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Abstract

We study the real-time evolution of open quantum spin systems driven by dissipative
measurement processes. The internal Hamiltonian dynamics are neglected. We consider
the XY-Model, the Heisenberg antiferromagnet and the Heisenberg ferromagnet and
three different measurement processes with different symmetry properties.

Numerical simulations show that the systems are driven into a new equilibrium by the
measurement processes. We find that the dynamics of this equilibration depends strongly
on the symmetry of the respective process.

In addition, the conditions on a measurement process to be simulatable are investi-
gated. We find indications that the set of simulatable processes corresponds to a discrete

subset of all processes.



Contents

Mntroduction

1. Simulations in Thermal Equilibrium|

[1.1. Considered Systems|

[1.2. From the Density Matrix to the Path Integrall . . . . . . . ... ... ...

[1.3. Sampling the Probability Density| . . . . . . . ... ... ... ... ....

[2.2. Theory of Measurement in Quantum Mechanics| . . . . . .. ... ... ..

[2.2.1. Orthogonal Measurements| . . . . . . . ... ... ... ... ....

[2.4.1. Total Spin| . .

4.3, SISF+S;/S .. ...

[2.6.1. The R* Casel
[2.6.2. The C* Casel

14
15
18
22
24

26
26
27
27
28
29
29
33
33
34
37
39
42
42
44
46

50



8.2, Continuous Measurementsl . . . . . . . . . . . . ... ... ...
3.2.1. AFM Initial Density Matrix| . . . . . ... ... ... ... .. ...
[3.2.2. XY Initial Density Matrix| . . . . . .. ... ... ... ... . ...
13.2.3.  FM Initial Density Matrix| . . . . ... ... ... ... ... ....
[3.2.4. Equilibration Times| . . . . . . . ... ... ... ... ... ....
4. Conclusion and Outlookl
PP Cl
A Stafisticd . . . . . . . . ..
|A.1.  Averages and Uncertainties| . . . . . . .. . ... ... ... ...,
A2, Jackknifel . . . .. ..o
B Unitsl . . . o o oo e e
|C.  Notes on the Implementation| . . . . . . ... .. ... ... ... ....
[Acknowledgements|

59

61
61
61
62
64
65

67



Introduction

Simulations have become an important part of modern physics. Whenever a problem
cannot be solved analytically one can try to implement it in a computer simulation and
in many cases find a numerical solution. The physics of strongly coupled systems is
such a case: Analytic solutions are mainly restricted to 1-d systems, but Monte Carlo
simulations provide a way to explore various such systems in arbitrary dimensions in
equilibrium, be they quantum or classical. However, simulating these systems far from
equilibrium e.g. their evolution in time, seems to be a very hard problem and is considered
a major challenge of theoretical physics today [I]. All approaches which have been made
so far are limited: Monte Carlo techniques suffer from a severe sign or complex phase
problem. With exact diagonalization techniques one can calculate the real-time evolution
of small systems. However, since the Hilbert space usually grows exponentially with the
system size, this method becomes inapplicable for larger systems. Another approach
is the density matrix renormalization group |2} [3], which can be used to examine the
real-time dynamics of some 1-dimensional systems but only for short time intervals.

What makes it so hard to do such simulations? One reason is that closed quantum
systems tend to evolve into strongly entangled states, so called Schrodinger cat states.
The quantum mechanical effects become very strong, they behave very differently from
classical systems. Classical computers on the other hand work according to the laws
of classical physics and thus deterministically. It is therefore no surprise that they are
not well suited to tackle such quantum problems which are non-deterministic in nature.
This was already pointed out by Feynman in 1982 [4]. He proposed to use quantum
simulators, very well controlled quantum devices which mimic the behaviour of other
quantum systems. In fact, such devices can be realized with ultra-cold atoms in optical
lattices [5]. However, the development of such devices is still in the beginnings. There is
no such thing as a universal quantum simulator (not yet at least). Therefore the problem
of simulating the real-time evolution of a quantum system on a classical computer remains
an interesting one.

Instead of making the classical computer more quantum one can also try to make

the quantum problem more classical to tackle the difficulties stated above. In fact this



approach is quite natural since systems which occur in nature are usually not closed but
coupled to their environment. The strongly entangled Schrodinger cat states then do not
occur since the coupling to the environment usually decoheres the system. The interaction
between the system and the environment is well described by the quantum theory of open
systems (see for example [6]) and can be modeled as a continuous measurement process.
Here we will pursue this approach which was first described in [7]. The continuous
measurement process is then described by a Lindblad process, which can be simulated
with an efficient loop cluster algorithm [8, [9]. Using this method one can simulate the
real-time evolution driven by this measurement process over an arbitrary length of time
for systems in arbitrary dimensions.

Here we study the real-time evolution of the Fourier modes of the magnetization of
2-d quantum spin systems initially prepared in thermal equilibrium. The initial state is
prepared with the same loop cluster algorithm using the Hamiltonians for the Heisenberg
antiferromagnet, the Heisenberg ferromagnet and the quantum XY-model. We find that
the system is driven into a new equilibrium by the measurement process, where the
timescale of this equilibration depends strongly on the symmetries of the process. In
addition, we examine what conditions a measurement process must fulfil to be simulatable
with the loop cluster algorithm.

This thesis is organized as follows: In chapter [I| we define the studied systems and give
a description of the loop cluster algorithm used to prepare the initial state density matrix
in thermal equilibrium. In chapter [2] we give a very short introduction to the theory of
measurements and show how the loop cluster algorithm can be used to simulate Lindblad
processes. Furthermore, we describe the measurement processes used in the simulations,
derive their cluster rules and investigate what processes can be simulated i.e. make the
sign problem disappear. The numerical results are presented in chapter |3] and finally

conclusion and outlook are given in chapter [



1. Simulations in Thermal Equilibrium

With the loop cluster algorithm one can simulate expectation values of observables for
a certain class of quantum spin systems in thermal equilibrium. In the first part of this
chapter, we will, after clarifying the considered systems, derive path integral expressions
for expectation values of observables and relate them to a probability distribution. This
probability distribution can be sampled to calculate these expectation values with the
loop cluster algorithm. This is explained in the second part. This chapter is based on
[8, 9L 10].

1.1. Considered Systems

The studied systems are d-dimensional quantum spin lattices. They consist of a d-
dimensional bi-partite lattice with a quantum spin s = 1/2 attached to each point. Peri-
odic boundary conditions are assumed. Although the methods described in the following
sections work with arbitrary dimensional systems, we will concentrate on 2-dimensional
square lattices. We will denote the spacial length of the systems as L. Lattice sites will

be denoted as x and y. The Hamiltonian of all considered systems can be written as

M= J(SiS,+525y) +J'S3S3, (1.1)

(z,y)
where (x,7) denotes a nearest-neighbour pair of sites  and y on the lattice. The S’s
are the spin operators in direction ¢ € 1, ..., 3 at location x. They fulfill the commutation

relations

[ngcv ng/] = i(;xyﬁijkslg;, (1.2)

with 7 set to 1. For J = J’ < 0 this corresponds to a Heisenberg antiferromagnet, for
J =J" > 0 to a Heisenberg ferromagnet, for J' = 0 to the quantum XY-model, and for
J = 0 to the Ising model.

A basis of the Hilbert space can be written as

{In)} = {

smlsm2sm3...szld>}, (1.3)



where s;, € {1,1} is the spin along a certain quantization axis j, at site z; and

siit)y =31, SII) = —5 ). (14)

We will use the 3- and the 1-direction as quantization axes.

From the Density Matrix to the Path Integral

A quantum mechanical ensemble is completely characterized by its density matrix
p="_|m)(m|pn, (1.5)
m

where the sum is over a basis, in which p is diagonal, and p,, is the probability to find the
system in the state |m). For an ensemble in thermal equilibrium, a canonical ensemble,

this density matrix is given by

p= %exp(—BH), (1.6)

with the partition function being Z = Trexp (—SH). The expectation value of an ob-

servable in a quantum mechanical ensemble is given by
(0) =TrOp (1.7)

where O is the operator representing the observable. For (O) we find

(0) = Zn: (n| Op|n) = Zon (n|pln) = Zzon (nlexp (=HB)[n),  (1L8)
the sum being over a complete set of states. Here we assume that O is diagonal in
the basis {|n)} and denote the eigenvalue to the state |n) as o,. In principle we could
calculate this expression, and we indeed can for small systems. However, the Hilbert space
of a d-dimensional spin lattice of extent L has dimension 2Ld, so the number of terms
which one has to sum grows exponentially with the system size, making it impossible
to perform exact calculations for larger systems. Instead we will do the following. If
all terms (n|exp (=) |n) are non-negative, we can interpret (n|exp (—H/f) |n) /Z as a
probability distribution of the system states |n). This distribution can then be sampled
via Monte Carlo techniques, giving us a way to estimate (). The problem which remains

in this case is the exponentiation of H. Since the dimension of the matrix representing



‘H again grows exponentially with the system size, this is a really hard problem. We will
therefore further simplify this expression.

Let us now discretize Euclidean time and introduce the corresponding lattice spacing
a. The inverse temperature 3 can then be expressed as aN with N being a dimensionless

integer, i.e.

(0) = ou (n] exp (~HaN) |n) (1.9)
! N

= on (0| [] exp (~Ha) |n) (1.10)
n j=1

Now we split the Hamiltonian in parts, such that each spin appears only once in each part.
Thus the resulting parts consist only of commuting summands. For simplicity we first
look at one-dimensional systems (spin chains) with spacial extent L. The generalisation

to higher dimensions will be straightforward. In the 1-d case we split ‘H into two parts,
H="H1+ Ho (1.11)
with

Hi1 = Z J (S;Salc—f—l + S:%Si—&—l) + Jl5§5§+1 = Z hw:erla

xEe2Z xEe2Z
Ho= Y J(SpSp +82850) + /SIS = D0 hearr (L12)
xe2Z+1 re2Z+1

where we have defined
hay = J (S35, + 5257) + J' 5555, (1.13)
Using the Suzuki-Trotter decomposition formula
exp(A) = lim_(exp (B/N)exp(C/N))™ (1.14)

for any operators A, B and C such that A = B + C, we get for the observable

N
. 1
(0) = 1\}13;02 - 0n (n| H exp (—aHy) exp (—aHts) |n) (1.15)
Nasp " =1

10



By inserting independent identity operators (1 = an Inj) (nj]) between all exponential

functions we arrive at the expression

. 1
(0)=lim  }  —on(n|exp(—ath) |n) (] exp (—aHz) [na) (nal ..
]&aﬁ)ﬁ n,mi,....,N2N

oo nen—1) (nan—_1|exp (—aHs) [n) . (1.16)

We can think of this expression as a path integral on a (1+1)-dimensional space-time
lattice. The additional dimension is, because of the strong analogy to unitary time
evolution, called Euclidean time. In each Euclidean time step only one of the two Hamil-
tonians is active, connecting spin pairs (s, Sy+1) with z being either even or odd. We
can picture this as a checkerboard covering the lattice, consisting of two different kinds
of plaquettes, representing interactions governed by the two different Hamiltonians (see

figure . Still it seems that we have not gained much. The matrices representing the
(n

tBucl. exp(—aH2)
|non—1) (nan—1]

exp(—as)
n3) (n3|
exp(—atHy)
[n2) (nel
exp(—aHts)
n1) (na
exp(—aH)

)

o I T2 z3

Figure 1.1.: Schematic picture of the checkerboard covering of the (1+1)-dimensional lat-
tice. The lattice sites are represented by black dots. The coloured plaquettes
mark which spins interact with the respective Hamiltonian. On the right-
hand side, the correspondence between the expressions in the path integral
and the 1+1 dimensional lattice is indicated.

11



operators H; and Hs have the same large dimension as the one representing H. However,

they now consist of commuting summands h,,. Thus we can use

exp (—aH;) = H exp (—ahgz41) ,
ze2Z

exp (—aHz) = H exp (—ahgz11) - (1.17)
re27+1

Each hg, involves only two spins, and can be represented by a 4 x 4 matrix, which is
easy to exponentiate. In addition, each h,, belongs to exactly one plaquette. Writing

out the states |n;) as

|n1) = ’5(351,1')5(952,1‘) .. ‘S(IL,i)> , (1.18)
we can write equation ([1.16|) as

L
<5(m,k)8(x+1,k)‘ exp (—ahzz+1) ‘S(x,k+1)5(x+1,k+1)>
=1
dd

1 2N

(©)=>_ zon 1
S k=1
k odd

8y

<8(w71,k+1)8(:p,k+1)‘ eXp (_ahx—lx) ‘Sm—l,k+2sx,k+2> . (119)

The sum is now over all configurations of the (1+1)-d extended system, S = {s(x,k) } We
can decompose the configuration of the extended system, in configurations of individual

plaquettes,

S=1{S,}, S, = {smp,syp,sx;,syzr)} , (1.20)

where :L'](J/) and y](gl) denote the sites belonging to the plaquette p. Defining the plaquette
weight function

exp (—ahgy)

Wp(Sp) = <sxpsyp s%sy{p> , (1.21)

we can write equation ([1.19]) in the compact form
1
©0)=>"1T1 ZonWn(Sp) (1.22)
S p

with the product being over all plaquettes.

12



For an originally two-dimensional spin system we can perform the exact same steps,

except that we have to split the Hamiltonian into the four parts,

Hi = Z Zh(ml,xg)(ml—i-l,mg)’

T even xo

Ha = Z Z h(ﬂfl,ﬂfz)(frl,xg—s-l) )
1 xo odd

Hs = Z Z h($1,$2)(11+1,z2) )
r1 odd x2

Ha = Z Z Moy @2) (@1 2241) 5 (1.23)

r1 X2 even

where a site on the lattice is denoted as x = (1, 22). The Euclidean time extended system

is then (2+1)-dimensional and the plaquette division is no longer a simple checkerboard

(see figure :

Figure 1.2.: Schematic picture of the plaquette decomposition of the (2+1)-dimensional
extended system.

Performing the exact same steps as in (1+1) dimensions yields again
1
O)y=>"1] o Wp(Sp). (1.24)
S p

with the same plaquette weight function. The differences are hidden in the plaquette
decomposition and the different sets of configurations. The same procedure could be

applied to a system in an arbitrary number of dimensions.

13



If all entries of the matrix exp (—ahyy) are non-negative which is the case for the
models considered here, as we will see later, W),(S,) will always be non-negative. We can
then interpret the right-hand side of equation ([1.24)) as a probability distribution,

0)=>" %W(S)on, (1.25)
S

with W(S) = [, Wp(Sp) as the weight function of the whole system. It is properly

normalized since

Z=> W(S) (1.26)
S

The loop cluster algorithm provides a way to efficiently sample this probability distribu-

tion, and thus to calculate observables.

1.3. Sampling the Probability Density

The basic principle behind the loop cluster algorithm is to create a Markov chain, a
procedure to create a new configuration out of a previous one, which follows certain
probabilistic rules. The process of creating a new configuration will be called a Monte
Carlo update or simply an update. If these updates are performed respecting the detailed
balance condition (see below), the resulting configurations will be distributed according
to the correct distribution.

One possibility to do this would be to use the Metropolis algorithm. As we will see,
flipping a single spin results in a configuration with weight 0, and is thus forbidden.
A possible way out would be using a Metropolis algorithm not with single spins but
with plaquettes. This, however, turns out to be slow and inefficient. The loop cluster
algorithm is a procedure to perform not only local updates as in a Metropolis algorithm,

but global ones. A loop cluster update works in the following way:

1. The (d-+1)-dimensional lattice is divided into active plaquettes, according to the
path integral derived in equation (|1.16|).

2. A breakup is assigned to all plaquettes. These breakups connect the spins of
a plaquette pairwise. This is done in a probabilistic way, in order to fulfill the

detailed balance condition.

3. From a random starting point x a loop is created, by following the breakups. With

periodic boundary conditions this will always result in a closed loop.

14



Label A B c A B
Breakup I I : >< : : :: ::

Table 1.1.: The different breakups and their labels.

4. All spins in the loop are flipped simultaneously.

113

Figure 1.3.: llustration of the 4 steps of a loop cluster update.

A crucial step here is step two, the assignment of the breakups according to the cluster
rules. The cluster rules define which model is simulated. They ensure detailed balance
and ergodicity. As we will see, there are six kinds of breakups. Two connecting the spins
vertically (in the Euclidean time direction), called the A- and A’-breakup, two connecting
horizontally, the B- and B’-breakup, and connecting diagonally, the C- respectively C’-
breakup. The unprimed breakups connect parallel, and the primed antiparallel spins.

One can think of these breakups as a new set of variables.

1.4. Detailed Balance

In the following we will motivate that the loop cluster algorithm fulfills detailed balance.
From this we will be able to derive the cluster rules. To do so we start again at a very

general level. The partition function of the considered spin system is given as
Z=>"W(S), (1.27)
S

where the sum is over all possible configurations of the system. The detailed balance

condition can be stated as

W(S)p(S — &) = W(S)p(S' = S), (1.28)

15



where p(S — §’) denotes the probability to go from configuration S to configuration &’
in a Monte Carlo update. In addition to the spins we introduce the breakups as new
variables. A configuration of the system is now described by the spin configuration S
and the breakup configuration G.

A new weight function W (S, G) is chosen such that

W(S) =Y W(S,9). (1.29)
g

The detailed balance condition of this extended system is now
W(S,9)p((S,9) = (S,9)) = W(S,6)p((S".G) = (S8.9)), (1.30)

where we have restricted ourselves to updates changing only the spin but not the breakup
configuration. As already mentioned above, updating the configuration of the system (S)
consists of two steps. To the system configuration § a breakup configuration G is chosen
according to the probability

W(S,G)

p(S = (S,9)) = WE) (1.31)

Then the spin configuration is updated according to the detailed balance condition,
stated in . It turns out that if we chose this probability, detailed balance on the
spin configuration level (equation ) is automatically fulfilled regardless of the chosen
weight function for the breakups.

Say we start with the spin configuration § and chose the breakup configuration G. The
whole lattice is now covered with breakups forming closed loops. Then one of the loops
is chosen at random by choosing a starting point at random. The probability to choose
a specific loop | depends thus only on the breakup configuration G and not on the spin
configuration S. We denote it as p;(G). If we flip all spins in the loop | we end up at a

different spin configuration &’. The detailed balance condition for this scenario is

W(S,9)p((S,G) = (S§',9)) = W(S",9)p((S,G) = (S,9)),
W(S7 g)pl(g)pﬂip l(57 g) = W(S,7 g)pl(g)pﬂip Z(Sly g) )
W (S, G)paip 1(S,G) = W(S', G)paip 1(S',G) - (1.32)

16



Detailed balance can be realized with the heat bath probability

W(S',G)
S,G) + W (S',G) + const.

Paip 1(S,G) = T (1.33)

Since the weight function of the extended system is somewhat arbitrary we can impose
W(S,G)=WwW(S,0) (1.34)

If we do this, the heat bath probability is particularly simple, namely constant, and we
can set it to 1. So if we can (and we will) find a weight function which respects ((1.34)) the

loop cluster algorithm will somewhat trivially fulfill detailed balance. The cluster rules

are then given by (|1.31)).

Previously we derived an expression for W (S). It turned out that one can write
the weight of a configuration of the whole system as a product of weights of plaquette

configurations,

W(S) =[] Wa(S,) . (1.35)

We can implement the setup described above locally on the level of plaquettes in this

way,
W(&g) = H Wp(Spv gp) ,

P
Wp(Sp) = Z Wp(Gp, Sp)
9p

_ Wp(Sp, Gp)
P(Sp = (S5p,Gp)) = Wy(S,)
Wp(spa gp) = Wp(S;,;a g). (1.36)

Here S, is the spin configuration of the plaquette and G, the breakup assigned to the
plaquette. The spin configuration weight function W,(S,) is specified by . If we
choose a concrete basis for the spin states, exp(—ahyy) is represented by a 4 x 4 matrix.
The weight function takes the entries of this matrix as values. As mentioned above, there
are six different breakups called A")-, BU)- and C")-breakup. G, is therefore either A,
B or C). With this we can express the weight function Wy(Sp, Gp) as six different
4 x 4 matrices, one for each breakup. The unprimed breakups connect equal spins, and
the primed only unequal spins. We will call these matrices A?), B(") and C"). Equations
will provide conditions on these matrices, namely:

17



1. The spin breakup weight after the spin flip must stay the same.
2. The matrices A, B and C must add up to the matrix representing exp(—ah,).

Condition 1 is somewhat trivially fulfilled. After flipping one or two branches of the
breakup, the resulting spin configuration allows the same breakup, since the spins on
each branch are still either parallel or antiparallel. Thus, all spin breakup configurations

with an equal breakup having the same weight, is enough to fulfill this condition.

1.5. Deriving Cluster Rules

To find concrete cluster rules, one has to choose a basis for the spin configurations. The
cluster rules for the considered models are obtained as follows. In section[L.2 we identified

the plaquette spin configuration weight function as

(1.37)

WP(SP) = <Sffp’syp exp (_ahxpyp) Sﬂ%syé> )
with S, = {szp, Sa1 Syps 5@/{9}' To proceed further we choose the basis for the spin states

in which S3 is diagonal

1
Sl=—gl=2 , (1.38)
211 0
1 1[0 1
2 2
=_—g2="= 1.39
SZE 20 2 i 0 ) ( )
1 1{1 0
S3 = g3 =2 (1.40)
2\o0 -1

18

(1.41)



and for the product space of two spins

= . mh=| | wn=[| W= (142)

o O O =
oS O = O
S = O O
= o o O

In this basis the single plaquette Hamiltonian becomes

J 0 0 0
1|0 =7 27 0

hay = J (S35, +575;) + J'S5S) = — . (1.43)
1o 27 -7 o0

Exponentiating this matrix we find for the matrix representing the weight function of a

single plaquette

e~/ 0 0 0
0 e cosh(2aJ) —e* sinh(2a.J) 0
exp(—ahgy) = ) ) : (1.44)
0 —e*'sinh(2aJ) e’ cosh(2a.J) 0
0 0 0 e’

Each entry of this matrix corresponds to the weight belonging to a spin configuration of
a single plaquette. There are six non-zero entries, corresponding to the allowed plaquette

configurations:

R B N R S R

) ) 9 9 9 (145)
ST N A A

In this basis the breakup weight matrices are given as

o o o =
o O = O
o = O O
= o o O
- o O =
o o o O
o o o o
= o o =
o o o
o = O O
o O = O
= o o O

19



Al =4 , B =D , ¢ = (1.46)

_ o O O
o = O O
o O = O
o o o =
o o o o
S = = O
S = = O
o o o O
_ o O O
o o = O
o = O O
o O O =

Condition 2. gives us equations for A, B,C, A’, B’,C’. We can set A’ = B =C" =0 and
still find a consistent solution for the remaining weights. Doing this the equations from

condition 2. reduce to

A+C 0 0 0
0 A+ B B +C 0
0 B'+C A+ DB 0
0 0 0 A+C
e/’ 0 0 0
0 e® cosh(2aJ) —e* sinh(2a.J) 0
0 —e* sinh(2aJ) e*’ cosh(2aJ) 0
0 0 0 e/’

Solving these equations for A, B’ and C yields
TP\ T ) TP T )P )
B 1 o aJ’' n 1 o aJ’ o —aJ
=——exp|—— —exp | — | ex
2 P\ T ) TP T )P\ 2 )
1 aJ' 1 aJ' aJ
C= 5 €xXP <—4> — 5 exp <4> exp <2> . (1.48)

From these weights we can now calculate the cluster rules. Since the matrix exp (—ah)

is symmetric we can consider only three of the allowed plaquette configurations. The
probabilities according to equation [1.36] the cluster rules, are summarized in table
Entering the weights we find:

A l4exp(3(J+JT)) C l-exp(3(J+J))
A+C 2 ’ A+C 2 ’

A _ew(y) ren () g e (Y) e (5)
A+B 2 cosh (%) ’ A+B 2 cosh (%) ’

20



Probabilities

s, 11 oo X

P4,
TTATC A+C
Ty y
ty o, w o
11 B'+C B+C

Table 1.2.: Cluster rules for the Euclidean time loop cluster algorithm in the 3-basis
expressed through the weights A, B’ and C.The weights are given in equations
(11.48).

g e () -eon (5) o o () e ()
B +C 2sinh (%) " B +C 2sinh (%)

(1.49)

It is not clear a priori that these expressions are probabilities and thus between 0 and 1.

Two guarantee this, the conditions

A a
< < < — ) <
0< C_1<:>O_exp<2(J—i—J)>_1
sJ+J <0 (1.50)
and
0< -4 <1ecosh >€Xp0§)+em)cgJ>
S AT & Ccos () 2
(57) 2 (57)
< exp > exp 5
sJ<J (1.51)

must be fulfilled. They reduce to
J<—|J]. (1.52)

21



It can easily be checked that this is sufficient to ensure that all probabilities are indeed
between 0 and 1. Now this seems like a strong condition on the allowed Hamiltonians.
This would exclude us from simulating an antiferromagnetic model, since J must be

smaller than 0. However, on a bipartite lattice we can perform the transformation
sl st S2 5 52, S3 83, Va in one sublattice. (1.53)

This transformation is unitary and just a coordinate change. It does not affect S2
and therefore also not its eigenstates, but it changes the sign of J in the Hamiltonian.
Therefore the sign of J has no effect on the physics and condition ([1.52)) becomes

J| > |

(1.54)

Y

which is true for all models we are interested in here.

1.6. A Different Basis

Already in equation we have used that the observable we want to simulate is diagonal
in the basis we use. For the case of the XY-model the order parameter is the total spin in
a direction inside the X'Y-plane. In the 3-basis used in the previous section this observable
is not diagonal. We therefore have to reformulate the loop cluster algorithm in another

basis. We choose the basis in which S} is diagonal. The unitary transformation

U:75¢ y (1.55)

3

maps o' to 03, 03 to 0? and o2 to o'. In the previously used 3-basis S. is given as

1 1(0 1
Sl=—ol =2 (1.56)
2 2\1 o
After the basis change S! is indeed diagonal, namely
T e

22



We denote its eigenvectors as |—) with eigenvalue +1/2 and |«+) with eigenvalue —1/2.

In the two spin Hilbert space the basis change matrix is given as

(1.58)

We can now simply transform the weight function matrices A , B’ and C as well as

exp (—ah). Since it is a unitary transformation, the overall weight factors A, B’ and C
do not change. From U (A + B’ 4+ C) Ut = Uexp (—ah) U we can read off the cluster
rules, summarized in table Note that UAUT = A, UCUT = C but UB'UT ~ B. The
B’ breakup has become the B breakup under this coordinate change, with the weight B’.

For simplicity we will call its weight now B as well. Thus in the 1-basis a loop always

connects parallel spins. At this point we point out that in the simulation there is no

difference between the primed and unprimed breakups. They are only introduced to give

a consistent description of the loop cluster algorithm and to derive the cluster rules. The

Sp Probabilities
- = A B C
A+B+C  A4+B+C  A4+B+C

—)
—

1 0 0
-
— =

0 0 1
—
- =

0 1 0
—

Table 1.3.: Cluster rules for the Euclidean time loop cluster algorithm in the 1-basis.
Explicit expressions for the probabilities are given in equations .

23



explicit values for the probabilities now are:

A exp (=42) +exp (4 + %) (1.59)
- , : , 1.59
A+B+C  exp(=4L) +exp (4 - %)
B —exp (=42) +exp (4 + %)
= 7 7 ; 1.60
A+B+C exp(fi‘])-kexp(%—% (1.60)
C exp(fj‘]) exp (‘%—i—%)
- o : . (1.61)
A FEC ™ o () o (F - )

1.7. Cluster Rules for the Considered Cases

In the previous section we have found consistent cluster rules for the quite general Hamil-
tonian H =3 v J (5355 + 5252) +J'S2S3. We are interested mainly in three special

cases:
1. J' =0 - the XY-model.
2. J' = J < 0 - the Heisenberg ferromagnet, abbreviated FM.
3. J' = J >0 - the Heisenberg antiferromagnet, abbreviated AFM.

To have access to the order parameter, the XY-model will be quantized in the 1-direction,
the FM and the AFM in the 3-direction. As mentioned before, in order to obtain con-
sistent probabilities for the AFM model where J > 0 we will have to perform the trans-
formation J — —.J. The resulting simplified cluster rules are summarized in table
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Probabilities

=]
X

A
XY
— — —aJ —aJ

e 2 tanh (%L e2 tanh (%L 0
o (=) (=)
AR 1 0 0 0
—
-7 0 0 1 0
—
- 0 1 0 0
—
FM
T e% cosh <#) 0 e% sinh (%) 0
)
T 1 0 0 0
T d
T 0 0 1 0
i1
AFM
T 1 0 0 0
)
T 1 — tanh (%) 0 0 tanh(%)
4
T 0 0 0 0
i1

Table 1.4.: Summary of the cluster rules for the loop cluster algorithm in Euclidean time.
The Breakups C” and A’ do not occur and are therefore not listed in this table.
Note that only half of the allowed plaquette configurations are listed. Flipping
all spins results in a new allowed configuration with equal probabilities for
the different breakups.
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2. Real-Time Simulations

In this section we will define the loop cluster algorithm in real-time. First, we take
a closer look at the problems one encounters with real-time simulations, then we will
provide a very quick introduction to the theory of measurement in quantum mechanics
and derive expressions for the evolution of the density matrix driven by measurement.
These expressions are then converted into a path integral, which can be solved using
the same efficient loop cluster algorithm as described in chapter We then describe
explicitly the measurement processes we simulate, and finally we discuss the conditions

on a measurement process to make the sign problem disappear.

2.1. Problems of Real-Time Simulations

The real-time evolution of a closed quantum system is governed by the Schrédinger

equation. The density matrix evolves as
p(t) =U (t,to) p(to) U (to,1) - (2.1)

For a time-independent Hamiltonian, 7, the unitary time evolution operator U(t,t) is
given as

U (¢, t0) = exp (—iH (t — to)) - (2.2)

Thus for the time evolution of the expectation value of an observable O, we obtain
(0) (t) = Tr (OU(¢, to)p (to) Ulto, 1)) (2.3)

This expression looks very similar to the starting point of the derivation of the Euclidean-
time path integral, which can be simulated with the loop cluster algorithm. The main
and crucial difference is the ¢ factor in front of the Hamiltonian. If we would transform
this expression to a path integral analogously, we would end up with a weight function
taking entries of the U(t,0) = exp(—iHt) as values. Since these entries are complex, we

cannot interpret them as probabilities and sample them in the same way. We encounter a
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severe sign problem, which prevents us from performing numerical calculations on larger
systems.

One reason for this is the fact that closed quantum systems tend to evolve into com-
plicated entangled states (Schrodinger cat states). One possible way out is to simulate
not closed but open quantum systems, which interact with the environment via a mea-
surement process. This interaction usually decoheres the system. As described below it
is possible to simulate such a process if we completely switch off the internal dynamics

driven by the Hamiltonian.

2.2. Theory of Measurement in Quantum Mechanics

This section is meant to give a quick overview of the theory of measurement used in the
formulation of the loop cluster algorithm in real-time. The material presented here is

based on [6].

2.2.1. Orthogonal Measurements

In quantum mechanics an observable is described by a Hermitean Operator O acting on
the Hilbert Space of the System. The eigenvalues of O, 0;, are the possible measurement
outcomes. If a measurement is performed the state of the system is projected to an
eigenstate of O. P; is the projection operator projecting to the eigenstate with eigenvalue

0;. If the system is initially in a state [¢), the outcome o; is measured with probability
Prob (0;) = (¢ P; [¢) - (2.4)

If we obtain the outcome o; the state of the system after the measurement is

Pi )

W’ > =—" (2.5)
(W] Pi )2
If the initial state is given by a density matrix p the measurement acts as
p = ZPmPZ- . (2.6)
i

Under this transformation, a pure state density matrix in general evolves into a mixed

state density matrix. This represents the probabilistic nature of the measurement process.
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2.2.2. Continuous Measurements

A quantum system interacting with its environment is described by the theory of open
systems. See again [6] for more details. The setup of the processes we are interested in
is as follows: We consider a (closed) quantum system with a Hilbert space which can be

described by the tensor product Hilbert space
H=Hs® Hg. (2.7)

Here Hg is the Hilbert space of the system we are interested in, and Hp the Hilbert
space of the environment. With the theory of open systems, we can describe how the
density matrix of the system (p = Trg piot), evolves under processes including interac-
tions between the system and the environment. We are interested in processes which
fulfill the Markovian limit, namely processes taking place at a time scale much longer
than the time scale over which the environment forgets information acquired from the
system. This guarantees that the evolution of the density matrix is local in time. The
dynamics of such processes can be described with a first order differential equation, the

Lindblad equation
p=—i[H,pl+> | LrpL] - S LLCkp = 5PLLLk ) - (2.8)
k

The first term drives unitary evolution and corresponds to the standard Schrédinger
equation. The L’s in the second term are the so-called Lindblad or quantum jump
operators. We can use this equation to describe a continuous measurement process using
the Lindblad operators

Ly = /7P, (2.9)

where the P;’s are again the projection operators to the eigenstates of the observable.
To obtain a simulatable process without a sign problem we set the Hamiltonian to zero.
The real-time dynamics of the system are then entirely driven by measurements. Using

this, the Lindblad equation simplifies to

p=" (Z ProPf — p) : (2.10)
k
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To better interpret this process we can solve this equation for an infinitesimal time step
ot and find

p(t+6t) = (1= 6t7) plt) + 67 Y Pup(t)P} - (211)
k

We can interpret this in the following way: With probability 1 — d¢ty the system does
nothing (the first term) and with probability d¢y an orthogonal measurement is per-

formed.

2.3. Simulating Measurement Processes

In section [2.2] we showed how discrete and continuous measurement processes act on a
density matrix of a quantum system. These expressions can be transformed to a path
integral, which can be simulated, if no sign problem occurs. We will look at two kinds
of processes, discrete measurements and continuous measurements. In the discrete mea-
surement process we start with an initial density matrix in thermal equilibrium and then
evolve the system by performing a series of orthogonal measurements. The system Hamil-
tonian is switched off. In the continuous process we perform a continuous observation
of the system according to the previously discussed Lindblad process. Here as well we
have to switch off the Hamiltonian. The loop cluster algorithm in real-time was first

introduced in [7]. This section is roughly based on [11].

2.3.1. Discrete Measurements

We start with an initial density matrix p; = exp(—fH) in thermal equilibrium. Af-
ter performing N, orthogonal measurements of some observables we arrive at the final
density matrix

Pf= Z Poy - 'P027D01pi7);[1p;r2 - 'PflLN : (2.12)

01,..-,0N
The probability to end up in a final state |f), starting with initial density matrix p; =
> pi i) (1] is given as

Dot =3 3 (1 Poy .- Po li) <i‘733,1 Pl ‘f>pi. (2.13)

i O1,...,0N

This can be written as a tensor product

Prf=, Y, <ff( Poy ®P) ... Poy ® P}, ii>pi. (2.14)

i O01,...,O0N
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Defining P = > op Por, ® ng and inserting complete sets of states we arrive at the

expression

Dpif = Z Z <ff‘ Py ‘nN,ln’N_1> . <n1n1‘ Py ‘u>pl (2.15)

ionf,.nly_y

N1, AN—-1
This expression can be viewed as a path integral along the Keldysh contour shown in
figure 2.1 The path along the Euclidean time axis corresponds to the preparation of
the initial state |ii) as described in chapter (I} Along the real-time axis, the states [n;n})

encompass both branches of the Keldysh contour.

t;
ﬁ. L
,P017302 oo PON

Figure 2.1.: The Keldysh contour of the real-time path integral. The real-time path is
directly along the real-time axis, the offset is drawn to visualize that it goes
forward and backward. The Euclidean time part along the imaginary time
axis corresponds to a preparation of the initial state in thermal equilibrium.
At each real-time step a measurement is performed visualized by the Py’s

The expectation value of an observable O of the entire system, (e.g. the 3-component

of the total magnetization, M =" _S2) at time ¢ is given as

(O) = 0Py - (2.16)
f

Here we have assumed that O is diagonal in the basis {| f) }, and denoted its eigenvalues as
oy. We have now arrived at an expression similar to equation . The 75k’s replace the
exp (—aHt;)’s, and the Hilbert space is replaced by a larger tensor product Hilbert space.
Up to now we have been very general. To proceed further we must specify the measured

observables in more detail. In the derivation of the loop cluster algorithm in FKuclidean
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time, it was important to split the interaction up into terms involving only two spins.

To proceed analogously we will consider measurements of pairs of spins, for example

the total spin of two neighbouring spins. Then we measure the spin pairs according to

the plaquette decomposition, as in Euclidean time, such that in a single measurement

step each spin appears only in one measured pair. We will denote these spin pairs as

(Sz,k» Sy,k) Where z and y denote the spacial coordinates and k the measurement step.

In 2 spacial dimensions this can be realized as follows: A single real-time step is divided

into four measurement steps, so k € {1,2,...,4N,4} . At each measurement step spin

pairs (g, Sy%) and (s’

x1 + 1,x9) with 1 even}

with z; odd}
x1,x2 + 1) with z9 odd}

1+ 1,22

( ) y=( )

Cr = {zx = (z1,22), y = (x1,22 + 1) with z3 even}
( ), y=( )
( ), y=( )

are measured. Py then factorizes to

ﬁk = H ﬁk,xy

(zy)€Cy

for

K s;hk) with x and y fulfilling the respective condition Cy,

k=1 mod 4,
k=2 mod 4,
k=3 mod 4,

k=0 mod4, (2.17)

(2.18)

where the projectors on the right-hand side only act on the spins of a single plaquette,

according to the scheme described above. Putting all this together yields

4Nrt

(0) = Z H H Ofpi<Sm,k—15y7k—13;,k—1,5;,1@—1)ﬁk,xy

i7f7ﬁ7ﬁ’/ k=1 <$y>60k

/ /
Sz,kSy,kSz k> Sy,kz> )

(2.19)
where we have introduced a compact notation for the sum over the sets of states

n= {?’Ll,ng, e ,n4NTt,1} y

n = {n’l,né, .. .,nﬁlNTﬁl} ,
N = {Sz1 ks Szoks -} s
nly = {8} )

i = {S21,0:522,05 - - -} = { 551,00 Steg.00 -} 5

[= {81’1,4Nrt7 Sz, ANpgs - - } = {3;1,4Nﬁ’ 3232,4Nn7 .- } : (2'20)
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This expression is now completely analogous to the one derived in section [I.2] If all
matrix elements of ﬁ/wfy are non-negative, we can again interpret it as a probability
density and sample it in the same way as the Euclidean time version, with the matrix
elements of ﬁkﬁy as the plaquette weight function. Concretely this is done by attaching
a real-time lattice to both ends of the Euclidean time lattice, which is used to create the
initial states |7) in thermal equilibrium. A Monte Carlo update of the full system consists

of the following steps:
1. The Euclidean and real-time lattices are divided into active plaquettes.

2. A breakup is assigned to all active plaquettes. This is done according to the
respective cluster rules. They are different in the real and Euclidean time part

since the plaquette weight function is different.

3. From a random starting point x in the Euclidean time lattice a loop is created by
following the breakups. When the loop hits the end of the Euclidean time lattice, it
is continued in the real-time lattice. Periodic boundary conditions are used between

the outer borders of the two attached real-time lattices.
4. All spins on the loop are flipped.

We can apply one more simplification. For the measurement processes that we study

some matrix elements will vanish, namely

/ / S / /
<3x,k713y,k718x,k717Sy,kfl‘ Przy Sx,ksy,ksx,k,sy,k> =0, (2.21)

for g1 =8, 1, Syk-1= s;k_l and sq 1 # Sy, O 8y 7 Sy, - This means that plaquette
configurations, where the configurations on the first time slice are equal in both branches
of the Keldysh contour, and unequal on the second time slice, are forbidden. Since the
initial time slice configuration |i7) is equal on both branches, the two branches are exact
copies of each other. In the simulation we can therefore restrict us to one branch, the
other is given as exact copy. Thus the operator 75k which is represented by a 16 x 16 matrix
can be reduced to a 4 x 4 matrix, containing the entries corresponding to configurations
which are equal on both branches of the Keldysh contour. We will denote this matrix
as ﬁied. Concretely this can be realized, by attaching only one real-time lattice. The
loop is then first created in the Euclidean time lattice only, assuming periodic boundary
conditions. From each point on the loop on the intersection between real and Euclidean
time, a real-time loop is created, ending when it hits the last real-time slice. This is

equivalent to the procedure described above, if the two real-time lattices are identical.
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2.3.2. Continuous Measurements

Previously we have implemented the Lindblad equation for a finite time step. We can
translate this solution to discrete time, using the lattice spacing € in the real-time direc-
tion as dt. This yields

plt+e) = (1= en)p(t) + ewZPkpa)P,I (222)

_ Z ( Vg ka> p(t) <1\_/Ni?11 + \/aPk> : (2.23)

Where Nj denotes the number of different projection operators Py. Iterating this equa-
tion and again using the tensor product notation of the previous section, we find this

expression for the probability to reach a certain final state f:

s =S (18] (1= 0 10+ ) o )

)

. <n1n'1‘ ((1 )11+ evﬁl) ‘ii>p7; (2.24)

This looks exactly like equation 1' Only the operator 75k is replaced by (1 — ey)1®
1+ evﬁk. From this point on we can proceed exactly like in the discrete measurement

case.

2.4. Simulated Measurement Processes and their Cluster
Rules

In this section we will discuss the three different measurement processes considered,
and derive their cluster rules for the simulation of discrete measurements. As already
mentioned, in each case the measurement acts on a pair of two spins. The sites of
the measured pairs are denoted as x and y, their spin operators as 5’:,3 = (S;,S%, Sg’)
Simulating the processes will require the choice of a basis. We will choose the basis
in which S2 is diagonal, exactly as in the Euclidean time case. For each measurement
process we will derive the reduced projection matrix 75};8‘1. From this matrix we can then

calculate the cluster rules.
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2.4.1. Total Spin

The first observable we consider is the total spin of two neighbouring spins. The operator

representing this observable is

Sy =82+82+28,-8,

031

+
1+28, -85,

2 (S1S) + S2S7 + 5283) . (2.25)
This operator commutes with the components of the total spin vector S = S_"z + gy.
[Si,s”?] - [s;j?} + [S;‘,,s*ﬂ — i€, SES) 4 iepSESI =0 (2.26)

This process therefore conserves all components of the total spin of two neighbouring spins
and thus also the 3-component of the total magnetization of the full system, the order
parameter of the FM. The operators 52 and S3 can be simultaneously be diagonalized.
We denote the eigenstates of 52 by their eigenvalues as ‘S S3>. There is the singlet state

belonging to the eigenvalue 0,

00) = — 2.27
00) = (IT)) — IH))[ (2.27)
and the triplet states with eigenvalue 1,
1) =11,
110) = (I11) + [44) \7
1=1) =) . (2.28)
Expressed as matrices in the basis {|11),[1}),[}1),[J4)} one obtains
2 0 0 0
- 01 10
§? = : (2.29)
01 10
0 0 0 2
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0 1 0 0
o= | LA =Y, e A nen= Y] @0
1| V2 0 1| V2 0
0 0 0 1

Since there are two different eigenvalues, there will be two distinct projection operators,

namely
00 0 0
110 1 -1 0
Po = 100) (00| = - (2.31)
210 -1 1 0
00 0 O
and
2.0 00
110 1 1 0
Pr=|11) (11 +]10) (10| + [1 = 1) (1 — 1| = = (2.32)
21011 0
000 2
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From these matrices we calculate P = Po P+ P1®P1. We point out that even though

the matrix Py ® Py has negative entries, the matrix P is non-negative,

1000000O0OO0OO0OOO0OO0GO0O
0 30000000O0O0GO0O0O0OQO
02 320000000O0O0O0O0TO0OQO
000100O0O0OO0OOO0OO0OO0O0O
0000200035 00000O0TO0O
000003 O0O0O0OGO0OZLO0O0OO0OTOTO
00000030041 0000TO0O0

5200000005000%0000 (2.33)
000030002 00000°00O0
000O0O0OTZLZO0O0L0000O00O0
000003 0O0O0OO0OZLXO0O0O0OTO0TPO
0000O0DO0O0S$O0O0O0T30000O
0000O0O0O0ODOOO0OOOT1O0O0O
000O0O0O0ODODOOOOSOOOL1Lo
000O0O0O0OODOOOOOOZL1Lo
0000O00O0ODO0OO0OOO0O0O0O0 1

One can also see that indeed all entries corresponding to transitions from states with
equal configurations on both branches of the Keldysh contour to unequal configurations

are zero. We can thus reduce the matrix to

)
o

pred _ (2.34)

_ o O O

(e ) [a) —
O N~ N
O N~ N

From this matrix we can derive the cluster rules exactly as in the Euclidean time case.
In fact we only need the breakups A and C to find consistent cluster rules. Solving

pred — A + C yields A = % and C = % for the weights.
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Note that for the XY-model initial state we work in a different basis. There we use the
1-direction as quantization axis. However, the matrix representing S? remains invariant
under the basis change U. We can therefore use the cluster rules derived here for the

3-basis also in the 1-basis to simulate the process 52,

2.4.2. S.S!

The second measurement process we consider corresponds to measuring the product of
the 1-component of two neighbouring spins. The observable is represented by the operator
S;S;. It has the eigenvalues 1/4 and —1/4 for the parallel or anti-parallel spins in the

1-direction. In the chosen 3-basis these states are given by

) = < (1) + 1) o) =S5+, @39)
1 1

(1) =14 2) = —= (M) = 1) - (2.36)

These states are sometimes referred to as the Bell states [¢*) and [1)*). They correspond

to the maximally entangled states of two spins. As matrices they are given by

1
0 0 0 3
1 00 3 0
SiSy=-c'®c' = 4 (2.37)
4 0+ 00
1
7 000
1 0 1 0
110 1 1 1 0 1 1
) =— 2y =— , M) =—% ;W2 =— - (2.38)
V2 |o V2|1 V2| o V2 | 1
1 0 -1 0
For the projectors we find
1 0 01
110 1 1 0
P = ) (el +fll2) Cll2 = 5 7 (2.39)
4 01 10
1 0 01
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Pl el = (240

-1 0 0 1

The large matrix P=P.®@Pi1+P_1®P_1 is then given by
4 4 4

1
1

o

o O

o O O

o o o O

o O o O O

o o o o o o
o O o o o o O
o O o o o o O
o o o o o o
o O o O O

o o O O

o O O

o O

@)

N

Il
o O =
o O NI

(2.41)

SO O O O O O O O O o o o o O N
(e} (e () ) [a) (e} (e ) ) [a) [a) S NI
o ) ) [a) (e} (e ) ) [e) S N
) [a) [a) (e} (e ) () S N
[a) [a) (e} (e ] S N
o o o S =
[a) (e} (e S N
[a) [e) (e} (e ) S N
) [a) [a) (e} (e ) (an] S N
o ) [a) [a) (e} (e ] ) (aw] S M=
o o ) [a) [a) [am) o ) [a) [a) o S NI
[a) o o [a) [a) [a) [an) o o [a) (@) o o O NI

S N

[a) S N

[a) [a) S =

[a) [a) (e S =

o o o O S W=

(@) [a) o o o S N

S O O O O O O w= =
S O O O O O O W= =
[a) [a) o o ) O NI

[a) [a) (e} o S N

[a) [a) (e [e=iEN N

[a) [a) S =

o O =

S N

DN|—
D=

Here again only configurations with equal spins on both branches of the Keldysh contour

contribute. We can reduce this matrix to the relevant matrix

1001
N 11o 11 0

pred = = (2.42)
210110
1001
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To find consistent cluster rules we need the breakups A, C, A’ and C’. Solving pred —
A + B+ A’ + C for the weights yields A = C = A" = ¢/ = 1/4. The resulting
probabilities are summarized in table 2.1 We point out that this process does not con-
serve the 3-component of the total magnetization nor the 3- component of the staggered

magnetization,

(535,82 + S3] = —i(S28, + 5,5,

™y
(535,85 — S3] = —i(S2S, — S35, (2.43)

We will use the cluster rules derived here also for the XY-model initial state although,
there we work in a different basis. The simulated measurement process for the XY-model
therefore corresponds to a different measurement process, namely to SC%S;. However, we

will refer to it generally as S5, .

2.4.3. SIS+ 5.8,
The last measurement process that we consider can be expressed via the spin raising and
lowering operators Si = S 4452 as

SES; + 8,8, =2(5,5, —525;) . (2.44)

Again there is a quantity conserved by this process, namely S5 — SS which is the contri-
bution of a single spin pair to the staggered magnetization, the order parameter of the
AFM,

[SFSF+5,S,, S — Sg’] 2(5;5; - SgS;), S — SS}

[
2([S1S), 53 — 53] — [8282,53 — S3])
2

Py Px Py M

i (=82S, + SLS2 — SLSE+S250) =0. (2.45)

It has three eigenvalues, 1, -1 and 0, where there are two eigenstates with the eigenvalue

0. The corresponding eigenstates are

1 1
)= 5 (10 + 1) 5= -l) . @)
04) = [14) . 0-) = [41) (2.47)
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or in matrix form

00 01
00 00
STSF+5.5, = : (2.48)
00 00
1 000
1 1 0 0
0 0 1 0
+) = : I-) = , 04) = : 0-) = (2.49)
0 0 0 1
1 1 0 0
The three projectors are then given by
Pr=+) (+l, Poy=I=) (-, P-1=104) (04 +10-) (0], (2.50)
or expressed as matrices by
1 0 0 1 1 00 -1 00 00
110 0 0 O 110 00 O 0100
Pl =3 ) P*l — 5 9 P*l -
210 0 0 0 2l o 00 o0 0010
1 0 0 1 -1 0 0 1 00 00
(2.51)
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The matrix representing P=PL@P1+P_1®P_14Py® Py is

$0000000000O0O0OGO0O0 %
00000O00O0OO0O0ODO0OGO OO OO
00000O00O0OO0O0DODO0O OGO OO
000300000000O04Z000
0000O000DO0OODO0OOO0GO0O0O
0000O010000O00O0GO0TO0O0O
0000O000DO0O0ODO0OOO0O0O0O
5_]0000000000000000 (252
0000O000DO0O0ODO0OOO0TO0O0O
0000O000DO0O0O0ODO0OOO0O0O0O
0000O000DO0O0O0ODTLO0O0O0O0O
0000O000DO0OODO0OOO0GO0O0O
00034 00000O0O0O0TZ3O00°0
00000O00O0ODO0O0OO0OGOTOO
0000O000DO0O0ODO0OOO0GO0O0O
$000000000O000O0O0O0 3

Here again we can restrict ourselves to one branch of the Keldysh contour. The reduced

matrix is

(2.53)

o O NI
) S N

0
0
1
0

o O = O

1
2

N[ =

It is possible to find consistent cluster rules using the breakups A and C’. Solving
equation pred — A 4+ C for the weights yields A = C' = % For the cluster rules see again
table Again we point out that for the XY-model initial state we use a different basis,
and the cluster rules derived above correspond to a different measurement process. Under
the basis change from the 3-basis to the 1-basis, the operators S& = %(S;:I:isg) transform
to SiF = §(57 +iS3) and with that the operator SFS" + 5,5, to SiFS;t + S-S,

However, we will again generally refer to it as S;" S;‘ + 5,5,
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2.5. Cluster Rules for Continuous Measurement Processes

In the previous section we have seen how to find cluster rules for the different measure-
ment processes for simulating discrete measurements. As derived in section [2.3.2] in the
simulation of the continuous process the matrix Pis replaced with (1 —ey)1®@ 1+ e'yﬁ.
The reduced matrix which we can consider to find cluster rules is therefore (1 —ey) 1 +
evﬁred. This will result in a change of the weights of the different breakups.

For the process g solving (1 — ~e)l + e’ﬂsred = A + C for the weights yields

A=1-Y o=, (2.54)

B 3ey ;€Y €Y ;€Y
A=1 T A—4, C—4, C’—4. (2.55)
In the case of S} S, + 5, S,  we have to solve (1 —ye)1 + eyP™d = A 4+ C' and find for
the weights

A=1-Y o=, (2.56)

The cluster rules for the continuous measurement simulations are also summarized in

table 211

2.6. What can be Simulated

Previously we discussed the three measurement processes we study in the numerical
simulations. For all these processes the matrices P hashas only non-negative entries.
This is the crucial feature for a measurement process to be simulatable. However for
a general measurement process, this is not the case and simulations suffer from a sign
or even complex phase problem. In this section we will investigate for what kind of
measurement processes the sign problem disappears.

As discussed in section 2:2] a measurement is characterized by an Hermitean operator
O. In this case it acts on the Hilbert space of two spins which is isomorphic to C* and
can therefore be represented by a 4 x 4 Hermitean complex matrix. A general Hermitean

matrix can be parametrized as

15
H=Y a\, (2.57)
=0
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Discrete Measurements Continuous Measurements

s, I Xiier 11 X I -

A A C Al '

Sv’z
T ¢ .

L 0 o0 -2 L 0 0
T
[ 1 0 0 0 1 0 0 0
Tl
[ 0 1 0 0 0 1 0 0
L7
538,
T T 1 1 1 3 €
T T 2 0 2 0 6'y—2+§ 0 4—;/ey 0
[ o4 0}
14
T ‘L 1 1 3 1 €y
T i 2 0 0 2 §+e'yf2 0 0 4—2evy
T 0 3 : 0 0 3 3 0
L
SHSt+S,S,
[ 1 0 0 0 1 0 0 0
T
T 0 0 0 1 0 0 0 1
L]
T . e

0 0 3 1-9 0 0 g
Tl

Table 2.1.: Summary of cluster rules for the real-time loop cluster algorithm.

43



where \; are the Gellmann matrices and Ag is the identity matrix. The Hermitean
4 x 4 matrices form a 16-dimensional vector space. Hermitean matrices can be unitarily
diagonalized, therefore their eigenvectors form an orthonormal basis. In addition they
have real eigenvalues. The matrix P depends only on the eigenvectors and the degree
of degeneracy of the eigenvalues of @. We can therefore get some insight about the
structure of the P‘s by looking not at different Hermitean matrices but at orthonormal
bases of C*.

2.6.1. The R? Case

For simplicity let us first consider the problem not on C* but on R%. Each orthonormal

basis is here of the form

o — sin(a) | vy — cos(a) 7 (2.58)
cos(a) —sin(a)

for a € [0, 27]. The corresponding projection matrices P; (= v;v]) are:

Py — sin?(a) cos(«) sin(«) 7 (2.50)
cos(a) sin(«) cos?(a)

Py — cos?(a) — cos(a) sin(a) ' (2.60)
— cos(a) sin(«) sin?(a)

As expected, their sum is the identity matrix. Only if v; and vy belong to different

eigenvalues the resulting matrix P =P @ P+ Py ® Py will be non-trivial, namely

P —
cos?(a) + sint(a) —1sin(4a) —1 sin(4a) 2 cos?(a) sin?(a)
—1sin(4a) 2 cos?(a)sin?(a) 2 cos?(a)sin?(a) 1 sin(4a) (2.61)
— 1 sin(4a) 2 cos?(a) sin?(a) 2 cos?(a)sin?(a) 7 sin(4a) .
2 cos?(a) sin?(a) 1 sin(4a) 1 sin(4a) cos?(a) + sin*(a)

The only terms in this matrix, which could become negative are the terms :t% sin(4a).

All others consist only of squares and fourth powers and will therefore always be non-
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negative. The remaining condition on « for the matrix to have only non-negative elements

is:

1
+ 1 sin(4a)) > 0 (2.62)
which is equivalent to
sin(4a) =0 (2.63)
and therefore
a:% net,2,...,8 (2.64)

The only possible bases (modulo exchange of v; and v9 and overall minus signs, which

both have no influence on the resulting matrix 751) are then:
V1 = 5 Vg = 5 (265)

and

(2.66)

The matrix P corresponding to the first basis is diagonal and thus not interesting for our

purposes. This leaves us with one single non-diagonal P with non-negative entries:

1 1
2 00 3
_ o L 19
P = . - . (2.67)
3 3
1 1
2 00 3

Let us now generalize this result to the case of H = C2. The general orthonormal basis

of C2 can be written as

sin(a) exp(i¢) vy — cos(a) exp(ip) (2.68)

cos(a) exp(it)) —sin(a) exp(i(p + ¥ — ¢))

<
S
I

However, the overall phase of a vector has no influence on the corresponding subspace, and

therefore also not on the corresponding projection matrix P;. We can restrict ourselves
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to the cases ¢ = u = 0. Again the sum P; + P5 is the identity matrix, and the only

non-trivial matrix P will, of course, be P; @ P1 + P2 ® Po, given as

P =
cost(a) +sin*(e)  —le"®sin(da) —fe Wsin(4a) 2e % cos?(a)sin®(a)
—1e' sin(4a) 2 cos?(a)sin?(a) 2 cos?(a)sin?(a) 1e"" sin(4a)
—1e sin(4a) 2 cos?(a)sin?(a) 2 cos?(a)sin?(a) 1e"" sin(4a)
262" cos?(a) sin? () 1e™ sin(4a) 1e™ sin(4a) cos () + sin?(a)

(2.69)

The condition “all entries of P € R” is then equivalent to ¢y = nm with n € Z. For n
even, we have the exact same case as in the discussion for R?. For n odd all potentially
negative entries of P change sign. However this does not affect the condition on « to
make all entries of P non-negative. Therefore we arrive again at the same result as in R?
(modulo a complex phase for each basis vector, which again does not affect the resulting
matrix P ).

This result is somewhat remarkable. There exists only one matrix P over C2 which
has only real and non-negative entries and which is not diagonal. Namely the matrix

specified in equation ([2.67]).

2.6.2. The C* Case

The problem which is really of interest is however not over C2 but C*. A straightforward
calculation as in the C? case could in principle be done but results in an unresolvable
system of inequalities. In the C? case we found only one single matrix P. This suggests
that over C* there could be only a limited amount of solutions, perhaps even finitely
many. This is confirmed by a random sampling investigation. Out of 30’000 randomly
selected Hermitean 4 x4 matrices constructed from randomly chosen bases of R4, none had
strictly non-negative entries (see figure . The general basis is constructed according
to the iterative scheme described in [I2]. It is parametrized by 12 angles and 12 complex
phases. The complex phases were all set to zero and the angles were sampled from a
uniform distribution.

So let us try a different approach. Each projection matrix P; can be written as

P =UD;U? (2.70)
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Figure 2.2.: Histogram of the minimal entry of 30’000 randomly chosen matrices P.

with U being the unitary matrix of eigenvectors of O, and D; a diagonal matrix with a 1
on the diagonal at each position corresponding to the positions in U of the eigenvectors

belonging to the subspace P; is projecting to

(Didag = D dajp;- (2.71)

j s.t. Ovj=o0;v;

Thus we get

P=Y (vpwt)e (vpu')
i
=S (WeU) (D;® D)) (UT ® UT) . (2.72)
i
To further examine this matrix let us introduce some notation. v; will denote the j-th
eigenvector of the observable O, o; will denote the different eigenvalues of O, and I; :=

{7 : Ovj = 0;v;} the set of indices of the eigenvectors to the i-th eigenvalue. Furthermore

uqg denote the coefficients of U and thus Uj;ﬁ = u’[g o With this we can write

(Di)as = Y 6ajp; - (2.73)

Jjel;

If we now write out the tensor product for P in index notation we obtain

<ﬁ> apys Z (D) ap (V) g, (Di)ur (Di)y (U)Lv (U)Iya
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= taptigy | Y 0ui0xi0uiln; | whyus,
7 JEel;

= Z ua,uuﬁyé,wi Oxilui 57}1’“1})\“;”4‘
7

* ok
Z uauugyémé,\i@j%ju%uén

1,7 8. t. 0j=0;

i#]
= Z Ui Ui Wh,Us; + Z Ui U iU U, - (2.74)
7 1,J s. t. 0;=0;
i#]

We arrive at a quite compact form for the elements of the matrix P. These four indices
are related to the position of the matrix element in th 16 x 16 matrix P as follows: The
indices a and v denote the position of the 4 x 4 block in the large matrix and the indices
B and ¢ the position inside the 4 x 4 block. For simplicity let us now examine the case
of no degeneracies in the spectrum, where the second sum does not contribute. Here we

have
(P) s ZZ: Ui Ui WS, U - (2.75)

Even in this form the 16 x 16 inequalities
K3

can still not be simultaneously resolved. However we can find special solutions in the
following way. Let us consider only the entries for which o = . For these the inequalities

read

P - Pugiut > 0. 2.77
(P). oo P (2.77)

For 8 = ~ this holds trivially. The entries 8 # ~y give weight to transitions from equal
to unequal configurations on the two branches of the real-time Keldysh contour. If we

impose

(P) =0 for B+, (2.78)
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the only entries which matter in the simulation are those for which @ = v and 8 = 9§,
and these are non-negative anyway. The sign problem disappears trivially. A basis which

fulfills this condition is

1 1 0 0
1 10 1 0 1 |1 1
Uy = —= ) U = —= ) Uz = —= ’ Uy = —= (279)
V2 |o V2| o V2 |1 V2|
1 -1 0 0

Remarkably, these are simultaneous eigenvectors of 0! ® o', 62 ® 0% and ¢° ® 3 and

thus of the S;S;/’s. Written as spin states they correspond to

1 1
Ur/2 = \ﬁ (‘TT> + |N>) ) U3z/q = E

This basis can be used as a starting point for a trial and error investigation to find

() £ 11 (2.80)

interesting simulatable measurement processes. All studied measurement processes cor-
respond to this basis, but with different degeneracies in the spectrum. For the process
52 the eigenvalues of ui,us and us are degenerate. For S%S; the eigenvalues of w1, us
and us, u4 are pairwise degenerate and for S, S;‘ +.5, S, only the eigenvalues of ug and

uy are degenerate.

49



3. Numerical Studies

With the loop cluster algorithm we are able to simulate the real-time evolution of quan-
tum spin systems driven by measurements. With the FEuclidean-time part, the system
is prepared as a thermal initial density matrix. Here we use the Heisenberg ferromag-
net, the Heisenberg antiferromganet, and the XY-model density matrix. We simulate
2-dimensional L x L square lattices. The studied observables are the square of the mag-
netization along the respective quantization axis (1-direction for the XY-model initial
density matrix and 3-direction for ferromagnetic and antiferromagnetic initial density

matrices), and its Fourier modes. The Fourier modes of the magnetization are given by
S(p) = exp (ipr) SI = exp (ipr1 + ipaws) S, (3.1)
x xT

where j is the quantization axis direction. Note that for p = (0,0), we retrieve the
j-component of the uniform magnetization M7 = Y SZ. and for p = (m,m), the j-
component of the staggered magnetization M? = S, (=Tt S3.

In this section we present the results obtained from these simulations. First, we discuss
the real-time evolution driven by discrete measurement processes, where at each time step
all spins are measured. Then we consider the real-time evolution driven by continuous
measurements in more detail. Finally we study the time scales at which the modes reach

the new equilibrium.

3.1. Discrete Measurements

Figure shows the real-time evolution of different modes of the magnetization driven
by discrete measurements. The lines are included to guide the eye. The initial density
matrix is antiferromagnetic. Not all modes are shown to keep the plots clear. We use
BJ =40 on a L = 16 square lattice and aJ = 0.078125 as Euclidean-time lattice spacing
for the preparation of the initial density matrix. Thus we have 4Ny = B/a = 512
Euclidean-time slices. The lattice spacing in real-time, € has no influence on the results

in the sporadic measurement case.
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Since we start with an antiferromagnetic initial density matrix at low temperature,
the (7, 7)-mode, the staggered magnetization has a very high initial value ((M2)y =
2965(55)). The staggered magnetization is the order parameter of the Heisenberg anti-
ferromagnet. We find that the initial order is destroyed quickly. The system is driven
into a new equilibrium depending on the simulated process. As one sees in figure [3.1
a), the (0,0)-mode, the uniform magnetization M3, is conserved by the measurement
process S2. The conservation of the (m,m)-mode by S} S, 45, S, is not visible in the
respective figure, since it is outside of the plot range. The measurement process S;S;
does not conserve any of the magnetization modes. Each measurement process drives all
except the conserved mode to the same equilibrium value. This new equilibrium value is
reached quickly. We find that the conserved mode seems to slow down the neighbouring
modes. After a single completed time step, at 4¢/e = 1, all except the conserved, and
the nearest to the conserved mode have equilibrated. To study the real-time dynamics
of these measurement processes in more detail, we consider the slowed Lindblad process

discussed in section 3.2

120
= &
2 4
0
120
= 80
2 w0
R4

4t /e 4t /e

Figure 3.1.: The real-time evolution of different modes of the magnetization driven by
sporadic measurements. The initial density matrix is antiferromagnetic with
BJ = 40, aJ = 0.3125 and [ = 16. Subfigure a) shows the process S2 b)
SFSS 45,5, and c) S;S). Note that the initial value of the (,7)-mode
is out of the plot range at M3 = 2965(55).

ol



3.2. Continuous Measurements

To study the real-time evolution in more detail, we consider the Lindblad processes. By
decreasing the parameter ey we can make the process arbitrary slow. We prepare the
system in three different initial density matrices, ferromagnetic, antiferromagnetic and

XY-model. All results shown here correspond to 8J = 40, aL. = 16 and ey = 0.05. We
perform 10> Monte Carlo updates.

3.2.1. AFM Initial Density Matrix

The results for the antiferromagnetic initial density matrix are shown in Figure[3.2] for the
processes S2 and St S?j +5; S, , and Figurefor the process S;S’;. Let us first consider
the process 52, We see again that the initial antiferromagnetic order is destroyed, and
the system is driven into a new equilibrium. There is a conserved mode, the (0,0)-mode.
All other modes are driven to the same new equilibrium value. The modes equilibrate
slower, the nearer their momentum is to the momentum of the conserved mode.

The process S S, + S, S, conserves the (m,7)-mode, the order parameter of the
AFM. Here again all except the conserved modes are driven to the same new equilibrium
value (note that this is not the same value as in the process 52) Here as well, the modes
with momentum near the momentum of the conserved mode equilibrate slower.

In the process S%SE,1 there is no conserved mode and we observe that all modes equili-
brate fast, see Figure [3.5]

3.2.2. XY Initial Density Matrix

The real-time evolution of the magnetization modes with the initial density matrix pre-
pared as XY-model are shown in figures (3.3 ( 52 and SFSE+S5,S,) and 3.5 ( S35}).
First we point out again that for the XY-model initial density matrix, the spins are quan-
tized along the 1-direction in order to have access to the order parameter M'. Thus the
process S35, corresponds to S257, and the process Si S + 5,5, to S;tS;t + 5,78,
Nevertheless we will denote them here as S3S) and S S + 5,5, .

The uniform magnetization is conserved by the process S2. Here as well as for the
antiferromagnetic initial density matrix, all modes except the conserved one are driven to
a new equilibrium value. Again the modes equilibrate slower, the nearer their momentum
is to the momentum of the conserved mode.

The process S}:S; does not conserve any of the modes and thus, all modes equilibrate
fast. We find that the real-time evolution of S(p) driven by the process S2 resembles
the real-time evolution of the mode S ((7, ) — p) driven by the process S;f S, + S, S,
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Figure 3.2.: The real-time evolution of different Fourier modes of the magnetization. The
initial density matrix is antiferromagnetic. Parameters used: aJ = 0.3125
(corresponds to 4N = 512 Euclidean-time slices), 8J = 40, | = 16a and
~ve = 0.05. The top figures show the process S;‘S;‘ + 5, S, in a linear scale
(left) to give a detailed view of the initial phase and in log-log scale (right)
to show the long-term evolution. The bottom figures show the process 52
again in linear and in log-log scale

for an antiferromagnetic initial density matrix and vice versa. Both processes conserve
the respective order parameter. This suggests that the real-time evolution of the Fourier
modes of the magnetization depends strongly on the symmetry properties of the respec-

tive process.

3.2.3. FM Initial Density Matrix

Figure shows the real-time evolution of the Fourier modes of the magnetization for a
ferromagnetic initial density matrix. Again, in the process Sif S,f +5, S, , the conserved
mode (the (7, 7)-mode) slows down the equilibration of the near modes. The process S2

has no influence on the different magnetization modes. They are already in equilibrium,
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Figure 3.3.: The real-time evolution of various Fourier modes of the magnetization. The
initial density matrix is prepared as XY-model. Parameters used: aJ =
0.3125 (corresponds to 4N = 512 Euclidean-time slices), 5J = 40, [ = 16a
and e = 0.05. The top figures show the process S}t S,f + S, S, in a linear
scale (left), and in a log-log scale (right) to show the long-term evolution.
The bottom figures show the process S? in linear (left) and log-log (right)
scale. The error bars are of the order of the point size and the lines are
included to guide the eye.

since the cluster rules of this measurement process (for sporadic measurement) correspond
to the ferromagnetic cluster rules at low temperature i.e. for aJ = J/(4N) — oco. The
process S:}:Sz} is shown in ﬁgure Again it does not conserve any mode, and all modes

equilibrate fast.

3.2.4. Equilibration Times

For Fourier modes with low and high momenta, the initial phase of the approach of
the equilibrium is well described by an exponential function. The modes with middle

momenta show a more complicated behaviour. There is an overshooting, which cannot
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Figure 3.4.: The real-time evolution of various Fourier modes of the magnetization. The
initial density matrix is prepared as ferromagnet. Parameters used: aJ =
0.3125 (corresponds to 4N = 512 Euclidean-time slices), 5J = 40, | = 16a
and e = 0.05. The top figures show the process S} S,f + S, S, in a linear
scale (left), and in a log-log scale (right) to show the long-term evolution.
The bottom figures show the process S? in linear (left) and log-log (right)
scale. The error bars are of the order of the point size and the lines are
included to guide the eye.

be described by a simple exponential function. As can be seen in the log-log plots of the
process S S; + 5, S, , the modes fall on an attractor, which then reaches equilibrium.
For a detailed analysis of this behaviour see [11]. Here we focus on the initial phase of the
modes with momentum close to (0,0) or (7, 7). In order to have access to more Fourier
modes, we simulate a L = 32 square lattice, with 8J = 40, 4N = 512 and ~ve = 0.05.
We fit the function a + bexp (—t/7) via a, b and 7 to the data in the real-time interval
~t € [0,2.5]. The resulting inverse equilibration times for antiferromagnetic as well as
XY-model initial density matrices are shown in figures [3.6] and 3.7

The inverse equilibration time of the modes near the conserved mode ( |p| = v/27 for

SrSf+ 5.8, and [p| = 0 for 52) show an approximately quadratic dependency on the
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Figure 3.5.: The real-time evolution of various Fourier modes of the magnetization driven
by the process S;S; for initial density matrices prepared as XY-model (top
left), ferromagnet (top right) and antiferromagnet (bottom) . Parameters
used: aJ = 0.3125 (corresponds to 4N = 512 Euclidean-time slices), 8J =
40, | = 16a and ye = 0.05 . The error bars are of the order of the point size.
The lines are included to guide the eye.

momentum. Fitting the functions a|p|® and a(|p| — v/27)?, yields an exponent consistent
with 2, in all except one case: For the XY-initial density matrix, we find b = 2.03(7) for
the process S? and b = 2.06(11) for StS,S + 5,8, . For the antiferromagnetic initial
density matrix we find b = 2.00(8) for S2? and b = 2.13(2) for the process SHSf+5,S, .
This square dependency is characteristic for a diffusion process: The diffusion equation
in momentum space reads

9S(t,p) = —p*DS(t,p), (3.2)

with the solution
S(t,p) = exp(=Dp*t)S(0,p) (3.3)

Note also that for the XY-model initial density matrix 1/(y7) for the processes S;f S\ +
S, S, , at momentum p = V/2715/16 is inconsistent with the fit. The same is true for
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p = \/271/16 for the process 52 for the antiferromagnetic density matrix. This indicates

a systematic error. We point out again that this whole analysis is only approximate. See
[11] for more details.
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Figure 3.6.:
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The inverse equilibration times for the XY-model initial density matrix, ob-
tained from fitting a exp(—t/7) + b to the magnetization modes in the real-
time interval ¢ € [0, 2.5]. The lines correspond to the best fit to the functions
az’ and a(x — v/27)" .
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Figure 3.7.: The inverse equilibration times for the antiferromagnetic initial density ma-
trix, obtained from fitting aexp(—t/7) + b to the magnetization modes in
the real-time interval v¢ € [0, 2.5]. The lines correspond to the best fit to the
functions az® and a(x — v/27)? .
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4. Conclusion and Outlook

We studied the real-time evolution of 2-d quantum spin systems driven by a dissipative
coupling to the environment through a measurement process. This coupling is modeled
by a Lindblad process, which is solved by an efficient loop cluster algorithm.

The study of what measurement processes can be simulated did not lead to a definite
answer, yet we found some insight on the structure of these processes: We found indi-
cation that the simulatable measurement processes, i.e. the measurement processes for
which the sign problem disappears, correspond to a discrete subset of all possible measure-
ment processes. This was obtained by a random sampling investigation and a calculation
for the 2-dimensional case. This exact calculation shows that on a 2-dimensional Hilbert
space, there is only one non-trivial measurement process, for which the sign problem dis-
appears. Although we could not explicitly specify all simulatable measurement processes
on a 4-dimensional Hilbert space, we found a good starting point for a trial and error
investigation to find new measurement processes. Pursuing this approach, we found two
simulatable measurement processes ( S%S; and S S,f +5, S, ) in addition to the process
§2 which was introduced in [7].

We further investigated numerically the real-time evolution of the Fourier modes of the
magnetization. In order to do this, we simulated three different measurement processes,
for three different initial density matrices. The measurement processes have different
symmetry properties: The process S2 conserves the (0,0)-mode of the magnetization,
the process S%Sy1 does not conserve any mode and the process S;f'S,f + S, S, conserves
the (m,7)-mode. We found that the order of the initial density matrices is destroyed,
and the system is driven into a new equilibrium. This equilibration depends strongly on
the symmetry properties of the measurement processes. We found that the conserved
mode slows down their neighbouring modes. An approximate analysis of the equilibration
shows that the inverse equilibration time of magnetization modes near the conserved one
depends quadratically on the momentum: 1/7 o |p|? for the process 52 which conserves
the (0,0)-mode and 1/7 o (|p| — v/27)? for the process S8t + 5,5, , conserving the
(m,m)-mode. This dependency is characteristic for a diffusion process. For the process

S;S;, which does not conserve any mode, we found no such behaviour.
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With the studied method one can simulate the real-time evolution of quantum systems
driven by measurements. However, in order to do so one has to completely neglect, the
unitary internal dynamics induced by the Hamiltonian. A challenging next step could
be to try to bring back the Hamiltonian or parts of it. It would also be interesting, to

apply this method to other quantum systems.
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Appendix

A. Statistics

In this section we explain how the mean values and their uncertainties are obtained. It

is roughly based on [13].

A.1. Averages and Uncertainties

With the loop cluster algorithm we calculate means of observables in the following way:
The system starts in a certain configuration C;. We perform a certain number of Monte
Carlo updates to thermalize the system, to make sure the results are not influenced by
the initial configuration. After the thermalization the system is in the configuration
Cy and we can calculate the n observables z1(1) = O1(C1), z2(1) = O2(Ch), ...
Zn(1) = O (C1). These observables are, for example, the magnetization at different real
time steps. The system is updated and then in configuration Cs. The observables are
calculated: x1(2) = 01(C2), x2(2)2 = O2(Ca), ... , xn(2) = Oy(C2). This procedure is

repeated Ny, times. The expectation values for the observables are obtained as

1 ch
Th = > (i) (1)
me 7]
1=
Naively one would use the standard deviation of the mean obtained from the sample
variance 392%,

- Sy, Zch - jk)Q
0Ty = N \/ N — 1) (.2)

as the uncertainty. However, this is only valid if the data set {x(7)} is uncorrelated and

normally distributed, which is usually not the case for Monte Carlo simulations. Whether

a dataset is autocorrelated can be calculated via the autocorrelation function

ST (aw (6) = @) (an (i +7) — T)
SoNme (w, (1) — Tp,)?

R(t) = (:3)
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This function behaves approximately exponentially: R(7) ~ exp(—7/\) where A is called
the autocorrelation time. The problem of autocorrelated data can be dealt with by

binning. If we choose the bin size m > A, the binned data set,

) 1O 13 1
xk(l):%ka(z),xk@):%Zazk(z),...,xk(]\f/m):% > oap()p . (4)
=1 i=m

i=N—m

will no longer be autocorrelated. Due to the central limit theorem, the binned data will
be normally distributed if m is large enough. From the binned data one can now calculate

the sample variance sz, to estimate the uncertainty

\/EN’“/’“ (i) — )’
\/ mc/m mc/m mc/m 1) '

For a sample data set produced with the loop cluster algorithm we measure a correlation

(-5)

0T =

length A ~ 1. This is not large but nevertheless has to be taken into account in the
error analysis. If we would calculate the uncertainty naively without binning we would
underestimate it roughly by a factor 2. For all simulation we use a bin size m = 100 > 1
(see Figures and . Thus the binned data is no longer autocorrelated.

A.2. Jackknife

In section [3.2.4] we calculated the equilibration time of the different modes of the mag-
netization with a non-linear fit. The result of this fit depends highly non-linearly on
the measured data. In the last section we have seen how to estimate averages and their
uncertainty. This method trivially extends to linear functions of the directly measured
quantities but not to non-linear functions, f(uz,, ey, --- fay ), depending on the true
means. If we just use f(Z1,Z9,...ZTx) as an estimator, the result will be biased, and
the uncertainty is usually underestimated. If the data is correlated in k, meaning the
sets {x1(7),x2(7),...zx (i)} are autocorrelated for a specific 7, one has to perform a more
sophisticated error analysis. The jackknife method is a tool to estimate uncertainty and
bias of such non linear functions.

We will assume the data sets {zy(1),zx(2),...,2k(N)} to be uncorrelated. This can
be obtained by binning as described earlier. The i-th jackknife estimate xk( i) is defined

as

w00) = g S akli) = B + o (- (i) (6)
J#l
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Figure A.1.: The autocorrelation function and histograms of a sample data set for the
(m/2,7/2)-mode of the magnetization in the XY-model at 5J = 40. The
blue data set shows unbinned and the orange data set binned data with
binsize m = 100. For the unbinned data (blue), fitting exp(—7/A) yields
A = 1.05(3). For the binned data set (orange) the fit does not lead to a
reliable correlation length.
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Figure A.2.: The error estimate 6T and the autocorrelation time A, for different bin widths
m, for the same sample data set as in Figure

the average over all except the i-th values. The i-th jackknife estimate for the function

f is defined analogously as
fl=F (2] ()23 (i), ke (3)) (7)

The average over these N jackknife estimates is denoted f7/ = Zf\i 1 f/ and the variance

— N2
as sp1 = (f1)? — (fJ) . With this we can find an estimator for f(uz,, tay,- - - Hay )

which is unbiased, as

Nf(:fl,i’g,...,.f[{)—(N—l)f‘], (8)

and the uncertainty as

6f =VN —1sgs. (.9)

B. Units

We use natural units, where ¢ = h = ¢y = 1. In these units the spin and with it the

magnetization is a dimensionless quantity. Time and distance and with it the lattice
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spacings, a and € have units of inverse energy. To convert the magnetization back into
physical units, one has to multiply it by .

In lattice simulations we can only deal with dimensionless quantities, e.g. 5J, e and
so on. The time scale of the Lindblad process is set by the parameter +. In the simulation

it appears only in the dimensionless combinations ey and ¢v.

C. Notes on the Implementation

The single loop cluster algorithm was implemented as a C-program. The source code can
be found at https://bitbucket.org/mhornung/loop-cluster-algorithm/src. To be
more flexible, the program takes the cluster rules as arguments. A Mathematica notebook
is provided to generate files containing cluster rules and other parameters automatically.

The program was checked by comparing the results to the numbers published in [7]
and [8], as well as to numerically exact results, calculated on a 2 x 2 lattice, where one

can explicitly sum over all configurations.
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