and ξ(2L).

evaluated at p = 0. One then performs a fit of the Fourier transform C(x2) to the form

C(x2) = A cosh[m(L)(x2 − β/2)]. (2.69)

Here β is the extent of the Euclidean time direction. It should be noted, that not all
data points can be used for the fit, since this formula only describes the long-distance
contribution. For a given spatial size L, the constraint angle δ is fine-tuned, such that
m(L) = 1/ξ(L) satisfies the condition u0 = Lm(L) = 1.0595. An example of a spin
correlation function C(x2) for L/a = 10 with δ/π = 0.44858728 is shown in Figure 2.5.
The error bars are of the order 10−3 and within the point size. Fixing the constraint
angle for a given L, one calculates the step scaling function of the correlation length
Σ(2, u0, a/L) = 2Lm(2L). We have fine-tuned the constraint angle δ for lattices with
L/a = 10, 16, 32, and 64. The corresponding values are listed in Table 2.1. In the limit
a/L→ 0, the step scaling function takes the value σ(2, u0 = 1.0595) = 1.26121035(2) [60].
Assuming the applicability of Symanzik’s effective theory, we fit the data of the step scaling
function to the form [61,62]

Σ(2, u0 = 1.0595, a/L) = σ(2, u0 = 1.0595) +
a2

L2

[
B log3(L/a) + C log2(L/a) + . . .

]
,

(2.70)
which gives a good fit for B = −0.067(4) and C = 0.014(9). It is not obvious that
Symanzik’s effective theory can also be used for topological lattice actions, since pertur-
bation theory is not applicable in this case. However, Symanzik’s effective theory is for-
mulated in the continuum and should be applicable to any lattice theory that reaches the
correct quantum continuum limit. Figure 2.6 illustrates the cut-off effects of Σ(2, u0, a/L)
for the topological action with the standard and two modified actions. Surprisingly, the
lattice artifacts of the topological action are smaller than those of the standard action, for
which one obtains B = 0.041(6) and C = 0.26(2). For the standard action at L/a = 64
the sub-leading term proportional to log2(L/a) is still larger than the leading term propor-
tional to log3(L/a), which is not the case for the topological action. One can estimate that
the lattice artifacts of the standard action will be smaller than the ones of the topological
action only for correlation lengths larger than about 5 × 104a. Another interesting point
is the fact, that only the topological action data are consistent with the exact value, if
one uses σ(2, u0 = 1.0595) as a fit parameter, while the other actions give rise to small



24 2. Topological Lattice Actions

deviations. From the very accurate approach to the continuum result σ(2, u0 = 1.0595),
using the topological lattice action, we conclude that we arrive at the standard universality
class of the 2-d O(3) model. This is consistent with earlier results of [22, 24–26,64].

2.4.3 Topological Charge Suppression Action

In analogy to the 1-d O(2) model, we introduce a topological lattice action, which explicitly
suppresses topological charges. The action is given by

S[~e] = λ
∑

txyz

|Axyz|. (2.71)

As described in eq.(2.67), the spins ~ex, ~ey, and ~ez at the three corners of a lattice triangle
txyz define the area |Axyz| of a spherical triangle on S2. The sum over all those spherical
triangles multiplied by a positive coupling constant λ defines the lattice action. This action
obeys the inequality

S[~e] = λ
∑

txyz

|Axyz| ≥ λ
∣∣∣
∑

txyz

Axyz

∣∣∣ = 4πλ|Q[~e]|. (2.72)

By comparing this expression with the corresponding Schwarz inequality eq.(2.59) of the
continuum theory, one identifies λ = 1/g2.

The action of eq.(2.71) cannot be simulated with a cluster algorithm. Although, we
were able to define a cluster algorithm that is ergodic and obeys detailed balance, one
is forced to put spins in one common cluster although they are on different sides of the
reflection plane. This renders the algorithm inefficient. Using a Metropolis algorithm, we
study the step scaling function of the second moment correlation length. The Metropolis
algorithm for the topological charge suppression action is discussed in appendix B. One
considers the Fourier transform of the correlation function G(x− y) = 〈~ex · ~ey〉

G̃(p) =
∑

x

G(x) exp(ipx), (2.73)

for a quadratic L × L lattice. From this one obtains the susceptibility χ = G̃(p = 0) as

well as the corresponding quantity F = G̃(p = (2π/L, 0)) at momentum p = (2π/L, 0).
The second moment correlation length is defined as

ξ2(L) =

(
χ− F

4F sin2(π/L)

)1/2

. (2.74)

Similar to the step scaling function of the correlation length ξ(L), using the mass m2(L) =
1/ξ2(L) of the corresponding second moment correlation length, one defines the step scaling
function of the second moment correlation length as Σ2(2, m2(L)L, a/L) = 2Lm2(2L). In



2.4 The 2-d O(3) Model 25

the quantum continuum limit, ξ2(L)/a → ∞, this function is again universal and has
been determined in [65] using the standard lattice action. We have measured the step
scaling function Σ2(2, m2(L)L, a/L) of the second moment correlation length on quadratic
lattices with L/a = 50 and 100 for both types of topological lattice actions. In both cases
one finds very good agreement with the step scaling function obtained with the standard
action, as illustrated in Figure 2.7. This confirms again, that topological lattice actions are
in the same universality class as the standard action. A subtle, but important fact is the
difference of comparing the limit λ→ ∞ with the case when one directly puts λ = ∞. For
λ = ∞ all spins ~ex fall on a common great circle in S2, and thus seem to represent an O(2)
model. Furthermore, a triangle txyz containing an O(2) vortex has area |Axyz| = 2π and
is therefore also forbidden for λ = ∞. Hence, at λ = ∞, the 2-d O(3) model from above
reduces to a 2-d O(2) model from which vortices have been eliminated. Such a model is
expected to be in a massless phase. However, the quantum continuum limit is approached
at λ → ∞, not by putting λ = ∞. In particular, we still recover the quantum continuum
limit of the asymptotically free 2-d O(3) model.

2.4.4 Scaling behavior of the Topological Susceptibility and the

Second Moment Correlation Length

As discussed earlier, the divergence of the topological susceptibility χt is a feature of the
2-d O(3) model even in the continuum [48]. Using a classically perfect lattice action, a
logarithmic divergence was observed [51]. One might think that using topological lattice
actions, the behavior of the divergence of the topological susceptibility χt might even be
worse than logarithmic. However, as we will see, even for topological lattice actions the
divergence is logarithmic.

First, we consider the constraint angle action. In order to study the quantum continuum
limit L/a → ∞, we fix the physical volume. Then we demand L = 4ξ2(L). We impose
this criterion on the second moment correlation length ξ2(L), since it is easier to compute
numerically than the inverse mass gap ξ(L). This strategy is reasonable, since the inverse
mass gap ξ(L) is consistently just about 1.7 percent larger than ξ2(L).

In order to investigate the scaling behavior of the topological susceptibility, we consider
the dimensionless combination

16χt(L)ξ2(L)2 = 16
〈Q2〉(L)

L2

(
L

4

)2

= 〈Q2〉(L), (2.75)

as we approach the quantum continuum limit L/a→ ∞. In Table 2.2 the results of Monte
Carlo simulations on various lattice sizes ranging from L/a = 40 to L/a = 800 are listed
One then performs a fit of the data to the form

〈Q2〉(L) = A log

(
L+ L0

L1

)
, (2.76)
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L/a δ/π ξ2(L)/a ξ(L)/a 〈Q2〉(L)

40 0.50405 10.016(1) 10.20(2) 1.083(5)
60 0.48490 14.996(8) 15.29(4) 1.299(6)
80 0.47260 19.981(4) 20.34(6) 1.455(7)
100 0.46370 24.99(2) 25.46(8) 1.598(9)
120 0.45680 30.061(4) 30.57(8) 1.72(2)
160 0.44680 39.98(2) 40.67(9) 1.923(9)
200 0.43950 50.02(1) 50.75(9) 2.09(2)
240 0.43385 59.98(2) 60.97(9) 2.23(1)
320 0.42545 79.98(3) 81.18(9) 2.45(2)
400 0.41930 100.07(3) 101.5(2) 2.64(2)
480 0.41455 119.92(4) 121.8(3) 2.78(2)
640 0.40740 159.87(7) 162.5(3) 3.046(8)
800 0.40210 200.27(6) 203.7(3) 3.22(2)

Table 2.2: Monte Carlo data for the topological charge squared 〈Q2〉(L) at fixed physical
size L = 4ξ2(L) approaching the quantum continuum limit ξ2(L)/a → ∞. Here ξ2(L) is
the second moment correlation length, defined in eq.(2.74), while ξ(L) is the inverse mass
gap, and δ is the constraint angle.

with A = 0.91(1), L0/a = 39(2), L1/a = 24(1), and χ2/d.o.f. ≈ 0.5. A power-law fit
〈Q2〉(L) = BLν + C yields a small power ν = 0.21(2), and χ2/d.o.f. ≈ 1.9.

Let us now study the scaling behavior of the second moment correlation length. In
Figure 2.9, ξ2(L)/a is plotted as a function of the constraint angle δ in units of π. We
perform a fit of the data to the form

ξ2(L)

a
= Ag2 exp

(
2π

g2

)
,

1

g2
=

b

δ2
+ c, (2.77)

which yields A = 0.24(2), b = 0.263(2), and c = −0.54(2), with χ2/d.o.f. ≈ 0.7. Only
the large lattices with L/a ≥ 200 are used for the fit. The fit assumes asymptotic scaling.
However, since perturbation theory does not apply to topological lattice actions, it is just a
phenomenological ansatz which cannot be derived analytically. Using the standard action,
asymptotic scaling is known to set in only at very large correlation lengths [65]. Therefore,
the value of b determined here may not yet correspond to the asymptotic value in the
quantum continuum limit.

Let us now consider the topological action, which explicitly suppresses topological
charges. As for the constraint angle action, we have investigated 〈Q2〉(L) at fixed physi-
cal size demanding L = 4ξ2(L). The numerical results are listed in Table 2.3. Since we
can only use a Metropolis algorithm, the data is limited to lattices up to L/a = 160. As
illustrated in Figure 2.10, the data for 〈Q2〉(L) are again consistent with the logarithmic
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L/a 4πλ ξ2(L)/a 〈Q2〉(L)

40 11.9215 10.00(2) 1.102(2)
60 13.781 14.98(2) 1.282(2)
80 15.112 20.00(4) 1.419(3)
120 16.988 30.04(5) 1.631(3)
160 18.325 40.00(6) 1.784(4)

Table 2.3: Monte Carlo data for the topological charge squared 〈Q2〉(L) at fixed physical
size L = 4ξ2(L) approaching the quantum continuum limit ξ2(L)/a→ ∞. Here ξ2(L) is the
second moment correlation length and λ is the coupling constant of the topological charge
suppression action.

divergence of eq.(2.76). Here the best fit yields A = 0.63(2), L0/a = 20(3), L1/a = 10(1),
with χ2/d.o.f. ≈ 0.4.

For the second moment correlation length, we again assume asymptotic scaling. A fit
of the form

ξ2(L)

a
= Ag2 exp

(
2π

g2

)
,

1

g2
= bλ, (2.78)

yields A = 0.19(1), b = 0.045(1). The results are illustrated in Figure 2.11. The inequality
(2.33) S[~e] ≥ 4πλ|Q[~e]| obtained on the lattice then translates into the inequality

S[~e] ≥ 4π

bg2
|Q[~e]|. (2.79)

This inequality may be compared with the inequality (2.59) of the continuum theory S[~e] ≥
(4π/g2)|Q[~e]|. Since b 6= 1, the lattice Schwarz inequality deviates from the one of the
classical continuum theory. It should be pointed out again, that the relation between λ
and g is just an ansatz, which cannot be derived analytically, since perturbation theory
is not applicable to topological lattice actions. Furthermore, one cannot be sure that the
above value of b is still valid in the quantum continuum limit.

To investigate the scaling behavior of the topological susceptibility and the second
moment correlation length, we demand L = 4ξ2(L). Using this relation, the correlation
length ξ(L) of the inverse mass gap is consistently just about 1.7 percent larger than
ξ2(L). In the infinite volume limit the ratio ξ/ξ2 = 1.0007(1) has been determined very
accurately [66]. As illustrated in Figure 2.12, the discrepancy between the infinite volume
result and the ratio ξ(L)/ξ2(L) = 1.017(3) observed at L = 4ξ2(L) can be attributed to
finite volume effects.
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2.4.5 Correlation Function of the Topological Charge Density

In contrast to the topological susceptibility χt, which is logarithmically divergent in the
2-d O(3) model, the correlation function 〈q(0)q(x)〉 of the topological charge density

q(x) =
1

8π
εµν~e(x) · [∂µ~e(x) × ∂ν~e(x)] , (2.80)

whose integral over x is χt, has a finite quantum continuum limit for |x| > 0. The correlator
is negative, except at x = 0, where it is positive divergent. In [67, 68] analytic results for
the correlator have been derived. At short distances, up to logarithmic corrections, the
correlator has a power-law divergence proportional to |x|−4.

The point–to–time-slice correlator is given by

G(x2) =

∫ L

0

dx1〈q(0)q(x)〉, x = (x1, x2). (2.81)

The corresponding quantity of q(x) on the lattice receives contributions Axyz/4π from all
triangles txyz in a row of squares at fixed time x2. For δ < π/2 an improved estimator can
be used. The idea of the improved estimator is based on the meron cluster algorithm [28].
An important feature of this algorithm is the fact that the topological charge Q can be
distributed to the clusters C as

Q =
∑

C

QC, (2.82)

where QC can either be an integer or a half integer. Furthermore an individual contribution
QC from a cluster can be distributed to all triangles ∆ attached to it

QC =
∑

∆

qC,∆. (2.83)

On the other hand, for the topological charge density q(x) the contribution of an individual
triangle can be distributed to the clusters connected to it. The correlator 〈q(0)q(x)〉 then
receives cluster-intrinsic contributions only. A cluster flip changes the sign of a contribu-
tion qC,∆. Indeed, the improved estimator for the correlator can get negative contributions.
Hence, compared with the improved estimator for the spin correlation function, which re-
ceives positive contributions only, the improved estimator for the correlator can not achieve
the same level of precision. The improved estimator for the spin correlation function is
discussed in appendix A. Using the constraint angle action, we have measured the cor-
relator with δ/π = 0.4568 at L/a = 200, which yields ξ/a = 30.9(1), as well as with
δ/π = 0.4849 at L/a = 100, which yields ξ/a = 15.54(5). We have extrapolated these data
to the quantum continuum limit assuming O(a2) cut-off effects. The result is illustrated in
Figure 2.13, where the extrapolated data are compared with the analytic results of [67,68].1

1We thank J. Balog for providing the numerical evaluation of the corresponding analytic results.
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We have worked at L ≈ 6ξ, where finite size effects are expected to be small. At large
distances, the extrapolated Monte Carlo data agree very well with the analytic prediction.
At short distances, x2/ξ < 0.35 however, there are systematic deviations. We attribute
these deviations to corrections to the assumed O(a2) behavior. We still conclude that our
data confirm that the topological lattice action belongs to the standard O(3) universality
class.
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Figure 2.1: The scaling behavior of the ratio (E2 − E0)/(E1 − E0) for different lattice
actions: standard action (solid curve), topological action with (dotted curve), and without
topological charge suppression (dashed curve), as well as classically perfect action (dashed-
dotted curve). The topological lattice actions suffer from cut-off effects of O(a), while the
standard action has only O(a2) artifacts. For the classically perfect action, the lattice
artifacts are even exponentially suppressed. In the continuum (E2 − E0)/(E1 −E0) = 4.
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Figure 2.2: The scaling behavior of the product χtξ of the topological susceptibility and
the correlation length for different lattice actions: standard action (solid curve), topologi-
cal action with (dotted curve) and without topological charge suppression (dashed curve),
as well as classically perfect action (dashed-dotted curve). The topological lattice actions
suffer from cut-off effects of O(a), while the standard action has only O(a2) artifacts.
For the classically perfect action, the lattice artifacts are exponentially suppressed. In the
continuum χtξ = 1/(2π2).
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Figure 2.3: Decomposition of the square lattice into triangles to be used to define the action
and the topological charge.

Figure 2.4: A given square 1234 can be decomposed into two triangles in two alternative
ways: a) 123 and 243 or b) 124 and 143.



2.4 The 2-d O(3) Model 33

0 20 40 60 80 100
x

2

0

1

2

3

4

5

6

C
(x

2)

Figure 2.5: Spin correlation function C(x2) for L/a = 10 with δ/π = 0.44858728 used for
the determination of the inverse mass gap. We show the Monte Carlo data together with the
fit (solid line). The line is a fit of the form of eq.(2.69), C(x2) = A cosh[m(L)(x2 −β/2)].
Only the long distance contributions are described well by this function.
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Figure 2.6: Cut-off dependence of the step scaling function Σ(2, u0, a/L) at u0 = 1.0595
for four different lattice actions: the standard as well as two different modified actions
(O(3)D(1/3) and O(3)D(−1/4)) [61], and the constraint angle action. The lines are fits
based on Symanzik’s effective theory with the continuum value fixed to the exact result
Σ(2, u0 = 1.0595, a/L→ 0) = σ(2, u0 = 1.0595) = 1.26121035(2).
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Figure 2.7: The ratio of second moment correlation lengths ξ2(2L)/ξ2(L) obtained with
the topological lattice action with (triangles) and without topological charge suppression
(circles). The data fall onto the universal curve that was extracted from simulations with
the standard action [65].
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Figure 2.8: The topological charge squared 〈Q2〉(L) at fixed physical size L = 4ξ2(L), for the
constraint angle action. As one approaches the quantum continuum limit ξ2(L)/a → ∞,
〈Q2〉(L) diverges logarithmically. The line is a fit of the form of eq.(2.76), 〈Q2〉(L) =
A log((L+ L0)/L1).
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Figure 2.9: Second moment correlation length ξ2(L)/a at fixed physical size L = 4ξ2(L) as
a function of the constraint angle δ. The line is a fit of the form of eq.(2.77), ξ2(L)/a =
Ag2 exp(2π/g2) with 1/g2 = b/δ2 + c.
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Figure 2.10: The topological charge squared 〈Q2〉(L) at fixed physical size L = 4ξ2(L), for
the topological lattice action with topological charge suppression. The line is a fit of the
form of eq.(2.76), 〈Q2〉(L) = A log((L+ L0)/L1).
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Figure 2.11: Second moment correlation length ξ2(L)/a at fixed physical size L = 4ξ2(L)
as a function of 4πλ. The line is a fit of the form of eq.(2.78), ξ2(L)/a = Ag2 exp(2π/g2)
with 1/g2 = bλ.
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Figure 2.12: The ratio ξ(L)/ξ2(L) as a function of L/a (at fixed δ/π = 0.4849) is consistent
with the infinite volume result ξ/ξ2 = 1.0007(1) obtained in [66], which is represented by
the horizontal line.



2.4 The 2-d O(3) Model 41

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
x

2 
/ ξ

0.0001

0.001

0.01

0.1

1

10

G
(x

2) 
ξ3

Figure 2.13: The point–to–time-slice correlator G(x2) =
∫ L

0
dx1〈q(0)q(x)〉 of the topological

charge density (in units of m3 = 1/ξ3) as a function of x2/ξ. The data points are extrapo-
lations of Monte Carlo data obtained at ξ/a = 30.9(1) and ξ/a = 15.54(5) to the quantum
continuum limit, assuming O(a2) cut-off effects. At large distances, they are in good agree-
ment with the analytic results of [67, 68] represented by the solid curve. We attribute the
systematic deviations at short distances to not fully understood cut-off effects.
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Chapter 3

Constraint Effective Potential of the

Staggered Magnetization in an

Antiferromagnet

3.1 Introduction

When a system undergoes a spontaneous breakdown of a continuous global symmetry,
massless Goldstone bosons arise as the relevant low-energy degrees of freedom. The low-
energy dynamics of the Goldstone bosons can be studied analytically using a low-energy
effective field theory. The a priori unknown low-energy parameters of the effective theory
can be determined by matching the results of numerical simulations of the underlying
microscopic system to analytic results of the effective field theory. Thanks to this interplay
between numerical simulations and analytic effective field theory calculations, important
insights have been gained into the Higgs sector of the standard model [69, 70] and the
dynamics of QCD as well as of magnetic systems, including the undoped precursors of high-
temperature superconductors [7,10,71]. The latter are described by a low-energy effective
theory for magnons [12–16], the Goldstone bosons of the spontaneously broken SU(2) spin
symmetry. In this case, the relevant low-energy parameters are the spin stiffness ρs, the
spinwave velocity c, and the staggered magnetization density Ms. The effective theory
makes detailed predictions for the finite-size and finite-temperature effects of systems in
large volumes at low temperatures. These effects have been worked out by Hasenfratz and
Niedermayer at the 2-loop level [16]. By comparing the effective field theory predictions
with Monte Carlo data obtained with an efficient loop-cluster algorithm [9], the low-energy
parameters ρs, c, and Ms have been determined with high accuracy for the spin 1

2
quantum

Heisenberg model, both on the square [10, 71] and on the honeycomb lattice [72], as well
as for the J-Q model with 2- and 4-spin interactions on the square lattice [73].

In particle physics systematic low-energy effective field theories have been used to de-
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scribe the low-energy physics of pions [17]. Pions arise as the pseudo-Nambu-Goldstone
bosons of the spontaneously broken SU(2)L × SU(2)R chiral symmetry of QCD. Chiral
perturbation theory provides a systematic momentum expansion of the low-energy physics
of pions [74]. Based on symmetry considerations, the effective theory makes detailed quan-
titative predictions, which depend on the values of some a priori unknown low-energy
parameters, such as the pion decay constant and the chiral order parameter. Systematic
effective field theories have also been developed for quantum field theories and classical
spin systems with a spontaneously broken O(N) symmetry [59]. Similar methods have
been applied to the 4-d O(4)-symmetric quantum field theory describing the Higgs sector
of the standard model [75]. By comparing with effective field theory predictions for the
susceptibility of the order parameter, both the vacuum expectation value of the Higgs field
and the Higgs boson mass have been determined from Monte Carlo data for the 4-d lattice
O(4) model [69, 70] obtained with the Wolff-cluster algorithm [5, 6]. The work presented
in this chapter has been published in [76].

3.2 Quantum Heisenberg Model and Effective Field

Theory Predictions

The Hamiltonian of the antiferromagnetic quantum Heisenberg model with coupling J > 0
in an external staggered magnetic field ~Bs is given by

H = J
∑

〈xy〉

~Sx · ~Sy − ~Ms · ~Bs. (3.1)

Here x and y are nearest-neighbor sites on a quadratic lattice with spacing a. Furthermore,

~Ms =
∑

x

(−1)(x1+x2)/a~Sx (3.2)

is the staggered magnetization order parameter. The spin 1
2

operators ~Sx obey the standard
commutation relations

[Sa
x , S

b
y] = iδxyεabcS

c
x. (3.3)

The corresponding low-energy effective field theory is formulated in terms of the staggered
magnetization order parameter field

~e(x) = (e1(x), e2(x), e3(x)) ∈ S2, ~e(x)2 = 1, (3.4)

where x = (x1, x2, t) is a point in Euclidean space-time. The leading terms in the effective
action for the staggered magnetization field are given by

S[~e] =

∫
d2x dt

[
ρs

2

(
∂i~e · ∂i~e+

1

c2
∂t~e · ∂t~e

)
−Ms~e · ~Bs

]
, (3.5)
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where ρs is the spin stiffness, c the spinwave velocity, and Ms the staggered magnetization
density. The low-energy parameters are related to the corresponding ones in [18, 19] as

F 2 =
ρs

c
, Σ = Ms. (3.6)

The constant Σ represents the expectation value of the mean field Φ in the infinite volume
limit and F 2 is the helicity modulus. The partition function takes the form

Z =

∫
D~e exp(−S[~e]). (3.7)

The predictions of Göckeler and Leutwyler [18,19] were derived from a 3-d O(3)-symmetric
effective field theory. However, their results also apply to the antiferromagnetic (2 + 1)-d
quantum Heisenberg model. We consider the effective action of eq.(3.5) in a periodic cubic
space-time volume L × L × β with the inverse temperature fixed at β = L/c and with
~Bs = 0. The space-time average of the staggered magnetization is given by

~Φ =
1

2

1

L2β

∫
d2x dt ~e(x) =

1

2

1

L3

∫
d3x ~e(x). (3.8)

Since the quantum spins of the underlying quantum Heisenberg model have S = 1
2
, we

have included a factor 1
2

in the definition of ~Φ. On the other hand, the effective field ~e(x)
is normalized to 1. Due to the O(3) symmetry, the probability distribution only depends

on the magnitude Φ = |~Φ|

p(Φ) =
1

Z

∫
D~e exp(−S[~e]) δ

(
~Φ − 1

2

1

L3

∫
d3x ~e(x)

)
, (3.9)

and is normalized as

4π

∫ ∞

0

dΦ Φ2 p(Φ) = 1. (3.10)

The constraint effective potential u(Φ) represents the free energy density of the model which
is obtained by computing the path integral over configurations constrained to a given fixed
mean staggered magnetization value Φ. It is related to the probability distribution as

p(Φ) = N exp(−L3u(Φ)). (3.11)

The derivation of the normalization constant is discussed in detail in appendix C. It is
given by

N =
1

M̃3
s

ρsL

8π2ceβ0

[
1 − c

ρsL
β1 + O

(
1

L2

)]
. (3.12)

Here M̃s = Msa
2 is the staggered magnetization per spin, while β0 and β1 are shape-

coefficients of the space-time box. For the exactly cubic space-time volume considered
here they take the values β0 = 1.45385 and β1 = 0.225785. It should be noted that the
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shape-coefficients do not depend on the rotation symmetry, but only on the space-time
dimension. In particular, they are the same for O(2) and O(3) symmetric quantum spin
models. In the infinite volume and zero temperature limit the constraint effective potential
approaches the infinite volume effective potential which is known to be a convex function
of Φ [77]. In a finite volume u(Φ) is not convex. An extensive variant of the intensive
quantity u(Φ) is

U(Φ) = L3u(Φ). (3.13)

Göckeler and Leutwyler have worked out the finite-size effects of the constraint effective
potential near its minimum [18,19]

U(Φ) = U0(ψ) +
c

ρsL
U1(ψ) + O

(
1

L2

)
, (3.14)

where U0(ψ) and U1(ψ) are L-independent functions of the rescaled variable

ψ =
ρsL

c

Φ − M̃s

M̃s

. (3.15)

The leading order contribution U0(ψ) of the constraint effective potential is given by an
inverse Laplace transform

exp(−U0(ψ)) =

∫ ∞

−∞

dx exp(−ixψ + Γ(ix)) (3.16)

of the function

Γ(ξ) =

∞∑

n=0

βnξ
n

n!
. (3.17)

The additional shape-coefficients βn are described in detail in appendix B of [59]. In
Table 3.1 some values of βn are listed. Unlike U1(ψ), the quantity U0(ψ) is completely
independent of the low-energy parameters. Therefore U0(ψ) is the same for all 3-d systems
with an O(3) symmetry spontaneously broken down to O(2), including the 3-d classical and
the (2 + 1)-d quantum Heisenberg model. The 1/L correction to the leading contribution
U0(ψ) is given by

U1(ψ) = ψ + k0 exp(U0(ψ))

∫ ∞

0

dx x2 Re[exp(−ixψ + Γ(ix))]

= ψ +
k0

2

[
d2U0(ψ)

dψ2
−
(
dU0(ψ)

dψ

)2
]
. (3.18)

Here k0 is an additional low-energy constant related to the higher-order terms

∆S[~e] = −
∫
d2x dt

[
h1(~e · ~Bs)

2 + h2
~B2

s

]
(3.19)
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n βn

0 1.45385
1 0.225785
2 0.010608
3 -2.73105 × 10−4

4 1.71568 × 10−5

5 -1.60828 × 10−6

6 1.96591 × 10−7

7 -2.93775 × 10−8

8 5.16634 × 10−9

9 -1.04270 × 10−9

Table 3.1: Some shape-coefficients βn to be used to calculate U0(ψ) and U1(ψ).

in the effective action and is given by

k0 =
2ρ3

s

M2
sc

2
(h1 + h2). (3.20)

It should be pointed out that the value of k0 has no impact on the normalization factor
in eq.(3.12) because it arises only at higher orders in 1/L. A non-zero staggered magnetic

field ~Bs explicitly breaks the SU(2) spin symmetry and turns the magnons into Goldstone
bosons with a non-zero mass m determined at leading order by

m2 =
MsBs

ρsc2
, Bs = | ~Bs|. (3.21)

The constant k0 also appears in the Bs-dependence of the field expectation value

|〈~Φ〉(Bs)| = M̃s

[
1 +

c

ρsL

(
∞∑

n=0

βn+1

n!
(mcL)2n − 1

(mcL)2

)
+ k0

(
mc2

ρs

)2

+ O(m3)

]
.

(3.22)
It should be pointed out that eq.(3.22) was derived in the p-regime of chiral perturbation
theory in which mcL ≫ 1 while mc2, c/L ≪ 2πρs must be satisfied simultaneously. In
particular, one cannot make Bs (and thus m) arbitrarily small in eq.(3.22). Otherwise one
would enter the ǫ-regime in which mcL ≈ 1. Göckeler and Leutwyler have also derived
analytic predictions for the first and second moments of the probability distribution p(Φ).
The expressions are

〈Φ〉 = M̃s

(
1 +

c

ρsL
β1 +

c2

ρ2
sL

2
β2

)
+ O

(
1

L3

)
,

〈(Φ − 〈Φ〉)2〉 =
M̃2

sc
2

ρ2
sL

2
β2 + O

(
1

L3

)
. (3.23)
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Hasenfratz and Niedermayer have used the effective theory to derive the finite-size and
finite-temperature effects of the staggered susceptibility

χs =
M2

sL
2β

3

{
1 + 2

c

ρsLl
β1(l) +

(
c

ρsLl

)2 [
β1(l)

2 + 3β2(l)
]
+ O

(
1

L3

)}
(3.24)

from a 2-loop calculation in the ǫ-regime of magnon chiral perturbation theory [16]. Simi-
larly, the uniform susceptibility takes the form

χu =
2ρs

3c2

{
1 +

1

3

c

ρsLl
β̃1(l) +

1

3

(
c

ρsLl

)2 [
β̃2(l) −

1

3
β̃1(l)

2 − 6ψ(l)

]
+ O

(
1

L3

)}
. (3.25)

Here l = (βc/L)1/3 determines the shape of an approximately cubic space-time box of

size L × L × β, with βc ≈ L. The functions βi(l), β̃i(l), and ψ(l) are known shape-
coefficients [16, 59]. For an exactly cubical space-time volume with l = 1, the result of
eq.(3.24) agrees with eq.(3.23) since

〈(Φ − 〈Φ〉)2〉 + 〈Φ〉2 = 〈Φ2〉 =
3χsM̃2

s

L2βM2
s

=
3χsa

4

L2β
. (3.26)

Due to the three components of the staggered magnetization vector the factor 3 arises here.

In order to extract the constraint effective potential, a very precise determination of
the low-energy parameters is a crucial point. For the quadratic lattice they have been
extracted in [10, 71, 78, 79]. The resulting low-energy parameters we use here are given by

Ms = 0.30743(1)/a2, ρs = 0.1808(4)J, c = 1.6585(10)Ja. (3.27)

In a recently finished study the determination of the low-energy parameters is discussed in
detail [80].

3.3 Probability Distribution of the Staggered Magne-

tization

In order to extract the constraint effective potential, we introduce an improved estimator for
the distribution of the staggered magnetization. The improved estimator uses the fact that
a given spin configuration containing N clusters is just one member of 2N equally probable
configurations. The improved estimator drastically increases the statistics by averaging a
given observable over all 2N configurations. In the loop-cluster algorithm, every cluster
contributes additively to the total 3-component of the staggered magnetization

M3
s =

∑

i

MCi

s . (3.28)
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We use a quantization of the spins in the 3-direction. The cluster size |Ci|, which cor-
responds to the number of lattice points in a given cluster, determines the contribu-
tion to the total 3-component of the staggered magnetization. A contribution is pro-
portional to ±|Ci|. Under a cluster flip the staggered magnetization of a cluster changes
sign. The distribution of the staggered magnetization is recorded as a histogram which
is built iteratively using one cluster after the other. The initial histogram p1(m) (with
m ∈ {−M,−M + 1, ..., 0, ...,M − 1,M}, where M is the number of space-time lattice
points) is constructed from the first cluster as

p1(m) =
1

2

[
δm,|C1| + δm,−|C1|

]
. (3.29)

The two possible orientations of the first cluster, each arising with probability 1
2
, result in

the two entries of the initial histogram. A new histogram pi(m) is built from the previous
one in the i-th iteration step (with i ∈ {2, 3, ..., N}) as

pi(m) =
1

2
[pi−1(m+ |Ci|) + pi−1(m− |Ci|)] . (3.30)

The final histogram is given by pN(m) after N steps, when all clusters have been incor-
porated. In Figure 3.1 examples of histograms pN (m) obtained for two individual spin
configurations are shown. In the upper panel the configuration contains one cluster that
is bigger than all the other clusters together. Therefore, the region around m = 0 is not
sampled. Additionally, there are two relatively large clusters that give rise to the multiple
peaks in the distribution. In the example shown in the lower panel there are two clusters
of similar size. Therefore the region around m = 0 is also sampled.

The average of the histograms pN(m) for all configurations generated by the cluster
algorithm results in the final probability distribution of the 3-component of the staggered
magnetization

p(m) = 〈pN(m)〉. (3.31)

By construction, this distribution is properly normalized as

M∑

m=−M

p(m) = 1. (3.32)

The numerical effort to build the improved estimator is proportional to the number of
lattice points M and, additionally, proportional to the number of clusters. The number
of clusters is proportional to the volume, and therefore the evaluation of the improved
estimator requires a computational effort proportional to M2. For large volumes, the
improved estimator thus becomes rather time-consuming. However, the improved estimator
increases the statistics by a factor of 2N which is exponential in the volume. Hence,
investing a polynomial effort M2 should still be justified. However, it should be pointed out
that the 2N configurations are not statistically independent. As we will see, the improved
estimator works very well and by far outperforms calculations done without it.
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The mean value of the 3-component of the staggered magnetization Φ3 corresponding
to a given value of m is

Φ3 =
m

2M
. (3.33)

Since we are dealing with quantum spins 1
2
, a factor 2 in the denominator arises here. The

probability distribution of the 3-component of the mean staggered magnetization can be
identified as

p̃(Φ3) dΦ3 = p(m). (3.34)

All cluster sizes are multiples of 8. This a consequence of the time-discretization chosen in
[10] (which has four Trotter steps). The non-zero entries of the histogram p(m) correspond
to values of m which are also multiples of 8. Therefore we get

dΦ3 =
4

M
, (3.35)

and

p̃(Φ3) =
p(m)

dΦ3
=
M

4
p(m), Φ3 =

m

2M
, (3.36)

with m restricted to multiples of 8. In the Euclidean time continuum limit the resulting
probability distribution is normalized as

∫ ∞

−∞

dΦ3 p̃(Φ3) = 1. (3.37)

We have simulated the spin 1
2

quantum Heisenberg model on a quadratic lattice with
L/a between 8 and 24 at inverse temperatures β = L/c using the loop-cluster algorithm
in its discrete-time variant [9, 10]. The loop-cluster algorithm is explained in detail in
appendix D and appendix E. We have worked at a sufficiently small lattice spacing in
Euclidean time, such that the systematic discretization error is negligible compared to
the statistical errors. The probability distribution p(Φ3) of the 3-component of the mean
staggered magnetization Φ3 has been obtained using the improved estimator described
above. A typical distribution is shown in Figure 3.2.

As we will see below, the information about the vicinity of the minimum of the con-
straint effective potential u(Φ) is contained in the region of Φ3 where p̃(Φ3) changes rapidly.
Figures 3.2 and 3.3 compare Monte Carlo data obtained with and without the improved
estimator, investing the same amount of computer time in both cases. The error reduction
of the improved estimator is very substantial.

Due to theO(3) symmetry, for a fixed magnitude Φ of the mean staggered magnetization

vector ~Φ, its 3-component has a flat distribution given by

p̃Φ(Φ3) =
1

2Φ
ΘΦ(Φ3). (3.38)
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Here ΘΦ(Φ3) is a step function which is equal to 1 for Φ3 ∈ [−Φ,Φ] and zero otherwise.
The probability distribution of the 3-component p̃(Φ3) and the one of the magnitude p(Φ)
are related by

p̃(Φ3) = 4π

∫ ∞

0

dΦ Φ2 p(Φ) p̃Φ(Φ3) = 2π

∫ ∞

0

dΦ Φ p(Φ) ΘΦ(Φ3), (3.39)

such that

dp̃(Φ3)

dΦ3
= 2π

∫ ∞

0

dΦ Φ p(Φ)
dΘΦ(Φ3)

dΦ3

= −2π

∫ ∞

0

dΦ Φ p(Φ) δ(Φ3 − Φ) = −2πΦ3 p(Φ3). (3.40)

Given the Monte Carlo data for p̃(Φ3), one can extract the probability distribution of the
magnitude of the staggered magnetization as

4πΦ2 p(Φ) = −2Φ3
dp̃(Φ3)

dΦ3

. (3.41)

This indeed ensures the correct normalization of eq.(3.10) because

4π

∫ ∞

0

dΦ Φ2 p(Φ) = −2

∫ ∞

0

dΦ3 Φ3
dp̃(Φ3)

dΦ3

= 2

∫ ∞

0

dΦ3 p̃(Φ3) =

∫ ∞

−∞

dΦ3 p̃(Φ3) = 1.

(3.42)
Using eq.(3.41), we have determined the probability distributions p(Φ) from p̃(Φ3) obtained
using the improved estimator. Some results for 4π2Φ2p(Φ) are shown in Figure 3.4.

For increasing volume, the mean value of Φ decreases and the width of the distribution
p(Φ) becomes narrower. It should be mentioned that the distribution is not symmetric
around its maximum. In the infinite volume limit, the distribution turns into a δ-function
centered at Φ = M̃s = 0.30743(1).

We also like to compute the first and second moments 〈Φ〉 and 〈(Φ − 〈Φ〉)2〉 of the
distribution p(Φ). If one only wanted to compute the two moments but not p(Φ) itself, one
may wonder how to achieve this in the most efficient manner. As discussed in eq.(3.26),
the combination 〈(Φ−〈Φ〉)2〉+ 〈Φ〉2 = 〈Φ2〉 is proportional to the staggered susceptibility,
which can be obtained using an improved estimator

χs =
β

L2L2
t

∑

i

〈|Ci|2〉, (3.43)

which requires a computational effort proportional to M . Here Lt is the number of dis-
cretized steps in the Euclidean time direction. How can one determine 〈Φ〉 itself? Using
eq.(3.41) one obtains

〈Φ〉 = 4π

∫ ∞

0

dΦ Φ3 p(Φ) = −2

∫ ∞

0

dΦ3 Φ2
3

dp̃(Φ3)

dΦ3
= 4

∫ ∞

0

dΦ3 Φ3 p̃(Φ3)

= 2

∫ ∞

−∞

dΦ3 |Φ3| p̃(Φ3) = 2〈|Φ3|〉. (3.44)
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One can therefore determine 〈Φ〉 in an unimproved manner by measuring |Φ3|. This mea-
surement requires a computational effort proportional to M . It is interesting to compare
the statistical error achieved in this way with the one by extracting 〈Φ〉 from p(Φ) (whose
construction requires a computational effort proportional to M2). We have determined
〈Φ〉 from p(Φ) using the improved estimator described above. Then we have invested the
same amount of computer time in an unimproved measurement of 2〈|Φ3|〉. Using L/a = 20
and β = L/c the statistical error of 〈Φ〉 obtained in this manner is a factor of 1.5 larger
than when one uses the improved estimator. Thanks to the average over the large num-
ber 2N , despite its computational effort proportional to M2, the improved estimator is
slightly better than the unimproved method. In order to compare our Monte Carlo data
with the expectation value |〈~Φ〉(Bs)| of eq.(3.22), we switch on a staggered magnetic field
~Bs = (0, 0, Bs). The corresponding probability distribution

p̃(Φ3, Bs) =
1

Z(Bs)
p̃(Φ3) exp

(
Φ3BsL

2β

a2

)
. (3.45)

can be sampled using the loop-cluster algorithm with an additional accept-reject step
applied to each cluster flip, which takes into account the contribution exp(Φ3BsL

2β/a2)
to the Boltzmann weight. Using an unimproved estimator, one then simply measures
|〈~Φ〉(Bs)| = |〈Φ3〉|. It should be pointed out, that this measurement does not require
the probability distribution p(Φ), and therefore larger volumes up to L/a = 48 could be
attained.

3.4 Comparison of Monte Carlo Simulations and Ef-

fective Theory Predictions

In Table 3.2 we compare the first and second moments 〈Φ〉 and 〈(Φ − 〈Φ〉)2〉 of the dis-
tributions p(Φ), with the effective field theory predictions of eq.(3.23). The errors of
the theoretical predictions result from the uncertainties in the low-energy parameters of
eq.(3.27). For L/a ≥ 10 the agreement is very good for the first moment. For the second
moment, the absolute value is very small and its statistical error is relatively large. There
are systematic discrepancies between the Monte Carlo data and the O(1/L2) effective the-
ory predictions of eq.(3.23). However, this discrepancy can be cured by adding O(1/L3)
corrections. The correction involves new low-energy parameters multiplying higher-order
terms in the effective action. Their evaluation would require a 3-loop calculation which
has not been worked out in the effective theory. Parameterizing the 3-loop terms with
unknown coefficients α1 and α2, i.e.

〈Φ〉 = M̃s

(
1 +

c

ρsL
β1 +

c2

ρ2
sL

2
β2

)
+ α1

(
c

ρsL

)3

+ O
(

1

L4

)
,

〈(Φ − 〈Φ〉)2〉 =
M̃2

sc
2

ρ2
sL

2
β2 + α2

(
c

ρsL

)3

+ O
(

1

L4

)
, (3.46)
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L/a 〈Φ〉MC 〈Φ〉theory 〈(Φ − 〈Φ〉)2〉MC 〈(Φ − 〈Φ〉)2〉theory

8 0.38841(17) 0.3913(2) 7.1(3) × 10−4 1.318(6) × 10−3

10 0.37258(14) 0.3738(2) 5.1(3) × 10−4 8.44(4) × 10−4

12 0.36186(13) 0.3624(1) 3.6(3) × 10−4 5.86(3) × 10−4

14 0.35401(12) 0.3543(1) 2.9(2) × 10−4 4.30(2) × 10−4

16 0.34810(8) 0.3483(1) 2.5(2) × 10−4 3.30(2) × 10−4

18 0.34339(13) 0.3437(1) 2.3(2) × 10−4 2.60(1) × 10−4

20 0.33990(9) 0.3400(1) 1.6(2) × 10−4 2.11(1) × 10−4

22 0.33683(15) 0.3369(1) 1.6(2) × 10−4 1.74(1) × 10−4

24 0.33462(19) 0.3344(1) 1.0(3) × 10−4 1.46(1) × 10−4

Table 3.2: Comparison of Monte Carlo data (MC) for the first and second moments 〈Φ〉
and 〈(Φ − 〈Φ〉)2〉 of p(Φ) with the effective theory predictions of eq.(3.23) at the 2-loop
level. The errors of the theory predictions are due to small uncertainties in the values of
the low-energy parameters of eq.(3.27). The discrepancy between the Monte Carlo data
and the effective field theory results is due to a 3-loop correction that was neglected in the
theoretical predictions.

one obtains a good fit to the Monte Carlo data for α1 = −0.0017(2) and α2 = −0.00042(2).
Using p(Φ) = N exp(−L3u(Φ)), the constraint effective potentials can be extracted from
the probability distributions of Figure 3.4. The resulting constraint effective potentials are
illustrated in Figure 3.5.

With increasing volume the constraint effective potential approaches the convex shape
of the infinite volume effective potential. Using the rescaled variable ψ = (ρsL/c)(Φ −
M̃s)/M̃s, one can also extract the extensive quantity U(ψ) = L3u(Φ) which is illustrated
in Figure 3.6.

Expanding U(Φ) = U0(ψ) + (c/ρsL) U1(ψ) + O(1/L2), we have used the Monte Carlo
data for L/a between 12 and 24 to determine U0(ψ) and U1(ψ). Some values of the function
U0(ψ) extracted from the numerical data are compared with the analytic result of eq.(3.16)
in Figure 3.7. It should be pointed out that the observed agreement does not rely on any
adjustable parameters. Even the normalization constant N of eq.(3.12), which fixes an
additive constant in the constraint effective potential, is predicted by the effective theory.
The derivation of the normalization is discussed in detail in appendix C.

As quantified in Table 3.3, around the minimum of the constraint effective potential,
in the interval ψ ∈ [0.10, 0.35], the theoretical values and the simulation data for U0(ψ)
are quantitatively consistent. In order to determine the low-energy parameter k0, we have
considered the expectation value |〈Φ〉(Bs)| as a function of the external staggered magnetic
field given in eq.(3.22). The results summarized in Table 3.4 give a good fit for

k0 = −0.0037(3). (3.47)
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ψ U0(ψ)MC U0(ψ)theory

0.10 - 3.782(62) - 3.818
0.15 - 4.271(39) - 4.302
0.20 - 4.578(22) - 4.589
0.25 - 4.646(18) - 4.653
0.30 - 4.458(20) - 4.462
0.35 - 3.983(36) - 3.986

Table 3.3: Comparison of Monte Carlo data (MC) for the universal function U0(ψ) with
the effective theory prediction of eqs.(3.16).

L/a Bs/J |〈~Φ〉(Bs)|
24 0.0300 0.35269(1)
24 0.0330 0.35472(1)
32 0.0175 0.34302(1)
32 0.0185 0.34396(1)
40 0.0100 0.33487(1)
40 0.0110 0.33615(1)
48 0.0075 0.33142(1)
48 0.0080 0.33219(1)

Table 3.4: Monte Carlo data for |〈~Φ〉(Bs)| which are used in the determination of k0.

In Figure 3.8 values of the function U1(ψ) determined from the Monte Carlo data are
compared with the analytic result of eq.(3.18), for the two values of k0 at the edge of
the corresponding error band. In the interval ψ ∈ [0.125, 0.3], around the minimum of
the constraint effective potential, the Monte Carlo data are consistent with the theoretical
predictions of Göckeler and Leutwyler. We attribute the deviations outside this interval to
effects of higher order. Indeed, as illustrated in Figure 3.6, the finite volume effects become
larger when ψ moves away from the minimum of the constraint effective potential.
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Figure 3.1: Examples of histograms pN(m) obtained for two individual spin configurations
on a 162 lattice using the improved estimator.
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Figure 3.2: Probability distribution p̃(Φ3) of the 3-component of the staggered magnetization
Φ3 on a 162 lattice obtained with the improved estimator. The error bars of the distribution
are on the order of the line width in this figure.
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Figure 3.3: The probability distribution p̃(Φ3) of the 3-component of the staggered magne-
tization Φ3 on a 162 lattice obtained without the improved estimator. Unlike in Figure 3.2,
which contains more than 4 × 105 bins, here the data have been compressed into 104 bins,
which substantially reduces their otherwise even larger variance.
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Figure 3.4: Probability distributions 4πΦ2p(Φ) of the magnitude of the staggered magneti-

zation Φ for L = 8a, 12a, 16a, 20a, and 24a. The vertical line at Φ = M̃s = 0.30743(1)
represents the δ-function distribution of the infinite system.
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Figure 3.5: Constraint effective potentials u(Φ) as functions of the magnitude of the stag-
gered magnetization Φ for L = 8a, 12a, 16a, 20a, and 24a. The constraint effective potential
approaches a convex effective potential in the infinite volume limit.
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Figure 3.6: The extensive quantity U(Φ) as a function of the rescaled variable ψ =

(ρsL/c)(Φ − M̃s)/M̃s for L = 8a, 12a, 16a, 20a, and 24a, compared to the analytic in-
finite volume result U0(ψ).
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Figure 3.7: The analytic result for the universal function U0(ψ) compared to numerical
values obtained from a fit of the Monte Carlo data for U(Φ) to eq.(3.14).
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Figure 3.8: The analytic result for the function U1(ψ) compared to numerical values ob-
tained from a fit of the Monte Carlo data for U(Φ) to eq.(3.14), using the theoretical
prediction of U0(ψ) as an input.



Chapter 4

Constraint Effective Potential of the

Magnetization in the Quantum XY

Model

The effective field theory predictions of Göckeler and Leutwyler [18, 19] were derived for
O(N)-symmetric systems. In chapter 3 we investigated the quantum Heisenberg model
for which N = 3. The quantum XY model studied here corresponds to the case N = 2.
The improved estimator discussed in chapter 3 is used to extract the constraint effective
potential of the magnetization and the low-energy constant k0. The work presented in this
chapter is available as a preprint in [81].

4.1 Quantum XY Model and Effective Field Theory

Predictions

The Hamiltonian of the quantum XY model with coupling J > 0 in an external uniform
magnetic field ~B is given by

H = −J
∑

〈xy〉

(S1
xS

1
y + S2

xS
2
y) − ~M · ~B. (4.1)

The quantity ~B = (B1, B2) is a uniform magnetic field in the XY plane that couples to the
magnetization order parameter

~M =
(∑

x

S1
x,
∑

x

S2
x

)
. (4.2)

In the infinite volume limit and at zero temperature, the vacuum expectation value of ~M
is non-zero, signaling the spontaneous breakdown of the U(1) spin symmetry. The U(1)

65
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spin symmetry of the Hamiltonian is generated by the 3-component of the total spin

S3 =
∑

x

S3
x. (4.3)

In contrast to the Heisenberg model which has a SU(2) spin symmetry, even at ~B = 0,
here only the generator S3 commutes with the Hamiltonian. It should be pointed out that,
on a bipartite lattice, in the absence of a magnetic field, both the antiferromagnetic and
the ferromagnetic XY model describe the same physics, since they are related to each other
by a unitary transformation.

The low-energy effective field theory is formulated in terms of the magnetization order
parameter field

~e(x) = (e1(x), e2(x)) ∈ S1, ~e(x)2 = 1. (4.4)

Up to higher-order corrections in a derivative expansion, the effective action takes the form

S[~e] =

∫
d2x dt

[
ρ

2

(
∂i~e · ∂i~e+

1

c2
∂t~e · ∂t~e

)
−M~e · ~B

]
, (4.5)

where ρ is the spin stiffness, c is the spin-wave velocity, and M is the magnetization
density of the quantum XY model. As for the quantum Heisenberg model, the system is
considered in a periodic cubic space-time volume L× L× β with the inverse temperature
fixed at β = L/c. The space-time average of the magnetization is given by

~Φ =
1

2

1

L2β

∫
d2x dt ~e(x) =

1

2

1

L3

∫
d3x ~e(x). (4.6)

Again, in contrast to [18, 19], we have included a factor 1
2

in the definition of ~Φ because
the quantum spins of the underlying XY model have S = 1

2
, while the effective field ~e(x)

is normalized to 1. The probability distribution of the mean magnetization ~Φ is obtained
as a δ-function constrained path integral for the partition function

p(Φ) =
1

Z

∫
D~e exp(−S[~e]) δ

(
~Φ − 1

2

1

L3

∫
d3x ~e(x)

)
. (4.7)

As a consequence of the U(1) symmetry, it only depends on the magnitude Φ = |~Φ|. This
distribution is normalized according to

2π

∫ ∞

0

dΦ Φ p(Φ) = 1. (4.8)

As before, the constraint effective potential u(Φ) is determined by

p(Φ) = N exp(−L3u(Φ)). (4.9)
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The derivation of the normalization constant is discussed in detail in appendix C. It is
given by

N =
1

M̃2

ρL

4π2ceβ0/2

[
1 + O

(
1

L2

)]
, (4.10)

where we have defined the magnetization per spin M̃ = Ma2. As pointed out in chapter
3, the shape coefficients for the quantum Heisenberg and the quantum XY model are the
same, since they only depend on the shape of the space-time volume. They are listed in
Table 3.1. As in chapter 3, we define an extensive variant of the intensive quantity u(Φ)
as

U(Φ) = L3u(Φ). (4.11)

Near its minimum the 1/L expansion of U(Φ) takes the form

U(Φ) = U0(ψ) +
c

ρL
U1(ψ) + O

(
1

L2

)
. (4.12)

As in the quantum Heisenberg model, the quantities U0(ψ) and U1(ψ) depend on L only
through the rescaled variable

ψ =
ρL

c

Φ − M̃
M̃

, (4.13)

and the leading order contribution to the constraint effective potential is given by the
inverse Laplace transform

exp(−U0(ψ)) =

∫ ∞

−∞

dx exp(−ixψ + Γ(ix)) (4.14)

of the function

Γ(ξ) =
N − 1

2

∞∑

n=0

βnξ
n

n!
. (4.15)

For N = 2 it is given by

Γ(ξ) =
1

2

∞∑

n=0

βnξ
n

n!
. (4.16)

The 1/L correction to the leading contribution U0(ψ) is given by

U1(ψ) = ψ + exp(U0(ψ))

∫ ∞

0

dxRe{exp(−ixψ + Γ(ix))Ω(ix)}, (4.17)

with

Ω(ξ) = −1

4

(
ξω(ξ)2 − 2ω(ξ) − ξ2

16π2

)
− k0ξ

2,

ω(ξ) =
∞∑

n=1

βn

(n− 1)!
ξn−1. (4.18)
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Furthermore, k0 appearing above is a low-energy constant which is now given by

k0 =
2ρ3

M2c2
(h1 + h2) +

1

64π2
, (4.19)

where h1 and h2 are the low-energy constants associated with the higher-order terms in
the effective action

∆S[~e] = −
∫
d2x dt

[
h1(~e · ~B)2 + h2

~B2
]
. (4.20)

A non-zero magnetic field ~B in the XY plane turns the magnons into Goldstone bosons
with a non-zero mass m determined at leading order by

m2 =
MB

ρc2
, B = | ~B|. (4.21)

The constant k0 also appears in the B-dependence of the field expectation value

|〈~Φ〉(B)| = M̃
{

1 +
1

8

( c

ρL

)2
∞∑

n1,n2=0

(n1 + n2 + 1)βn1+1βn2+1

n1!n2!

× (mcL)2n1+2n2 − 1

8

( c

ρL

)2
∞∑

n=0

2nβn+1

n!
(mcL)2n−2

+
1

2

c

ρL

∞∑

n=0

βn+1

n!
(mcL)2n − 1

8
(
c

ρL
)
2 1

(mcL)4

− 1

2

c

ρL

1

(mcL)2 − 1

64π2

(mc2
ρ

)2

+ k0

(mc2
ρ

)2

+ O(m3)

}
. (4.22)

As the corresponding eq.(3.22) in the quantum Heisenberg model, eq.(4.22) was derived
in the p-regime of chiral perturbation theory in which mcL ≫ 1 while mc2, c/L ≪ 2πρ
must be satisfied simultaneously. The low-energy constant k0 can be determined either from
U1(ψ) or |〈~Φ〉(B)| by fitting the relevant Monte Carlo data to the corresponding theoretical
predictions (eq.(4.17) and eq.(4.22)). As we will demonstrate later, the numerical values

for k0 obtained from U1(ψ) and |〈~Φ〉(B)| are consistent.

The expressions for the first and second moments of the probability distribution p(Φ)
in analogy to eq.(3.23) are now given by

〈Φ〉 = M̃
(

1 +
c

ρL

β1

2
+

c2

ρ2L2

β2
1

8

)
+ O

(
1

L3

)
,

〈(Φ − 〈Φ〉)2〉 =
M̃2c2

ρ2L2

β2

2
+ O

(
1

L3

)
. (4.23)

Other physical quantities of central interest are the susceptibilities. First, one identifies
the order parameter susceptibility

χ1 =
1

L2

∫ β

0

dt
1

Z
Tr[M1(0)M1(t) exp(−βH)]. (4.24)
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Here M1 =
∑

x S
1
x is the first component of the magnetization. A second susceptibility

refers to the U(1) conserved quantity M3 and is defined as

χ3 =
1

L2

∫ β

0

dt
1

Z
Tr[M3(0)M3(t) exp(−βH)], (4.25)

with M3 =
∑

x S
3
x. Both χ1 and χ3 can be measured very efficiently with the loop-cluster

algorithm using improved estimators [10].

Using magnon chiral perturbation theory up to two-loop order, Hasenfratz and Nieder-
mayer [16] obtained the finite-size and finite-temperature effects of χ1 in the ǫ-regime

χ1 =
M2L2β

2

{
1 +

c

ρLl
β1(l) +

1

2

(
c

ρLl

)2 [
β1(l)

2 + β2(l)
]
+ O

(
1

L3

)}
. (4.26)

The analogous expression in the quantum Heisenberg model is displayed in eq.(3.24). For
an exactly cubical space-time volume (i.e. for l = 1) the result of eq.(4.26) agrees with
eq.(4.23)

〈(Φ − 〈Φ〉)2〉 + 〈Φ〉2 = 〈Φ2〉 =
2χ1M̃2

L2βM2
=

2χ1a
4

L2β
. (4.27)

The factor 2 arises due to the two components of the magnetization vector. Remarkably,
up to two-loop order the analogous expression for χ3 takes the simple form

χ3 =
ρ

c2
+ O

(
1

L3

)
, (4.28)

which does not display any corrections of lower orders, neither of O(1/L) nor O(1/L2).
The corresponding equation in chapter 3 is eq.(3.25). The above expressions have been
used to determine the low-energy parameters by a fit of χ1 and χ3 to Monte Carlo data [82]

M = 0.43561(1)/a2, ρ = 0.26974(5)J, c = 1.1347(2)Ja. (4.29)

In this very accurate study, the cubical geometry has been reached by tuning β until
temporal and spatial winding numbers agreed. The spin-wave velocity has then been
determined as c = L/β with fraction of a permille precision. The fitted magnetization
density is consistent with the result M = 0.437(2)/a2 obtained in [83]. For the 2-d spin 1

2

Heisenberg model, using the same method, the corresponding low-energy parameters have
recently also been determined with fraction of a permille accuracy in [80].

4.2 Probability Distribution of the Magnetization

As the quantum Heisenberg model, the quantum XY model can be simulated very efficiently
with the loop-cluster algorithm [9,10,71]. The loop-cluster algorithm for the quantum XY
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model is described in detail in appendix D. In [84] the Kosterlitz-Thouless phase transition
has been studied for the first time using the loop-cluster algorithm. The transition temper-
ature TKT has been determined very precisely from the winding numbers, which was not
possible before. By using the same improved estimator as introduced in [76] and described
in detail in section 3.3, we extract the probability distribution of the magnetization.

In chapter 3 the method had been implemented in a straightforward manner. By adding
several optimizations in the implementation of the improved estimator, the computational
effort to build the histograms can be reduced by a factor of order up to 1000 (for a volume
642). First of all, it is obvious that one should evaluate the equation

pi(m) =
1

2
[pi−1(m+ |Ci|) + pi−1(m− |Ci|)] . (4.30)

only for m ∈ {−Mi,−Mi + 1, ..., 0, ...,Mi − 1,Mi} with

Mi =
∑

j=1

|Cj | (4.31)

for the i-th iteration step. Hence, most of the zero values at the border of the partial
histograms are not evaluated explicitly. By sorting the clusters by their sizes and building
the histogram by starting with the smallest clusters and finishing with the largest, Mi and
therefore the computational effort per iteration grows as slowly as possible. Due to the
time-discretization [10] (which has four Trotter steps), all cluster sizes |Ci| are multiples
of 2. Therefore the cluster sizes can be divided by 2 when building the histograms. The
memory usage and the loop sizes for evaluating eq.(4.30) are therefore reduced by a factor
2. Using two arrays for the partial histograms is the next optimization. One is the source
and the other the destination for the new histogram. After each iteration, the role is
changed. Since the histograms are symmetric it is sufficient to consider only the part for
m ∈ {0, ...,M − 1,M} of it. Investigating an individual spin configuration, one observes a
relatively large number of clusters with the same cluster size. An additional improvement
is to treat clusters of equal sizes in one iteration step using the fact, that a histogram of
an even number of clusters of only one equal size is given by

peven(m) =
1

2n|C|

n|C|
2∑

k=0

(
n|C|

n|C|

2
+ k

)
δ|m|,2k|C|, (4.32)

where n|C| is the number of clusters of size |C|. For odd n|C| the corresponding histogram
is given by

podd(m) =
1

2n|C|

n|C|−1

2∑

k=0

(
n|C|

n|C|+1

2
+ k

)
δ|m|,(2k+1)|C|. (4.33)

A further improvement uses the fact that partial histograms always contain zero values
either for odd or for even m. By tracking these two cases and only using the non-zero
values one can further optimize the computational effort.
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The last optimization is more delicate. It is possible to divide the cluster size by
some volume-dependent factor larger than 2. The round off error is treated by an error
propagation technique. The division of the cluster size alters the resulting histogram. The
dividing factor is chosen empirically, such that the resulting systematic error is smaller
than the statistical error of the Monte Carlo data. For our simulations the dividing factor
was proportional to L. The computational effort grew with a power of about 1.3 of the
volume.

The mean value of the first component of the magnetization Φ1 corresponding to a
given value of m is given by

Φ1 =
m

2M
. (4.34)

The factor 2 arises because we are dealing with quantum spins 1
2
. Now one can identify

the probability distribution of the first component of the mean magnetization as

p̃(Φ1) dΦ1 = p(m). (4.35)

It turns out that the non-zero entries of the histogram p(m) correspond to values of m
which are multiples of 4. In order to eliminate artifacts of the Trotter decomposition, we
perform a binning of the histograms p(m) with four consecutive points in each bin. This
implies that

dΦ1 =
8

M
. (4.36)

Altogether, we obtain

p̃(Φ1) =
p(m)

dΦ1
=
M

8
p(m), Φ1 =

m

2M
, (4.37)

with m now constrained to be a multiple of 4. By construction, in the Euclidean time
continuum limit the resulting probability distribution is normalized as

∫ ∞

−∞

dΦ1 p̃(Φ1) = 1. (4.38)

Using the loop-cluster algorithm in its discrete-time variant [9, 10], we have simulated
the spin 1

2
quantum XY model on a quadratic lattice with L/a between 8 and 64 at inverse

temperatures β = L/c. The loop-cluster algorithm is explained in detail in appendix D
and appendix E. We have worked at a sufficiently small lattice spacing in Euclidean time,
such that the systematic discretization errors are negligible compared to the statistical
errors. The probability distribution p̃(Φ1) of the first component Φ1 of the magnetization
has been obtained using the improved estimator described above. A typical distribution is
shown in Figure 4.1.

As we will see below, the information about the vicinity of the minimum of the con-
straint effective potential u(Φ) is contained in the region of Φ1 where p̃(Φ1) has its maxima.
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Due to the U(1) symmetry of the Hamiltonian, the probability distribution of the mag-

netization p̃(Φ1) only depends on the magnitude of the order parameter ~Φ. Consequently,
the probability distribution p(Φ) can be expressed in terms of the probability distribution
of the first component p̃(Φ1) by using the relation

p̃(Φ1) =

∫ 2π

0

dϕ

∫ ∞

0

dΦ Φ p(Φ) δ(Φ1 − Φ cosϕ), (4.39)

which can be cast into the form

p̃(Φ1) = 2

∫ ∞

Φ1

dΦ
1√

1 − (Φ1/Φ)2
p(Φ). (4.40)

The above relation is known as the Abel transform of the quantity p(Φ) and can be inverted,
provided that both p(Φ) and its derivative p′(Φ) tend to zero faster than 1/Φ as Φ → ∞.
For the probability distribution p(Φ) one then obtains

p(Φ) = −1

π

∫ ∞

Φ

dΦ1
dp̃(Φ1)

dΦ1

1√
Φ1

2 − Φ2
. (4.41)

Hence, given the Monte Carlo data for p̃(Φ1), the probability distribution of the magnitude
of the magnetization can be extracted. With the above equations one readily checks that
the probability distribution p(Φ) is properly normalized

2π

∫ ∞

0

dΦ Φ p(Φ) = 1, (4.42)

provided that p̃(Φ1) is normalized (see eq.(4.38)). We have determined the probability
distributions p(Φ) from p̃(Φ1) using eq.(4.41). In Figure 4.2 some representative results for
2πΦp(Φ) are shown.

The mean value of Φ decreases as the volume increases, and the width of the distribution
p(Φ) becomes narrower. It should be pointed out that the distribution is not symmetric
around its maximum. The distribution turns into a δ-function in the infinite volume limit,
centered at Φ = M̃ = 0.43561(1).

Furthermore, we compute the first and second moments 〈Φ〉 and 〈(Φ − 〈Φ〉)2〉 of the
distribution p(Φ). Once we have computed p(Φ) using the improved estimator, this can be
done in a straightforward manner .

4.3 Comparison of Monte Carlo Simulations and Ef-

fective Theory Predictions

In Table 4.1 the first and second moments 〈Φ〉 and 〈(Φ − 〈Φ〉)2〉 of the distribution p(Φ)
are compared with the effective field theory predictions of eq.(4.23). The errors of the
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L/a 〈Φ〉MC 〈Φ〉theory 〈(Φ − 〈Φ〉)2〉MC 〈(Φ − 〈Φ〉)2〉theory

8 0.46205(3) 0.46224(1) 1.90(7) × 10−4 2.7831(1) × 10−4

12 0.45305(10) 0.45319(1) 1.2(3) × 10−4 1.23694(6) × 10−4

16 0.44875(3) 0.44873(1) 4.6(8) × 10−5 6.958(4) × 10−5

20 0.44607(9) 0.44608(1) 4(2) × 10−5 4.453(2) × 10−5

24 0.44432(10) 0.44432(1) 7(27) × 10−6 * 3.092(2) × 10−5

28 0.44307(9) 0.44306(1) 4(22) × 10−6 * 2.272(1) × 10−5

32 0.44198(8) 0.44212(1) 4(2) × 10−5 * 1.7394(9) × 10−5

40 0.44086(9) 0.44081(1) 9(25) × 10−6 * 1.1132(6) × 10−5

48 0.43999(8) 0.43994(1) 6(200) × 10−7 * 7.731(4) × 10−6

64 0.43880(9) 0.43885(1) 4(250) × 10−7 * 4.3495(2) × 10−6

Table 4.1: Comparison of Monte Carlo data (MC) for the first and second moments 〈Φ〉
and 〈(Φ − 〈Φ〉)2〉 of p(Φ) with predictions of the effective theory given by eq.(4.23). The
numerical errors of the analytical expressions are due to small uncertainties in the values
of the low-energy parameters quoted in eq.(4.29). The entries with an asterisk (*) are
statistically consistent with zero. The discrepancies between the Monte Carlo data and
the effective field theory results are due to 3-loop corrections that were neglected in the
theoretical predictions.

theoretical predictions are due to the uncertainties in the low-energy parameters of eq.(4.29)
and due to neglecting higher-order corrections. For the first moment the agreement is very
good for L/a ≥ 16. The absolute value of the second moment is very small and its statistical
error is relatively large. Still, there are systematic discrepancies between the Monte Carlo
data of the first moment for small L, the second moment, and the O(1/L2) effective theory
predictions of eq.(4.23). As in the quantum Heisenberg model, this discrepancy is well
accounted for by additional O(1/L3) corrections. Such corrections involve next-to-leading
low-energy parameters which multiply higher-order terms in the effective action. At order
O(1/L3) we would also have to evaluate 3-loop graphs. This calculation, however, has not
yet been worked out in the effective theory. Parameterizing the 3-loop terms with unknown
coefficients α1 and α2, i.e.

〈Φ〉 = M̃
(

1 +
c

ρL

β1

2
+

c2

ρ2L2

β2
1

8

)
+ α1

(
c

ρL

)3

+ O
(

1

L4

)
,

〈(Φ − 〈Φ〉)2〉 =
M̃2c2

ρ2L2

β2

2
+ α2

(
c

ρL

)3

+ O
(

1

L4

)
, (4.43)

one obtains good fits to the Monte Carlo data for α1 = −0.0013(2) and α2 = −0.00061(5).
This shows that the Monte Carlo data are described well by the theoretical predictions.

Starting from the probability distribution p(Φ) one obtains the constraint effective
potential u(Φ) by using the relation p(Φ) = N exp(−L3u(Φ)). The constraint effective



74 4. Constraint Effective Potential of the Magnetization in the Quantum XY Model

ψ U0(ψ)MC U0(ψ)theory

0 - 2.985(6) - 2.980
0.05 - 3.781(4) - 3.781
0.1 - 4.229(2) - 4.232
0.15 - 4.222(2) - 4.224
0.2 - 3.632(5) - 3.640

Table 4.2: Comparison of Monte Carlo data (MC) for the universal function U0(ψ) with
the effective theory prediction of eq.(4.14).

potentials corresponding to the curves in Figure 4.2 are displayed in Figure 4.3.

With increasing volume the constraint effective potential approaches the effective po-
tential, which is known to be a convex function. Using again the rescaled variable ψ =
(ρL/c)(Φ−M̃)/M̃, one can also consider the extensive quantity U(ψ) = L3u(Φ) which is
shown in Figure 4.4.

Expanding U(ψ) = U0(ψ) + (c/ρL) U1(ψ) + O(1/L2), we have computed the universal
part U0(ψ) by using Monte Carlo data for L/a between 8 and 64. Some values of the
function U0(ψ) extracted from the numerical data are compared with the analytic result
of eq.(4.14) in Figure 4.5. It should be pointed out that the observed agreement does not
rely on any adjustable parameters. Even the normalization constant N of eq.(4.10), which
fixes an additive constant in the constraint effective potential, is predicted by the effective
theory. The derivation of the normalization constant is discussed in detail in appendix C.

As quantified in Table 4.2, in the interval ψ ∈ [0, 0.2], around the minimum of the
constraint effective potential, the theoretical values of U0(ψ) and the numerical data agree
remarkably well. To determine the low-energy constant k0, we have used the extracted
data for U1(ψ) as well as their theoretical prediction of eq.(4.17). A fit of the data to
eq.(4.17) leads to k0 = −0.0027(2). The result is illustrated in Figure 4.6. Furthermore, k0

can also be determined from fitting the B-dependent field expectation values |〈~Φ〉(B)| to
their theoretical prediction of eq.(4.22). Since such an analysis provides a good check
for the quantitative correctness of the numerical value for k0 determined from U1(ψ),

we calculate |〈~Φ〉(B)| for several values of the magnetic field B and the box size L by

using a reweighting technique. Table 4.3 contains the results of |〈~Φ〉(B)| obtained from
reweighting. Using the data in Table 4.3 as well as the corresponding theoretical prediction
of eq.(4.22), we arrive at k0 = −0.0026(3) which is in excellent agreement with k0 =
−0.0027(2) calculated from U1(ψ). The statistical consistency between k0 = −0.0026(3)
determined from Table 4.3 and the k0-value obtained from U1(ψ) also demonstrates the
reliability of the reweighting technique employed for the determination of the data in Table
4.2. Indeed, we have observed consistency between the data in Table 4.3 with the largest
B-field for each L and the corresponding |〈~Φ〉(B)| determined by switching on explicitly
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L/a B/J |〈~Φ〉(B)|
64 0.00306135 0.44053(3)
64 0.0042 0.44142(4)
72 0.00328 0.44076(4)
72 0.00386 0.44121(7)
80 0.00266 0.44028(4)
80 0.00313 0.44069(5)
88 0.0022 0.43985(3)
88 0.00258 0.44021(6)
96 0.00184 0.43950(3)
96 0.00217 0.43984(5)

Table 4.3: Monte Carlo data for |〈~Φ〉(B)| which are used in the determination of k0.

a uniform magnetic field in the Monte Carlo simulations. Since for each L, the largest B
imposes the greatest challenge for the reweighting method, we conclude that all the data
in Table 4.3 obtained by reweighting are indeed quantitatively correct.
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Figure 4.1: Probability distribution p̃(Φ1) of the first component of the magnetization Φ1

on a 162 lattice obtained with the improved estimator. The error bars of the distribution
are of the order of the line width in this figure.
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Figure 4.2: Probability distributions 2πΦp(Φ) of the magnitude of the magnetization Φ for
L = 8a, 12a, 16a, 24a, and 64a. The lines are not fits but represent the Monte Carlo data
themselves. The error bars are placed in equidistant positions of Φ. The vertical line at
Φ = M = 0.43561(1) represents the δ-function distribution of the infinite system.
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Figure 4.3: Constraint effective potentials u(Φ) as functions of the magnitude of the magne-
tization Φ for L = 8a, 12a, 16a, 24a, and 64a. The constraint effective potential approaches
a convex effective potential in the infinite volume limit.
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Figure 4.4: The extensive quantity U(Φ) as a function of the rescaled variable ψ =
(ρL/c)(Φ − M)/M for L = 8a, 12a, 16a, 24a, and 64a, compared to the analytic infinite
volume result U0(ψ).
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Figure 4.5: The analytic result for the universal function U0(ψ) compared with numerical
values obtained from the Monte Carlo data for U(Φ). The comparison does not involve any
adjustable parameters.
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Figure 4.6: Result of fitting the Monte Carlo data for U1(ψ) to the theoretical prediction.





Chapter 5

Conclusions and Outlook

This thesis consists of two parts. In the first part we studied classical spin systems as regu-
larizations of quantum field theories. We introduced topological lattice actions, which are
invariant against small continuous deformations of the fields and violate several properties
usually demanded for a lattice action. By performing analytic calculations for the 1-d O(2)
and O(3) models, as well as Monte Carlo simulations for the 2-d O(3) model, we showed
explicitly that the applicability of perturbation theory, the correct classical continuum limit
and the existence of a Schwarz inequality between the action and the topological charge
are irrelevant features of a lattice action for reaching the correct quantum continuum limit.

We have introduced two types of topological lattice actions. One topological lattice
action explicitly suppresses topological charges, whereas the other does not. Besides the
quantum continuum limit, we studied the lattice artifacts of the two types of topological
lattice actions. In one spatial dimension, topological lattice actions suffer from lattice
artifacts of O(a). This is worse compared to the standard lattice action, where the lattice
artifacts are of O(a2) and the classically perfect action, where the lattice artifacts are even
exponentially suppressed. The lattice artifacts of O(a) for the topological lattice actions
seem to contradict Symanzik’s effective theory, which, however, does not apply in one
spatial dimension.

In the 2-d O(3) model, we were restricted to a Metropolis algorithm for the topological
charge suppression action. On the other hand, for the constraint angle action we could use
the very efficient Wolff-cluster algorithm. This allowed us to generate data of high precision
for the step scaling function of the correlation length. Since Symanzik’s effective theory
is formulated in the continuum, it should be applicable to any lattice theory that reaches
the correct quantum continuum limit. Indeed the lattice artifacts of the 2-d O(3) model
using topological lattice actions are described well and interestingly the cut-off effects were
observed to be less severe for the topological action than for the standard action.

The divergence of the topological susceptibility is a feature of the 2-d O(3) model,
even in the continuum. Indeed, also using topological lattice actions, we have seen, that

83



84 5. Conclusions and Outlook

the Monte Carlo data for the topological susceptibility are consistent with a logarithmic
divergence. The numerical results for the point–to–time-slice correlator of the topological
charge density are consistent with the analytic predictions. Therefore, despite the fact that
the topological susceptibility is logarithmically divergent, there exist topological physical
quantities that have a well-defined quantum continuum limit in the 2-d O(3) model using
topological lattice actions.

Since topological lattice actions are invariant against small continuous deformations of
the fields, one may have expected that they fall into a different universality class. However,
the local deformations are field-dependent. In fact, even the standard action of a lattice
O(N) model has a field-dependent local O(N−1) symmetry, since every spin can be rotated
around the direction defined by the average of its nearest neighbors without changing the
action value. Such field-dependent local symmetries do not have the status of proper
gauge symmetries, and therefore they do not change the corresponding universality class.
The applicability of topological lattice actions, which violate important properties usually
demanded for a lattice action, underscores the robustness of universality. Even when one
uses actions that do not have the correct classical continuum limit, cannot be treated
using perturbation theory, or do not obey a Schwarz inequality, they still have the correct
quantum continuum limit.

An interesting subject for future studies would be to decide whether topological lattice
actions may be useful in lattice Yang-Mills theory or in lattice QCD. Topological lattice
actions might indeed be advantageous from a computational point of view.

It would also be very interesting to study topological lattice actions for the 2-d O(2)
model. In contrast to the 2-d O(3) model, the 2-d O(2) model is not asymptotically free.
Such a study would help to understand whether the correct quantum continuum limit using
topological lattice actions in the 2-d O(3) model results from the property of asymptotic
freedom.

In the second part of this thesis we investigated quantum spin systems. We have con-
structed an improved estimator for the probability distribution of the order parameter of
the corresponding quantum spin system. In the quantum Heisenberg model the order pa-
rameter is the staggered magnetization. In the infinite volume limit at zero temperature,
the staggered magnetization develops a non-zero expectation value signaling the sponta-
neous breakdown of the SU(2) spin symmetry down to its U(1) subgroup. On the other
hand, for the quantum XY model the order parameter is the uniform magnetization. In
the infinite volume limit and at zero temperature, the vacuum expectation value of ~M is
non-zero, signaling the spontaneous breakdown of the U(1) spin symmetry.

The corresponding low-energy effective field theories for the quantum Heisenberg and
XY model have been derived by Göckeler and Leutwyler. Using the improved estimator
in a loop-cluster algorithm simulation, we have determined the first and second moments
〈Φ〉 and 〈(Φ − 〈Φ〉)2〉 of the probability distributions p(Φ), of the order parameters, as
well as the constraint effective potentials u(Φ) (obtained from p(Φ) = N exp[−L3u(Φ)])
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for different space-time volumes. Substantial improvements in the implementation of the
method have allowed us to reach spatial volumes as large as 962, while we were restricted
to volumes up to 242 using the unimproved method for the quantum Heisenberg model.

Furthermore we also determined previously unknown higher-order low-energy parame-
ters using different techniques. In particular, for the quantum Heisenberg model we have
switched on an external staggered magnetic field and fitted the data to the theoretical pre-
dictions of the effective field theory to determine the low-energy parameter k0. Similarly,
for the quantum XY model we have switched on an external uniform magnetic field. How-
ever, we have also used a reweighting technique and showed explicitly that the data using
both methods are consistent. Again, from a fit of the data to the theoretical prediction we
have determined the low-energy parameter k0 of the quantum XY model.

For both quantum spin systems, the Monte Carlo data are in excellent quantitative
agreement with the analytic predictions of Göckeler and Leutwyler. This demonstrates
that the magnon effective theory indeed provides correct results, order by order in a sys-
tematic low-energy expansion. Thanks to the very efficient loop-cluster algorithm, the
quantum Heisenberg and XY models are excellent testing grounds for the effective field
theory method. Our results should also be encouraging for lattice QCD simulations, where
the numerical problem is much harder. Eventually, one may hope to reach an agreement be-
tween lattice QCD and chiral perturbation theory at the same level of accuracy as achieved
in this thesis.
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Appendix A

Cluster Algorithm for the Constraint

Angle Action

In this appendix we explain the steps of the cluster algorithm for the constraint angle
action in detail. To simulate the constraint angle action for the 2-d O(3) model, we use the
Wolff-cluster algorithm [5,6]. However, we are using a topological lattice action instead of
the standard lattice action.

We consider unit vectors on a rectangular lattice with spatial dimensions Lx and Ly.
The first step of the algorithm is to generate a valid starting configuration. We cannot just
choose random vectors, since the relative angle between neighboring vectors is restricted
to the constraint angle δ. We take a starting configuration with all vectors pointing in the
same direction. This configuration is valid for all values of the constraint angle. In the
second step we choose a random point on the lattice as the starting position of the cluster.
We also choose a random vector ~r ∈ S2 defining a plane at which all vectors in the cluster
are reflected when the cluster is completely built. Since we are using the Wolff-cluster
algorithm, we like to call it the Wolff-plane. The random vector ~r is calculated as follows.
One determines two random numbers u and v in the interval (0, 1). The random angles
defining the vector can be obtained as φrand = 2πu and cos θrand = 2v − 1. The random
vector ~r is then given by

~r = (sin θrand cosφrand, sin θrand sinφrand, cos θrand). (A.1)

From the starting point, the relative angles to the four neighboring vectors are compared. If
the relative angle between the two vectors after reflecting the neighboring spin at the Wolff-
plane is larger than the constraint angle δ, the neighboring spin is added to the cluster.
This spin is then added to a list. The same procedure is continued for the other neighbors.
After this is done, the next spin in the list is taken and the neighbors are compared from
there. This is repeated in an iterative way until we reach the end of the list and no more
spins are added to the cluster. After the cluster is completely built, all spins within the
cluster are reflected at the Wolff-plane. A spin ~e is reflected to ~e ′ as ~e ′ = ~e − 2(~r · ~e)~r.
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The new configuration will then serve as the next configuration in a Markov chain. After
equilibrating the system, we start with the measurements of the observables. The most
important observables we calculate are the cluster size, the spin correlation function, the
second moment correlation length and the topological charge. The cluster size is simply
given by the number of spins within the cluster. The spin correlation function 〈~ex · ~ey〉
is calculated as follows. For a given configuration, the coordinate system is shifted, such
that the starting point of a cluster is located at the origin (x = 0, y = 0). The value of the
correlation function for a given configuration at a point (x, y) is then given by ~e(0, 0)·~e(x, y).
By taking the average of the correlation functions of the individual histograms, one obtains
the correlation function 〈~ex ·~ey〉. A more elegant way to calculate the correlation function is
the use of an improved estimator, which does not require to sum over all lattice points. The
partial histograms from an individual configuration can then be obtained on the same step
as growing the cluster. The expression (~r ·~e(0, 0))(~r ·~e(x, y)) is calculated only for the spins
within the cluster and multiplied by the number of components, i.e. N = 3. Compared
with the improved estimator for the correlation function of the topological charge density
discussed at the end of section 2.4, which can also get negative contributions, this is not
the case for the correlation function 〈~ex ·~ey〉 of the spins. Using the Fourier transform of the
spin correlation function, one obtains the second moment correlation length as discussed
after eq.(2.73). The calculation of the topological charge is discussed before eq.(2.68). We
explained the cluster algorithm for the constraint angle action in the version where only
one cluster is built. In the multi cluster version of the algorithm the whole lattice is filled
with clusters. After building all the clusters they are reflected at the Wolff-plane with
probability 1

2
. To relate the observables of the single cluster algorithm with the ones of

the multi cluster version, one needs to take into account that in the single cluster version
of the algorithm a cluster is selected with probability p = C/V , where C is the cluster size
and V the number of lattice sites.



Appendix B

Metropolis Algorithm for the

Topological Charge Suppression

Action

In this appendix we explain the Metropolis algorithm for the topological charge suppression
action. In contrast to the cluster algorithm for the constraint angle action, the Metropolis
algorithm only performs local updates. The configurations are therefore much more cor-
related. We should keep this in mind when we perform measurements of the observables.
Performing a calculation of an observable after every local update is not necessarily the
best idea. Compared to a local update, the calculation of the topological charge of a con-
figuration is a rather time consuming task, since one has to sum over all spherical triangles
in the volume. A better strategy is to perform a series of local updates first, and perform
a measurement after a previously determined sequence of Monte Carlo updates. This will
then also define a Monte Carlo sweep. The configurations are then much less correlated
and also less computational effort is needed to obtain the same precision for an observable.
By performing a careful statistical analysis, for example by using a jackknife or binning
method, one can estimate that the number of local updates defining a sweep should be
proportional to the volume. Taking too few updates until a measurement means that the
configurations are still too correlated, whereas taking too many updates leads to a waste
of configurations and therefore statistics.

The first step in the algorithm is to randomly choose a spin on the lattice for the local
update. A fixed angle α defines a cone around the vector. It should be pointed out, that
α is not a constraint angle. In principle α could be chosen arbitrarily. However, a good
choice of the angle α, which can be estimated by monitoring the acceptance rate, makes
the simulation more efficient. The intersection of the cone and the sphere defines an area
on the sphere, on which a point is randomly chosen and proposed as the new value of the
spin. The situation is illustrated in Figure B.1.
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If the action of the new configuration is decreased, the new value of the spin is accepted.
Otherwise, it is accepted only with the probability exp(−S ′ +S), where S ′ is the new, and
S the old value of the action. It should be pointed out, that it is not necessary to sum
over all the triangles before and after modifying the position of the vector to calculate
the values of the actions. As illustrated in Figure 2.3, depending on what site on the
lattice was chosen, either just 4 or 8 spherical triangles are affected by the new value of
the spin. It is therefore sufficient to consider only the modification of the areas for these
spherical triangles. The measurements of the observables, in particular the cluster size,
the correlation function, the second moment correlation length and the topological charge
are then performed in the same way as for the cluster algorithm described in appendix A.

Figure B.1: The angle α defines a cone around a vector ~e. The new vector ~e ′ is randomly
chosen in the region defined by the intersection of the cone and the sphere.



Appendix C

Normalization Constants for the

Probability Distributions

In this appendix we derive the normalization constants for the probability distributions
used to extract the constraint effective potentials. Let us first consider the quantum Heisen-
berg model. In eq.(3.10), the probability distribution of the mean staggered magnetization
vector is normalized as

4π

∫ ∞

0

dΦ Φ2 p(Φ) = 1. (C.1)

The normalization constant N appears in

p(Φ) = N exp(−L3u(Φ)), (C.2)

with

L3u(Φ) = U(Φ) = U0(ψ) +
c

ρsL
U1(ψ) + O

(
1

L2

)
. (C.3)

The strategy to obtain N is to explicitly evaluate the integral in eq.(C.1). We need integrals
of the form

1

2π

∫ ∞

0

dψ exp(−U0(ψ)), (C.4)

1

2π

∫ ∞

0

dψ ψ exp(−U0(ψ)). (C.5)

This can be done by considering the inverse transform of eq.(3.16), and takes the form

1

2π

∫ ∞

0

dψ exp(zψ − U0(ψ)) = exp(Γ(z)). (C.6)

Using the function

Γ(z) =
∞∑

n=0

βnz
n

n!
, (C.7)
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we get
1

2π

∫ ∞

0

dψ exp(−U0(ψ)) = exp(Γ(0)) = exp(β0), (C.8)

1

2π

∫ ∞

0

dψ ψ exp(−U0(ψ)) = [
d exp(Γ(z))

dz
]|z=0 = β1 exp(β0). (C.9)

Rewriting eq.(C.1) as a function of ψ

ψ =
ρsL

c

Φ − M̃s

M̃s

, (C.10)

and neglecting O
(

1
L2

)
we indeed arrive at at

N =
1

M̃3
s

ρsL

8π2ceβ0

[
1 − c

ρsL
β1 + O

(
1

L2

)]
. (C.11)

For the quantum XY model, the strategy to obtain the normalization constant is the
same. We only need to take into account, that the probability distribution of the mean
magnetization is then normalized as

2π

∫ ∞

0

dΦ Φ p(Φ) = 1. (C.12)

Furthermore the expression of the gamma function is modified as

Γ(z) =
1

2

∞∑

n=0

βnz
n

n!
. (C.13)

For the quantum XY model we obtain the normalization constant

N =
1

M̃2

ρsL

4π2ceβ0/2

[
1 + O

(
1

L2

)]
. (C.14)



Appendix D

Loop-Cluster Algorithm for the

Quantum XY Model

To simulate the quantum XY model in two spatial dimensions, we use the loop-cluster
algorithm with discretized time. In this appendix we explain the algorithm in detail. The
partition function takes the form

Z = Tre−βH , (D.1)

containing the Hamiltonian

H = J
∑

〈x,y〉

(S1
xS

1
y + S2

xS
2
y). (D.2)

Euclidean time is divided into K steps of length ǫ and the inverse temperature is given by
β = Kǫ. We use the Suzuki-Trotter decomposition by dividing the Hamiltonian into four
pieces

H = H1 +H2 +H3 +H4. (D.3)

In one spatial dimension, the Hamiltonian is split only into two parts

H = H1 +H2, (D.4)

and the situation can be illustrated easily. An example of a space-time lattice in one spatial
dimension for the parameters L = 8, K = 4 and Lt = 8 is shown in Figure D.1 In two
spatial dimensions, the total extent in the Euclidean time direction consists of Lt = 4β

ǫ

lattice sites. The continuous-time limit is obtained for ǫ → 0. Since ǫ = 4β
Lt

, for a fixed
inverse temperature β the number of lattice sites Lt is increased to obtain the continuous-
time limit. In practice, for sufficiently small values of ǫ, the systematic error due to the
time-discretization can be neglected compared to the statistical error. A sufficiently small
value of ǫ is then fixed and the inverse temperature β is varied. The inverse temperature β
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Figure D.1: Time discretization for a lattice in one spatial dimension for the parameters
L = 8, K = 4 and Lt = 8. The active plaquettes are marked in black.

and the number of lattice sites are related by β = ǫLt

4
. For a fixed ǫ, the zero-temperature

limit is obtained for Lt → ∞. The splitted parts of the Hamiltonian are given by

H1 =
∑

x∈(2m,n)

hx,1, H2 =
∑

x∈(m,2n)

hx,2, H3 =
∑

x∈(2m+1,1)

hx,1, H4 =
∑

x∈(m,2n+1)

hx,2, (D.5)

where m,n ∈ N and hx,µ = J ~Sx · ~Sx+µ̂. Using the Baker-Campbell-Hausdorff formula and
neglected higher-order terms in ǫ, the partition function can be written as

Z = Tre−βH = Tre−β(H1+H2+H3+H4) = lim
K→∞

[e−ǫβH1e−ǫβH2e−ǫβH3e−ǫβH4]K . (D.6)

By introducing a basis of spin states and inserting complete sets of states
∑

n |n〉〈n| = 1,
the partition function can be rewritten as a sum over configurations | n0〉

Z =
∑

n0

∑

n1

..
∑

n2N−1

〈n0 | e−εH1 | n1〉..〈n2N−1 | e−εH4 | n0〉 + O(ε2). (D.7)

Every factor 〈nj |exp(−εHi)|nk〉 describes a 2-spin interaction on a plaquette, and corre-
sponds to the evolution of two spins in one discretized time step. By introducing the
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basis | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉 and quantizing the spins in the 3-direction, the elements
〈sx,tsy,t | exp(−εhx,y) | sx,t+1sy,t+1〉 of the transfer matrix T take the form

T = e−εh =




A 0 0 0
0 B C 0
0 C B 0
0 0 0 A


 , (D.8)

where A = 1, B = cosh( εJ
2

) and C = sinh( εJ
2

). The transfer matrix implies the rules for
the cluster building. The rules for growing the clusters are illustrated in Figure D.2. Three
different types of plaquettes are shown. The plaquette on top of the figure contains four
spins with the same spin value S. All spins take either the value +1

2
or −1

2
. There are two

possibilities to connect the spins. With probability p1 = [1 − e−
εJ
2 ]/2 the spins are put in

the same cluster diagonally. On the other hand, with probability 1 − p1 a connection is
made vertically, i.e. in Euclidean time direction. For the plaquette shown in the middle,
two spins with opposite signs are propagating in Euclidean time. With probability p2 =
[e

εJ
2 −1]/[2 cosh( εJ

2
)] the spins are connected horizonally, and with 1−p2 vertically. Finally,

for the plaquette shown on the bottom we consider two spins with opposite signs exchanging
their positions. In this case with probability p3 = [eεJ − 1]/[2 sinh( εJ

2
)] they are connected

horizontally, whereas they are connected diagonally with probability 1 − p3. After all
connections are distributed on the plaquettes, the clusters can be identified. All the clusters
build closed loops. Therefore the cluster algorithm is called loop-cluster algorithm. By
quantizing the spins in the 1-direction, one obtains the transfer matrix

T ′ = e−εh =




A′ 0 0 D′

0 B′ C ′ 0
0 C ′ B′ 0
D′ 0 0 A′


 , (D.9)

with A′ = [1 + e−
εJ
2 ]/2, D′ = [1 − e−

εJ
2 ]/2, B′ = [1 + e

εJ
2 ]/2 and C ′ = [1 − e

εJ
2 ]/2.

The resulting probabilities for building the clusters are p1 = [1 − e−
εJ
2 ]/[e

εJ
2 + 1] and

p2 = [1 + e−
εJ
2 ]/[e

εJ
2 + 1]. The breakups are illustrated in Figure D.3. Compared to the

situation for the quantization in the 3-direction, an additional plaquette where both spins
are changing their sign is now also allowed. The corresponding plaquette is shown on
the bottom of the figure. The transfer matrices T ′ and T are related by a basis change
T ′ = UTU † [85]. It should be pointed out that in the quantization in the 1-direction all
spins within a cluster point in the same direction. Either along or against the quantization
direction of the spins. Starting with a valid spin configuration, for example all spins along
the quantization direction, one then builds all the clusters. In the single cluster version of
the algorithm only one cluster is built and all the spins are flipped with probability 1 to
generate a new configuration. For the multi-cluster version, every cluster is flipped with
probability 1

2
.
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Figure D.2: Rules for growing the clusters in the quantum XY model for the quantization
in the 3-direction. Here p1 = [1 − e−

εJ
2 ]/2, p2 = [e

εJ
2 − 1]/[2 cosh( εJ

2
)], and p3 = [eεJ −

1]/[2 sinh( εJ
2

)].
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Figure D.3: Rules for growing the clusters in the quantum XY model for the quantization
in the 1-direction. Here p1 = [1 − e−

εJ
2 ]/[e

εJ
2 + 1] and p2 = [1 + e−

εJ
2 ]/[e

εJ
2 + 1].





Appendix E

Loop-Cluster Algorithm for the

Quantum Heisenberg Model

As for the quantum XY model, we use the loop-cluster algorithm with discretized time.
The Hamiltonian of the quantum Heisenberg model is given by

H = J
∑

〈x,y〉

(S1
xS

1
y + S2

xS
2
y + S3

xS
3
y). (E.1)

The steps to calculate the transfer matrix and the cluster growing rules are along the lines
of appendix D. The transfer matrix takes the form

T = e−εh =




A 0 0 0
0 B C 0
0 C B 0
0 0 0 A


 , (E.2)

with A = e
εJ
4 e−

εJ
2 , B = e

εJ
4 cosh( εJ

2
) and C = e

εJ
4 sinh( εJ

2
). The corresponding probability

takes the value p1 = tanh( εJ
2

). The rules for growing the clusters are illustrated in Figure
E.1. Due to the SU(2) symmetry, for the quantum Heisenberg model the rules for building
the clusters are independent of the quantization axis.
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Figure E.1: Rules for growing the clusters in the quantum Heisenberg model. Here p1 =
tanh( εJ

2
).
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[31] M. Lüscher, Nucl. Phys. B568 (2000) 162.

[32] H. Fukaya and T. Onogi, Phys. Rev. D68 (2003) 074503.

[33] H. Fukaya and T. Onogi, Phys. Rev. D70 (2004) 054508.

[34] H. Fukaya, S. Hashimoto, T. Hirohashi, K. Ogawa, and T. Onogi, Phys. Rev. D73
(2006) 014503.

[35] W. Bietenholz, K. Jansen, K.-I. Nagai, S. Necco, L. Scorzato, and S. Shcheredin,
JHEP 0603 (2006) 017.

[36] K. Symanzik, Nucl. Phys. B226 (1983) 187.

[37] K. Symanzik, Nucl. Phys. B226 (1983) 205.
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[45] A. D’Adda, M. Lüscher, and P. Di Vecchia, Nucl. Phys. B146 (1978) 63.
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[72] F.-J. Jiang, F. Kämpfer, M. Nyfeler, and U.-J. Wiese, Phys. Rev. B78 (2008) 214406.

[73] F.-J. Jiang, M. Nyfeler, S. Chandrasekharan, and U.-J. Wiese, J. Stat. Mech. (2008)
P02009.

[74] J. Gasser and H. Leutwyler, Nucl. Phys. B250 (1985) 465.

[75] A. Hasenfratz, K. Jansen, J. Jersák, C. B. Lang, H. Leutwyler, and T. Neuhaus, Z.
Phys. C46 (1990) 257.

[76] U. Gerber, C. P. Hofmann, F.-J. Jiang, M. Nyfeler, and U.-J. Wiese, J. Stat. Mech.
(2009) P03021.

[77] L. O’Raifeartaigh, A. Wipf, and H. Yoneyama, Nucl. Phys. B271 (1986) 653.

[78] B. B. Beard, R. J. Birgeneau, M. Greven, and U.-J. Wiese, Phys. Rev. Lett. 80 (1998)
1742.

[79] A. W. Sandvik and H. G. Evertz, Phys. Rev. B82 (2010) 24407.

[80] F.-J. Jiang and U.-J. Wiese, arXiv:1011.6205 [cond-mat.str-el].

[81] U. Gerber, C. P. Hofmann, F.-J. Jiang, G. Palma, P. Stebler, and U.-J. Wiese,
arXiv:1102.3317 [cond-mat.str-el].

[82] F.-J. Jiang, Phys. Rev. B83 (2011) 024419.

[83] A. W. Sandvik and C. J. Hamer, Phys. Rev. B60 (1999) 6588.

[84] K. Harada and N. Kawashima, Phys. Rev. B55 (1997) 11949.

[85] R. Brower, S. Chandrasekharan, and U.-J. Wiese, Physica A261 (1998) 520.



Erklärung
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