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Abstract

High-temperature superconductors result from hole or electron doped quantum antiferromag-
nets. It is thus very interesting to examine the dynamical mechanisms that govern these
materials. Due to the spontaneously broken spin symmetry in quantum antiferromagnets,
their low-energy physics is dominated by Goldstone bosons — the magnons. In this thesis
a low-energy effective theory for magnons and charge carriers in an antiferromagnet is con-
structed. This effective theory is the condensed matter analog of baryon chiral perturbation
theory in QCD, that describes the low-energy dynamics of pions (the Goldstone bosons of
QCD) and nucleons or quarks. Since the effective theory is based on symmetry consider-
ations, a detailed symmetry analysis of quantum antiferromagnets is carried out, whereas
the Hubbard model serves as a concrete microscopic model. The effective theory — being a
low-energy expansion — can be used to obtain unambiguous predictions about the dynamical
mechanisms in quantum antiferromagnets. This thesis also contains a brief discussion of how
external electromagnetic fields have to be included into the theory.
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Introduction

Superconductivity is a very exciting field in condensed matter physics. First, only the ordinary
low-temperature superconductivity was known, but after the discovery of high-temperature
superconductivity by G. Bednorz and K. Müller in 1986 this part of physics became even
more suspenseful. In 1987, the Nobel prize for physics has been awarded to Bednorz and
Müller for their discovery of superconductivity in ceramic materials (cuprates). Until now it
is a great challenge in condensed matter physics to investigate the dynamical mechanism that
leads to high-temperature superconductivity in layered cuprates. At present, the physics of
this mechanism is not understood. In particular, the Bardeen-Cooper-Schrieffer (BCS) the-
ory , that describes ordinary low-temperature superconductivity, can not be used to explain
high-Tc phenomena. Ordinary superconductivity results from the Cooper pair formation of
two electrons. The Coulomb repulsion of the two fermions is overpowered by an attractive
interaction between the electrons mediated by lattice vibrations. This mechanism can be
identified as phonon exchange. In contrast to that case, one assumes that phonons do not
play a role in the formation of bound fermion pairs in high-Tc materials. However, one knows
that high-temperature superconductors result from hole or electron doped antiferromagnetic
materials. It is thus interesting to examine quantum antiferromagnets in order to get a better
understanding of the dynamical mechanisms in these materials. It would be exciting to find
a mechanism for the binding of electrons or holes, that is specific for antiferromagnets. The
aim of this diploma thesis is to construct a theory which later can be used to investigate such
mechanisms.

A popular microscopic model for quantum antiferromagnets is the Hubbard model. It
describes fermions hopping in a 2-dimensional lattice (cuprate layer) and contains an on-site
Coulomb repulsion. The Hubbard model also allows doping with extra fermions. Unfortu-
nately, numerical simulations are currently only possible for the half-filled system. Since the
Hubbard model is defined by a multi-particle Hamiltonian, one can not even determine its
exact ground state. As a result, this microscopic theory presently does not lead to a quali-
tative understanding of high-temperature superconductivity. An other way to approach the
problem is by formulating phenomenological models as done in [1,2]. This approach, however,
does not lead to universal predictions. These models are not renormalizable and on the other
hand they are not really systematically derived and therefore might not contain the whole
underlying physics.

In this diploma thesis yet another approach is chosen, a low-energy effective field theory for
charge carriers in an antiferromagnet is constructed. The key-ingredient for an effective theory
is a spontaneously broken global symmetry. In antiferromagnets, the global SO(3)s rotational
symmetry of the spins is spontaneously broken down to the SO(2)s rotations around the direc-
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2 Introduction

tion of the spontaneously selected staggered magnetization. Note that SO(3)s ∼= SU(2)s and
SO(2)s ∼= U(1)s. Goldstone’s theorem predicts for every spontaneously broken continuous
global symmetry a certain number of Goldstone bosons, that are massless bosonic excitations.
In our case, where SU(2)s spontaneously breaks down to U(1)s, we have 2 Goldstone bosons,
the so-called magnons or antiferromagnetic spin-waves. Since the magnons are the lightest
particles in the spectrum, they play the most important role in low-energy physics. At this
energy scale, the most dominant physical processes are the free propagation of magnons as
well as scattering of soft magnons. It is the low-energy effective field theory constructed
in [3–6] which correctly describes the low-energy physics of magnons. The effective theory is
based only on symmetry considerations and not on a specific underlying microscopic model.
Usually, the theory is formulated in an effective Lagrangian formalism, where the Lagrangian
contains — classified by the number of derivatives — all possible terms that respect the sym-
metries of the underlying physics. The effective theory is a systematic low-energy expansion
organized according to the numbers of derivatives involved. Each derivative corresponds to
one power of momentum. Hence, the lowest energy contributions in the theory come from the
terms with as few derivatives as possible. Higher energy corrections are systematically taken
into account by terms with more derivatives. Each term in the Lagrangian comes with a
specific low-energy coupling constant. These constants are to be determined by experiments.
The strength of a low-energy effective theory is its dependence on only a few parameters.
The lowest order magnon physics, for example, depends on two parameters only, the spin
stiffness ρs and the spin wave velocity c. It has to be said that also the effective theory is
non-renormalizable, nevertheless it gives unambiguous results due to the systematic expan-
sion in powers of involved derivatives.

The concept of a low-energy effective theory has originally been constructed by Leutwyler
and Gasser for pions — the Goldstone bosons of quantum chromodynamics (QCD). In this
context the theory is referred to as chiral perturbation theory. For the physics of QCD it is
essential that the global SU(2)L ⊗ SU(2)R chiral flavor symmetry is spontaneously broken
down to the SU(2)L=R isospin symmetry for massless up and down quarks. As a result, one
has the three Goldstone bosons π+, π0 and π−. Chiral perturbation theory makes exact pre-
dictions about low-energy pion dynamics. The lowest order term in the effective Lagrangian
depends on only one parameter, that is the pion decay constant Fπ.

In our case where an effective theory for magnons and massive fermions is constructed,
it is very helpful that there already exists an analogous effective theory in QCD. That is
the baryon chiral perturbation theory, which describes the physics of pions and massive nu-
cleons. For this theory it is essential that the baryon number B is a conserved quantity in
QCD. This implies that the low-energy physics can be investigated separately in each baryon
number sector. The ordinary chiral perturbation theory without nucleons (mentioned above)
corresponds to the baryon number sector B = 0. Then, in the B = 1 sector, there is a
single nucleon interacting with pions. The lowest energy state in the theory corresponds to a
nucleon at rest. The softly interacting pions generate small fluctuations in the energy. Again,
like in the ordinary chiral perturbation theory one has a systematic expansion in powers of
derivatives. Like for ordinary chiral perturbation theory, the effective Lagrangian contains
all terms that respect the symmetries of QCD. This expansion is very powerful as it allows
exact predictions for low-energy processes in QCD. However, with the introduction of nucleon
fields it becomes a nontrivial issue to establish a power counting scheme, that determines how
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temporal and spatial derivatives of both pion and nucleon fields are counted relatively. This
problem did not occur in the B = 0 sector, as the pions obey a relativistic dispersion relation,
one temporal derivative counts as much as one spatial derivative. It is essential for the heavy
baryon chiral perturbation theory that the global SU(2)L ⊗ SU(2)R chiral flavor symmetry
is realized on the nucleon fields by a nonlinear and local transformation.

In antiferromagnetic systems, the analog to baryon number conservation in QCD is fermion
number conservation. The fermion number symmetry is unbroken until the superconducting
phase is reached. As a consequence, the low-energy physics can be investigated separately
in each fermion number sector. This fact, together with the spontaneously broken SU(2)s
symmetry, allows the construction of an effective theory for magnons and charge carriers. The
fermion number sector Q = 0 corresponds to the pure magnon perturbation theory, where no
electron or hole is involved. Then, in the Q = 1 (or Q = −1) sector, there is a single electron
(or hole) interacting with soft magnons. For the effective theory for magnons and charge
carriers it is very essential that the spontaneously broken SU(2)s symmetry is realized on the
fermion fields by a nonlinear and local transformation. Since the effective theory is based on
symmetry considerations, it is important to completely understand the symmetry properties
of the underlying physics. In order to have a concrete microscopic model which serves to
examine the symmetry properties, the Hubbard model is chosen. With high-Tc materials
it shares important symmetries, such as the SU(2)s spin symmetry and the U(1)Q fermion
number symmetry. The Hubbard model possesses a shift symmetry that changes the sign
of the staggered magnetization. In addition, the Hubbard model — as well as real high-Tc
materials — show 90 degrees rotation symmetry of the square crystal lattice, a reflection
and time-reversal symmetry. All these symmetries will be taken into account in the effective
theory. As first noted by Yang and Zhang [11], the Hubbard model possesses an additional
global SU(2)Q symmetry. It is actually a non-Abelian extension of the U(1)Q fermion number
symmetry. On this account, the additional symmetry is denoted by SU(2)Q. It is important
that the SU(2)Q symmetry is not broken spontaneously. This symmetry is not fully present
in generic cuprate materials, but might still be approximately realized in specific samples.
However, the SU(2)Q symmetry is fully included in the effective theory for magnons and
charge carriers to be constructed in this thesis as it gives an important insight into how the
fermion number sectors are related to each other.

This thesis is organized as follows. In chapter 1, the physics of strong interactions, QCD,
is briefly introduced. In order to become familiar with chiral perturbation theory, the effective
description of pions as well as the baryon chiral perturbation theory are presented. Chapter 2
contains the symmetry analysis of the microscopic Hubbard model. In this chapter a compact
SU(2)s⊗SU(2)Q invariant formulation of the Hubbard model is constructed. Chapter 3 deals
with the effective description of the magnon field. The nonlinear realization of the SU(2)s
symmetry is constructed. In chapter 4, a connection between the microscopic degrees of
freedom and the effective fields for charge carriers is made. For this purpose, a background
magnon field is added to the Hubbard model by hand. Then, in chapter 5, the construction
of the possible terms of an effective Lagrangian for magnons, electrons or holes is carried
out. The terms are classified according to the number of derivatives and the number of
fermion fields they contain. In chapter 6, the coupling of both the microscopic and effective
theory to an external electromagnetic field is briefly discussed. Finally, chapter 7 contains
the conclusions and an outlook.





Chapter 1

QCD

In this chapter the QCD part of the Standard Model Lagrangian is introduced. It would be
beyond the scope of this thesis to discuss the whole Standard Model starting from scratch.
On this account the electroweak part of the Standard Model will be left out. I am not going
to ”derive” the QCD Lagrange density but I would rather point out concepts of quantum
field theory which are used for QCD and that will be encountered again when discussing the
construction of an effective theory for magnons and electrons or holes in an antiferromagnet.
In this chapter, I therefore also introduce an effective theory for pions and nucleons — baryon
chiral perturbation theory — that describes QCD at low energies.

1.1 Quantum Chromodynamics

Quantum chromodynamics (QCD) is the part of the Standard Model which contains the
physics of strong interactions. Strong interactions are responsible for the confinement of
quarks inside hadrons. QCD is the non-Abelian gauge theory of color, which means that the
global SU(3)c color symmetry is extended to a local one. The quantum of the color gauge
field is the gluon. It is described by the field

Gµ(x) = igsG
a
µ(x)λa, a ∈ {1, 2, ..., 8}, (1.1)

where gs is the gauge coupling constant of quantum chromodynamics and λa are the generators
of the SU(3)c algebra. Under a local SU(3)c rotation the gluon field transforms as

Gµ(x)′ = g(x)(Gµ(x) + ∂µ)g(x)†. (1.2)

The field strength of the gluon field is the usual one of a non-Abelian gauge theory

Gµν(x) = ∂µGν(x)− ∂νGµ(x) + [Gµ(x), Gν(x)] . (1.3)

Having introduced this field, one can now write down the Euclidean Lagrangian of QCD:

LQCD(Ψ̄,Ψ, Gµ) =
∑
f

Ψ̄f (x)(γµ(∂µ +Gµ(x)) +mf )Ψf (x)−
1

4g2
s

Tr[Gµν(x)Gµν(x)]. (1.4)

Here the quark field labeled with the flavor quantum number is denoted by Ψf and mf stands
for the mass of the quark with flavor f . Note that the color index is suppressed in this no-
tation. In addition, it should be pointed out that the quark and anti-quark fields, the Ψ(x)
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6 Chapter 1. QCD

and Ψ̄(x) fields are anti-commuting, due to the fermionic nature of quarks.

In a world with massless quarks the Lagrange density of QCD has an exact global symme-
try which is known as chiral symmetry. It has the property that the Lagrangian is invariant
under global flavor transformations performed independently on the left- and right-handed
quark fields. These left- and right-handed components of the quark fields are defined by

ΨL(x) =
1
2
(1− γ5)Ψ(x), ΨR(x) =

1
2
(1 + γ5)Ψ(x). (1.5)

In a consistent way one defines the adjoint left- and right-handed quark spinors as

Ψ̄L(x) = Ψ̄(x)
1
2
(1 + γ5), Ψ̄R(x) = Ψ̄(x)

1
2
(1− γ5), (1.6)

so that Ψ(x) = ΨL(x) + ΨR(x) and Ψ̄(x) = Ψ̄L(x) + Ψ̄R(x). In a theory with Nf flavors,
chiral transformations are defined by

ΨL(x)′ = LΨL(x), Ψ̄L(x)′ = Ψ̄L(x)L†, L ∈ U(Nf )L
ΨR(x)′ = RΨR(x), Ψ̄R(x)′ = Ψ̄R(x)R†, R ∈ U(Nf )R. (1.7)

In order to see that the QCD Lagrangian for massless quarks is indeed invariant under these
transformations, I decompose the Lagrangian into left- and right-handed components

L(Ψ̄,Ψ, Gµ) |mf=0 = (Ψ̄L(x) + Ψ̄R(x))(γµ(∂µ +Gµ(x))(ΨR(x) + ΨL(x))
= Ψ̄L(x)γµ(∂µ +Gµ(x))ΨL(x) + Ψ̄R(x)γµ(∂µ +Gµ(x))ΨR(x).

(1.8)

Note that no terms which mix left- and right-handed spinors appear. These mixed contribu-
tions cancel as I am going to show for one of the two cases

Ψ̄L(x)(γµ(∂µ +Gµ(x))ΨR(x) = Ψ̄(x)
1
2
(1 + γ5)γµ

1
2
(1 + γ5)(∂µ +Gµ(x))Ψ(x)

= Ψ̄(x)
1
4
(1 + γ5)(1− γ5)γµ(∂µ +Gµ(x))Ψ(x) = 0. (1.9)

Obviously, the Lagrangian of equation (1.8) is invariant under chiral transformations defined
in (1.7) since the gluon field Gµ and the matrix γµ do not act in the flavor space and hence
do commute with the flavor transformations. This chiral symmetry is usually denoted by
U(Nf )L⊗U(Nf )R which is equal to SU(Nf )L⊗SU(Nf )R⊗U(1)L⊗U(1)R. The U(1)L⊗U(1)R
symmetry further decomposes into a U(1)L=R vector part and a U(1)L=−R axial part (U(1)A).
Due to quantum effects there is an anomalous explicit breaking of the U(1)A symmetry1. The
U(1)L=R vector symmetry corresponds to the baryon number symmetry U(1)B, with the re-
sult that one writes U(Nf )L ⊗ U(Nf )R = SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)B ⊗ U(1)A.

One could now object that a theory with massless quarks can not describe real physics
correctly since quarks are known to be massive objects. Let us see what happens to the chiral

1The corresponding axial current is not conserved after quantization.



1.1 Quantum Chromodynamics 7

symmetry if massive quarks are included in the theory. For this reason I am going to add the
mass term to the decomposed Lagrangian of equation (1.8) so that it is modified to

L(Ψ̄,Ψ, Gµ) = Ψ̄L(x)γµ(∂µ +Gµ(x))ΨL(x) + Ψ̄R(x)γµ(∂µ +Gµ(x))ΨR(x)
− Ψ̄L(x)MΨR(x)− Ψ̄R(x)MΨL(x). (1.10)

The quark mass matrix M is diagonal and contains the masses mf . Note that the mass term
mixes left- and right-handed components while separated contributions from left- and right-
handed quarks now cancel. For a general mass matrix this mixing of left-and right-handed
fields explicitly breaks the chiral SU(Nf )L ⊗ SU(Nf )R symmetry as M does not commute
with L and R. However, if all quark masses were equal — if M = m1 — the transformed
mass part would yield

Ψ̄L(x)′MΨR(x)′ = Ψ̄L(x)L†RMΨR(x). (1.11)

The Lagrangian thus remains unchanged if the same transformation is applied on the left- and
on the right-handed fields, that means L = R and L†R = L†L = 1. Chiral symmetry is there-
fore explicitly broken down to SU(Nf )L=R⊗U(1)B. In nature the masses of the two lightest
quarks — the u and d quark — are very small compared to typical energy scales of QCD.
The result is that the SU(2)L⊗SU(2)R⊗U(1)B chiral symmetry is almost unbroken explicitly.

The above continuum formulation of QCD is the one mostly used to introduce the theory
of strong interactions. The QCD Lagrangian of equation (1.4) then provides a basis to derive
the Feynman rules which can be used in a perturbative analysis of strong interaction pro-
cesses. However, beyond perturbation theory, continuum QCD is not even defined because
the regularization and renormalization methods can only be applied within the framework of
perturbation theory. The only way to define QCD non-perturbatively is given by a lattice
formulation of the theory. In such a formulation the continuous space-time is replaced by a
discrete hypercubic (4-dimensional) lattice with lattice spacing a. The lattice serves as an
ultraviolet regulator with a momentum cut-off 1/a. By taking the limit a→ 0 the continuum
limit is reached and the cut-off is sent to infinity. Let me write down the standard Yang-Mills
action for the pure gluon theory as well as the action for Wilson fermions. Finally, I will
present the lattice action for the full theory where the gluons are coupled to the quarks. As
already mentioned, I am not going to derive everything in detail, but I just present things
which are well known and can be found in many books. A good and pedagogical review is [7].

The pure gluon part of QCD can be described in a lattice formulation by the Yang-Mills
action

SYM [U ] = −a4
∑
x,µ,ν

1
g2a2

Tr[Ux,µUx+µ̂,νU
†
x+ν̂,µU

†
x,ν + Ux,νUx+ν̂,µU

†
x+µ̂,νU

†
x,µ], (1.12)

where

Ux,µ = P exp(
∫ a

0
dt Gµ(x+ µ̂t)) ∈ SU(Nc) (1.13)

is a parallel transporter connecting neighboring lattice points x and x+ µ̂ where µ̂ is a unit
vector pointing in the µ-direction. The lattice spacing is denoted by the constant a. Further,
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g stands for the bare coupling constant. Since we deal with a non-Abelian gauge theory, path-
ordering is needed, that is indicated by ”P”. Under a non-Abelian color gauge transformation
the parallel transporter transforms as

U ′
x,µ = gx Ux,µ g

†
x+µ̂. (1.14)

The Euclidean path integral is then defined by the integration over all configurations of
parallel transporters Ux,µ, that is

Z =
∏
x,µ

∫
SU(Nc)

dUx,µ exp(−SYM [U ]). (1.15)

With the help of the path integral Z, the lattice theory for gluons is now completely regular-
ized and well-defined beyond perturbation theory.

In the next step one can write down a naive lattice version of the Euclidean action de-
scribing a free Dirac fermion with mass m in d space-time dimensions. It takes the form

S[Ψ̄,Ψ] = ad
∑
x,µ

1
2a

(Ψ̄xγµΨx+î − Ψ̄x+îγµΨx) + ad
∑
x

mΨ̄xΨx. (1.16)

Putting fermions on a lattice involves the problem of the so-called ”fermion doubling”. Since
the momentum space of the lattice theory is a d-dimensional periodic Brillouin zone, the
fermion propagator has 2 poles in each of the d space-time directions. Each of this 2d poles,
is identified with a massive fermion. Hence one speaks of fermion doubling. However, in the
continuum we observe only one pole. In order to describe nature properly, the additional
fermions have to be treated in a way such that, at the end, they do not appear in the
continuum limit. Wilson removed the doubler fermions by adding an additional term (Wilson
term) to the free fermion action from above. It then takes the form

SWilson[Ψ̄,Ψ] = a4
∑
x,µ

1
2a

(Ψ̄xγµΨx+µ̂ − Ψ̄x+µ̂γµΨx) + a4
∑
x

mΨ̄xΨx

+ a4
∑
x,µ

1
2a

(2Ψ̄xΨx − Ψ̄xΨx+µ̂ − Ψ̄x+µ̂Ψx). (1.17)

The Wilson term makes sure that the doubler fermions get a mass of the order of the mo-
mentum cut-off 1/a, with the result that they do not appear in the spectrum of the theory
after taking the continuum limit a → 0. However, it should be noted that the Wilson term
explicitly breaks chiral symmetry because it mixes left- and right-handed components of the
fermions. Finally, coupling free Wilson fermions to the color gauge field and adding the pure
gluon action leads to the following lattice QCD action:

SQCD[Ψ̄,Ψ, U ] = a4
∑
x,µ

1
2a

(Ψ̄xγµUx,µΨx+µ̂ − Ψ̄x+µ̂γµU
†
x,µΨx) + a4

∑
x

mΨ̄xΨx

+ a4
∑
x,µ

1
2a

(2Ψ̄xΨx − Ψ̄xUx,µΨx+µ̂ − Ψ̄x+µ̂U
†
x,µΨx)

− a4
∑
x,µ,ν

1
g2a2

Tr[Ux,µUx+µ̂,νU
†
x+ν̂,µU

†
x,ν + Ux,νUx+ν̂,µU

†
x+µ̂,νU

†
x,µ].

(1.18)
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With the path integral

Z =
∏
x

∫
dΨ̄xdΨx

∏
x,µ

∫
SU(Nc)

dUx,µ exp(−SQCD[Ψ̄,Ψ, U ]) (1.19)

the theory is completely regularized.

1.2 Spontaneous Chiral Symmetry Breaking and Effective De-
scription of Pions

It is an experimental fact that the full SU(2)L ⊗ SU(2)R ⊗ U(1)B symmetry is not apparent
in the spectrum of QCD. If it were, one would observe hadrons with the same masses but
appearing both left- and right-handed. Since this is not the case, one concludes that chiral
symmetry must be broken spontaneously. In addition, without spontaneous symmetry break-
ing, the lightest particles in the QCD spectrum could not be associated with the massless
excitations anticipated by Goldstone’s theorem.

Goldstone’s theorem predicts for every spontaneously broken global continuous symmetry
a certain number of massless bosonic excitations. The number of these excitations is the dif-
ference of the number of generators of the broken global symmetry group G and the unbroken
subgroup H. In the case SU(2)L ⊗ SU(2)R ⊗ U(1)B −→ SU(2)L=R ⊗ U(1)B the difference
is (3 + 3 + 1)G − (3 + 1)H = 3. Spontaneous chiral symmetry breaking thus gives rise to
three massless Goldstone bosons — the three pions π+, π0 and π−. To be exact, the pions
are not absolutely massless as the u and d quarks themselves are not exactly massless. The
small u and d quark masses cause a small explicit breaking of chiral symmetry which results
in nonzero masses of the pions. Nevertheless, the pions are the lightest particles in QCD and
thus play the most important role for low-energy physics.

In order to investigate the physics of the strong interactions at low energies it is very useful
to construct a low-energy effective theory for pions — chiral perturbation theory. The theory
must exhibit all symmetries of the physics it wants to describe, including the global symmetry
G. In the effective theory one tries to construct a Lagrangian with as few derivatives of the
pion field as possible since each derivative corresponds to one power of momentum. The pion
fields live in the coset space G/H = SU(2)L⊗SU(2)R⊗U(1)B/ [SU(2)L=R ⊗ U(1)B] = SU(2)
and hence are described by matrices

U(x) = exp(
i

Fπ
πa(x)σa) ∈ SU(2), (1.20)

where Fπ stands for the pion decay constant and where the Pauli matrices σa are the gener-
ators of SU(2). The pion field can be expanded in powers of πa(x), that is

U(x) = 1+
i

Fπ
πa(x)σa +O(πa)2. (1.21)

The classical vacuum (no fluctuations) of the effective theory thus corresponds to the constant
pion field U(x) = 1. Under chiral transformations the pion field transforms as

U(x)′ = LU(x)R†. (1.22)
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Note that the vacuum field configuration is not invariant under general chiral rotations, since
U(x)′ = L1R† = LR† 6= U(x). It is only invariant under transformations in the unbroken
subgroup H, that is if L = R. Hence, chiral symmetry is spontaneously broken down to
SU(2)L=R ⊗ U(1)B.

One may now try to construct a term in an effective Lagrangian with no derivatives, as
one expects that this should correspond to the leading term in a low-energy effective theory.
However, the only chirally invariant term without derivatives does not contain any physics as
it is just a constant

Tr[U(x)†U(x)] = Tr1 = 2. (1.23)

In a next step one could try to write down a Lagrangian with one derivative but it would
violate Lorentz-invariance and is therefore not permitted. Allowing one more derivative leads
to the lowest order pion Lagrangian with two derivatives

L(U) =
F 2
π

4
Tr[∂µU(x)†∂µU(x)], (1.24)

which is indeed chirally invariant as

L(U ′) =
F 2
π

4
Tr[∂µ(RU(x)†L†)∂µ(LU(x)R†)] = L(U) (1.25)

shows. Note that the lowest order pion Lagrangian vanishes for the vacuum field configuration
U(x) = 1.

1.3 Effective Theory for Pions and Nucleons

In this section I want to present the Euclidean action of a low-energy effective theory for
nucleons and pions — baryon chiral perturbation theory. It is very essential for the effective
theory that baryon number B is a conserved quantity in QCD. It implies that the low-energy
physics can be examined separately in each baryon number sector. The ordinary chiral per-
turbation theory, introduced in the previous section, corresponds to the B = 0 sector. Then,
in the B = 1 sector, there is a single nucleon interacting with soft pions. It is special in
this theory that chiral symmetry is realized nonlinearly on the nucleon fields. Again, like in
section 1.1, I am not going to derive everything in detail, I just want to present this part of the
theory which will later be encountered in the construction of the effective theory for magnons
and electrons or holes. The detailed derivation of the theory presented in this section can be
found in [8].

The basis for the nonlinear realization of chiral symmetry is the construction of the field
u(x), which is derived from the pion field U(x) (introduced in equation (1.20)) as

u(x) = U(x)1/2 ∈ SU(2). (1.26)

One has to say explicitly what is meant with the square-root of U(x): First one diagonalizes
the pion field by an unitary transformation W (x). This defines the diagonal matrix

D(x) = W (x)†U(x)W (x) = diag {exp [iϕ(x)] , exp [−iϕ(x)]} , ϕ(x) ∈ [0, π]. (1.27)
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The square-root of the diagonal matrix is defined as

D(x)1/2 = diag
{

exp
[
i
ϕ(x)

2

]
, exp

[
−iϕ(x)

2

]}
, (1.28)

which leads to the field2

u(x) = W (x)D1/2W (x)†. (1.29)

It transforms under chiral rotations as

u(x)′ = Lu(x)V (x)† = V (x)u(x)R†. (1.30)

The matrix V (x) ∈ SU(2) is constructed from the two flavor transformations L and R, as
well as from the pion field U(x) — this makes the transformation nonlinear — and can be
written down in two variants in the following way:

V (x) = R
[
R†LU(x)

]1/2 [
U(x)1/2

]†
= L

[
L†RU(x)†

]1/2
U(x)1/2. (1.31)

Under two subsequent chiral rotations with L = L2L1 and R = R2R1, the field V (x) shows
the correct group structure

V (x) = V2(x)V1(x), (1.32)

which can be proven by making use of the fact that for two matrices A,B ∈ SU(2),

AB1/2A† = (ABA†)1/2. (1.33)

Note that for chiral transformations in the unbroken subgroup SU(2)L=R, the matrix V (x)
simplifies to the global transformation V (x) = L = R. However, for a generic global chiral
transformation, the matrix V (x) is a nonlinear representation of chiral symmetry depending
on space-time.

I now introduce Dirac spinor fields for nucleons and anti-nucleons, Ψ(x) and Ψ̄(x). Again,
the flavor index is not visible in this notation. One should point out that Ψ(x) and Ψ̄(x) are
independent anti-commuting spinors. Chiral flavor rotations L⊗ R ∈ SU(2)L ⊗ SU(2)R are
realized nonlinearly on these spinors as the transformation law reads

Ψ(x)′ = V (x)Ψ(x), Ψ̄(x)′ = Ψ̄(x)V (x)†. (1.34)

It is important to emphasize once again that the chiral transformation, even though realized
through the space-time dependent field V (x), is not a local but a global rotation of flavors.
Nevertheless, it has the form of a non-Abelian SU(2) gauge transformation and hence one
can construct a flavor ”gauge” field, the anti-Hermitean3 field

vµ(x) =
1
2

[
u(x)†∂µu(x) + u(x)∂µu(x)†

]
. (1.35)

Under chiral transformations it actually behaves like a non-Abelian gauge field

vµ(x)′ =
1
2

{
V (x)u(x)†L†∂µ

[
Lu(x)V (x)†

]
+ V (x)u(x)R†∂µ

[
Ru(x)†V (x)†

]}
=

1
2

{
V (x)u(x)†∂µu(x)V (x)† + V (x)u(x)∂µu(x)†V (x)† + 2V (x)∂µV (x)†

}
= V (x) [vµ(x) + ∂µ]V (x)†. (1.36)

2Since u2 = (WD1/2W †)2 = WD1/2W †WD1/2W † = WDW † = U
3Anti-Hermitean: vµ(x)† = −vµ(x).
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In addition, one can construct a Hermitean field

aµ(x) =
i

2

[
u(x)†∂µu(x)− u(x)∂µu(x)†

]
, (1.37)

whose transformation properties are different from vµ(x). It transforms as a charged vector
field, that is

aµ(x)′ =
i

2

{
V (x)u(x)†L†∂µ

[
Lu(x)V (x)†

]
− V (x)u(x)R†∂µ

[
Ru(x)†V (x)†

]}
=

i

2

{
V (x)u(x)†∂µu(x)V (x)† − V (x)u(x)∂µu(x)†V (x)†

}
= V (x)aµ(x)V (x)†. (1.38)

In order to construct an effective action for pions and nucleons one first has to know exactly
the symmetry transformation properties of all the fields involved. In addition to the chiral
flavor symmetry, QCD has a parity and charge conjugation symmetry. In the next step I am
going to introduce how these two symmetries act on the fields U(x), u(x), vµ(x), aµ(x),Ψ(x)
and Ψ̄(x):

Under a parity transformation P the boson field U(x) transforms as

PU(~x, t) = U(−~x, t)†. (1.39)

The same behavior is inherited by the field u(x), since

Pu(~x, t) =
[
PU(~x, t)

]1/2
=
[
U(−~x, t)†

]1/2
=
[
U(−~x, t)1/2

]†
= u(−~x, t)†. (1.40)

Using this last equation it is easy to derive the transformation properties of the fields vµ(x)
and aµ(x) as

P vi(~x, t) = −vi(−~x, t), P vt(~x, t) = vt(−~x, t) (1.41)

and
Pai(~x, t) = ai(−~x, t), Pat(~x, t) = −at(−~x, t). (1.42)

Finally, the Dirac spinors Ψ(x) and Ψ̄(x) transform as

PΨ(~x, t) = γ4Ψ(−~x, t), P Ψ̄(~x, t) = Ψ̄(−~x, t)γ4, (1.43)

where 4 denotes the Euclidean time direction.

Charge conjugation C acts on the boson field U(x) as

CU(x) = U(x)T . (1.44)

Also this transformation behavior is directly inherited by the field u(x), since

Cu(x) =
[
CU(x)

]1/2
=
[
U(x)T

]1/2
=
[
U(x)1/2

]T
= u(x)T . (1.45)

As a result, the composite fields vµ(x) and aµ(x) transform identically, namely

Cvµ(x) = vµ(x)∗ (1.46)
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and
Caµ(x) = aµ(x)∗. (1.47)

Acting on the Dirac spinors, charge conjugation has the interesting property that nucleon
and antinucleon fields are linked by

CΨ(x) = CΨ̄(x)T , CΨ̄(x) = −Ψ(x)TC−1, (1.48)

where the complex matrix C is defined by C = iγ2γ4 and fulfills the relation C−1γµC = −γTµ .

After having introduced the various symmetry transformations on all the fields involved,
I can now write down the leading terms of an Euclidean effective action describing QCD at
low energies, it reads

S
[
Ψ, Ψ̄, U

]
=

∫
d4x{MΨ̄Ψ + Ψ̄γµ(∂µ + vµ)Ψ + igAΨ̄γµγ5aµΨ

+
F 2
π

4
Tr[∂µU †∂µU ]−

〈
Ψ̄Ψ
〉

2
Tr[MU † +M†U ]}. (1.49)

This action is invariant under chiral rotations, parity and charge conjugation. Here M is
the nucleon mass and M the diagonal matrix containing the masses of the u and d quark,
M = diag(mu,md). The constants Fπ (pion decay constant), gA (coupling to the isovector
axial current) and

〈
Ψ̄Ψ
〉

(chiral order parameter) appear in the effective action but their
values can not be determined within chiral perturbation theory. Their values either result
from experimental input or from lattice calculations. The first term in the action is the mass
term for nucleons. One should point out that this term, although being a mass term, is chirally
invariant, which is a result of the nonlinear realization of chiral rotations. The second and
third term have their origin in the Dirac equation. These two terms describe the propagation
of massive nucleons. The fourth term is the lowest order pion term. As mentioned above, it
vanishes for the vacuum pion field configuration U(x) = 1. The vacuum thus minimizes the
action. Finally, the effective action includes a term which explicitly breaks chiral symmetry,
it is the last term containing the quark matrix M.





Chapter 2

Antiferromagnets

In chapter 1 I introduced an effective theory for nucleons and pions. However, I did not
derive the symmetry properties of the underlying physics, I just took them as given. Now
in the case where we want to construct an effective theory for electrons and holes in an
antiferromagnet we first of all have to work out and understand the existing symmetries of
such a material. For this purpose we analyze both the Heisenberg model and the Hubbard
model, which are microscopic models for general magnetic systems and antiferromagnetic
materials, respectively. We will see that a characteristic property of antiferromagnets is the
spontaneously broken SU(2)s spin symmetry.

2.1 The Quantum Heisenberg Model

The quantum Heisenberg model is a microscopic model for magnetism in spin systems. It
describes spin one-half particles sitting on a 2-dimensional square lattice. These particles
are fixed to their lattice sites and have no mass. The Heisenberg model is defined by the
Hamiltonian

H = J
∑
x,i

~Sx · ~Sx+î, (2.1)

where J is the exchange coupling constant. Here x denotes the sites of the lattice and î is a
unit-vector pointing in the i-direction. The spin operator on a lattice site x is given by1

~Sx =
1
2
~σx, (2.2)

where ~σ denotes the Pauli matrices. As usual, the spin operators obey the relation [Six, S
j
y] =

iδxyεijkS
k
x . The sign of the coupling constant J determines if parallel (J < 0) or antiparallel

(J > 0) spin alignment is energetically favored. Since we are interested in antiferromagnetic
spin alignment, we put J > 0.

It is interesting to note that the Heisenberg Hamiltonian does not change if each spin is
rotated by a certain angle — a global rotation of spins — as the scalar product ~Sx · ~Sx+î is
invariant under spatial rotations. Hence, the Hamiltonian displays a global SO(3) rotational

1Note that I put ~ = 1.
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symmetry. Introducing the operator of total spin,

~S =
∑
x

~Sx, (2.3)

this symmetry can also be seen by evaluating the commutator of ~S and H. A short calculation
yields that

[H, ~S] = 0. (2.4)

However, lattice simulations of the Heisenberg model showed that the global SO(3) rotational
symmetry is spontaneously broken. This can not be seen directly from the Hamiltonian as
spontaneous symmetry breaking is a complicated dynamical effect. Nevertheless, one can try
to visualize this interesting phenomenon by considering a specific state of antiparallel aligned
spins. It is not invariant under a general global rotation, as the specific state spontaneously
selected a staggered magnetization, which is given by

~M =
∑
x

(−1)x~Sx =
∑
x

(−1)x1+x2 ~Sx. (2.5)

The factor (−1)x determines if a lattice site x = (x1, x2) belongs to the even or odd sublattice.
The specific state is now invariant only under SO(2) rotations of the spins around the direc-
tion of ~M . The global SO(3) symmetry is therefore spontaneously broken down to SO(2).
Note that SO(3) ∼= SU(2) and that SO(2) ∼= U(1), the Heisenberg model thus exhibits a
spontaneous SU(2) −→ U(1) symmetry breaking.

2.2 The Hubbard Model

The Hubbard model is a popular model for antiferromagnetic materials. It is a theoreti-
cal microscopic model which describes many-particle interactions in a 2-dimensional square
lattice.

2.2.1 The Hubbard Hamiltonian

The Hubbard model is based on the following second quantized interaction Hamiltonian:

H = − t
∑
x,i

(c†x↑cx+î↑ + c†
x+î↑cx↑ + c†x↓cx+î↓ + c†

x+î↓cx↓)

+ U
∑
x

c†x↑cx↑c
†
x↓cx↓ − µ′

∑
x

(c†x↑cx↑ + c†x↓cx↓). (2.6)

Here, the spins at a site x are represented by fermion creation and annihilation operators
cx↑, cx↓ and c†x↑, c

†
x↓, which obey the standard anticommutation relations

{cxs†, cys′} = δxyδss′ , {cxs, cys′} = {c†xs, c
†
ys′} = 0. (2.7)

Unlike in the Heisenberg model, the spins are not fixed at their sites but they can hop to
nearest neighbor sites (if not forbidden by the Pauli principle). Each hop costs a certain
amount of energy which is determined by the hopping parameter t. The model also includes
an on-site Coulomb repulsion for two fermions sitting on the same lattice site, whose strength
(energy cost) is fixed by the parameter U > 0. In addition, the model can be doped by a
chemical potential µ′ for fermion number relative to an empty lattice.
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2.2.2 Basic Features and Symmetries of the Hubbard Model

In this section I want to analyze the basic features and symmetry properties of the Hubbard
model. We will find several symmetry transformations which leave the Hamiltonian of equa-
tion (2.6) invariant. In order to examine the Hamiltonian, it is useful to rewrite it in a spinor
notation. We therefore define the SU(2)s (the group index ”s” stands for spin) Pauli spinor

cx =
(
cx↑
cx↓

)
. (2.8)

Up to an irrelevant constant, the Hamiltonian can now be expressed in terms of cx and c†x. It
takes the form

H = −t
∑
x,i

(c†xcx+î + c†
x+î

cx) +
U

2

∑
x

(c†xcx − 1)2 − µ
∑
x

(c†xcx − 1). (2.9)

Here µ = µ′−U/2 is the chemical potential for fermion number but now relative to half-filling.
If the chemical potential is turned off, that is if µ = 0, one has exactly one fermion per lattice
site in average.

Let me introduce the U(1)Q charge operator

Q =
∑
x

Qx =
∑
x

(c†xcx − 1) =
∑
x

(c†x↑cx↑ + c†x↓cx↓ − 1). (2.10)

Note that the fermion number is counted relative to half-filling due to the subtraction of the
constant 1. In addition, the SU(2)s total spin operator can be defined by

~S =
∑
x

~Sx =
∑
x

c†x
~σ

2
cx, (2.11)

where ~σ are again the Pauli matrices. The three components of ~S are therefore given by

S1 =
1
2

∑
x

(c†x↑cx↓+c†x↓cx↑), S2 =
i

2

∑
x

(c†x↓cx↑−c
†
x↑cx↓), S3 =

1
2

∑
x

(c†x↑cx↑−c
†
x↓cx↓). (2.12)

I now want to show that the Hubbard Hamiltonian conserves both charge (fermion number)
and spin. This can be done by evaluating the commutators of the Hamiltonian H and the
generators Q and ~S of the symmetries, which results in [H, Q] = [H, ~S] = 0. However, I am
not going to show this calculation here, I rather like to work out how the SU(2)s Pauli spinor
actually transforms under these two symmetry transformations. It is then sufficient to show
that the Hamiltonian written in terms of the transformed spinors is exactly the same as the
original one. For this purpose I construct the two unitary operators

W = exp(iωQ), (2.13)

and
V = exp(i~η · ~S), (2.14)

which implement the corresponding symmetry transformations in the Hilbertspace of the
theory. The transformed spinors are then obtained by

Qcx = W †cxW = exp(iω)cx, (2.15)
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and
c′x = V †cxV = exp(i~η · ~σ

2
)cx = gcx, (2.16)

with
exp(iω) ∈ U(1)Q, g = exp(i~η · ~σ

2
) ∈ SU(2)s. (2.17)

These transformation laws can be derived in an expansion in powers of ω and ~η. The first
expansion is straightforward as Q is a infinitesimal Abelian generator of U(1)Q. However,
the second expansion is a bit more complicated as it involves the non-Abelian infinitesimal
generator ~S of SU(2)s. Let me show how this can be done up to first order in ~η:

V †cxV = exp(−i~η · ~S) cx exp(i~η · ~S)
= (1− i~η · ~S + . . . ) cx (1+ i~η · ~S + . . . )
= cx + icx ~η · ~S − i~η · ~S cx +O(~η2)
= cx + i~η · [cx, ~S] +O(~η2). (2.18)

In the next step one has to evaluate the commutator relation [cx, ~S]:

[cx↑, S1] =
1
2
cx↓, [cx↑, S2] = − i

2
cx↓, [cx↑, S3] =

1
2
cx↑, (2.19)

[cx↓, S1] =
1
2
cx↑, [cx↓, S2] =

i

2
cx↑, [cx↓, S3] = −1

2
cx↓, (2.20)

or in the SU(2)s spinor notation

[cx, S1] =
1
2

(
cx↓
cx↑

)
=
σ1

2
cx, [cx, S2] = − i

2

(
cx↓
−cx↑

)
=
σ2

2
cx, [cx, S3] = −1

2

(
−cx↑
cx↓

)
=
σ3

2
cx.

(2.21)
Equation (2.18) thus simplifies to

c′x = V †cxV = (1+ i~η · ~σ
2
) cx +O(~η2) = exp(i~η · ~σ

2
)cx. (2.22)

By using the definition of the charge operator Q and the explicit form of the components
of the spin operator ~S, it follows that the two symmetries commute, that is [Q, ~S] = 0.
Considering this, it is then indeed easy to see that the Hamiltonian defined in equation (2.9)
is invariant under both U(1)Q and SU(2)s transformations:

H(Qc′x) = H(cx). (2.23)

It is interesting to examine the properties of the Hubbard model in the limit where the
repulsion parameter U either takes very large or very small values compared to the hopping
parameter t. I first discuss the strong coupling limit (U � t) for a system with half-filling
(µ = 0) as this will guide us to an additional symmetry, the translation symmetry.

For very large values of U , doubly occupied sites result in a large contribution to the energy
and are thus very unlikely. For the ground state of this system, one expects one spin per lattice
site with the result that the interaction part of the Hamiltonian has infinitely many eigenstates
with eigenvalue E = 0. This enormous degeneracy can be lifted by keeping the fluctuations
induced by the virtual hopping of spins due to the kinetic energy term in an expansion in t/U .
The effects of fluctuations in the energy can be determined by perturbation theory, where



2.2 The Hubbard Model 19

the Coulomb part of the Hubbard Hamiltonian is just the unperturbed Hamiltonian of which
we know the stationary eigenstates and the perturbation Hamiltonian is the kinetic term.
Since the eigenstates of the unperturbed Hamiltonian are highly degenerate it a good idea
to use Brillouin-Wigner perturbation theory. A lengthy calculation shows2 that the Hubbard
Hamiltonian can be substituted by

H =
2t2

U

∑
x,i

~Sx · ~Sx+î. (2.24)

This is nothing else than the spin one-half Heisenberg Hamiltonian with the exchange coupling
J = 2t2/U . How can one see more intuitively that the Hubbard model leads to antiferro-
magnetism in the strong coupling limit? Assume to have the lattice filled with one spin per
lattice site randomly pointing either up or down. For example:

a) ↑ ↑ ↓ ↓ ↓ ↑

If not forbidden by the Pauli principle, a spin can now virtually hop to its neighbor’s site:

b) ↑ ↑↓ ↓ ↓ ↑

from where it can either hop back to its original position restoring the state a), or it can stay
on the new site while the other spin now hops on the empty site resulting in the state:

c) ↑ ↓ ↑ ↓ ↓ ↑

Compared to the state a), the state c) has more antiferromagnetic order. Due to the Pauli
principle, two fermions with the same spin orientation can not meet on the same site, so
that the virtual hop results in the interchange of two neighboring fermions with different spin
orientation. This favors antiparallel spins and at the end leads to an antiferromagnetic spin
configuration described by the Heisenberg Hamiltonian with J = 2t2/U > 0.

Since the Hubbard model at half-filling leads to antiferromagnetism, it exhibits a staggered
magnetization direction ~M , which I introduced in equation (2.5). However, the direction
depends on how the sign of (−1)x is defined. If the whole lattice is shifted by one lattice
spacing (in the i-direction), the staggered magnetization vector is flipped. But this is actually
just the same as redefining the sign of (−1)x and hence should not change the observable
physics. Obviously, the Hubbard model is invariant under translations by one lattice spacing.
The translation (displacement) symmetry D is generated by the unitary operator D which
acts as

Dcx = D†cxD = cx+î. (2.25)

By redefining the sum over lattice spacings x, it is easy to show that [H, D] = 0 and that the
U(1)Q as well as the SU(2)s symmetry commute with the translation, i.e. [Q,D] = [~S,D] = 0.

In the effective theory for magnons, electrons and holes, we will encounter a composite
symmetry D′, which is actually not an additional symmetry to the ones I have discussed up
to now. It is in fact a symmetry composed of a translation D and a global SU(2)s rotation

2The derivation can be found for example in [9].
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with g = iσ2. This composed symmetry is again defined by a unitary operator D′ which acts
on the spinor field as

D′
cx = D′†cxD

′ = (iσ2) Dcx = (iσ2)cx+î. (2.26)

Since D′ is composed of two symmetries that both commute with the Hubbard Hamiltonian
and since [Q, ~S] = [Q,D] = [~S,D] = 0, it is clear that also [H, D′] = [D′, D] = [D′, Q] = 0,
but [D′, ~S] 6= 0 as [Si, Sj ] 6= 0 for general i and j.

Since the Hubbard model at half-filling displays antiferromagnetism and thus has a stag-
gered magnetization direction, like in the Heisenberg model, the SU(2)s spin rotational sym-
metry is spontaneously broken down to U(1)s. Again, this is a nontrivial effect which can
not be seen directly from the Hubbard Hamiltonian, but becomes apparent only by numerical
simulations. We will see later on, that as a result of this spontaneous symmetry breaking,
the low-energy physics of antiferromagnets is governed by Goldstone bosons, the magnons.
The U(1)Q fermion number symmetry, however, remains unbroken. Also in real antiferromag-
netic materials, the U(1)Q symmetry is unbroken until one reaches the superconducting phase.

In addition to the symmetry transformations already discussed, there are yet some ad-
ditional discrete symmetries of the Hubbard Hamiltonian. Since the hopping parameter t is
a constant, the Hamiltonian is invariant under spatial rotation of the lattice by a multiple
of the angle of 90 degrees. Such a spatial rotation O of 90 degrees turns a lattice point x
into Ox = (−x2, x1). The spin direction is not affected by this rotation, as global SU(2)s
rotations can be applied independently of O. In fact, in nonrelativistic systems, spin plays the
role of an internal quantum number3 analogous to flavor in particle physics, with the result
that the fermion operators transform under O as Ocx = O†cxO = cOx. One might think that
parity is also an additional discrete symmetry. However, on a 2-dimensional lattice, parity
turns x into (−x1,−x2) and hence is nothing else than the transformation O applied twice.
We get a new symmetry if we consider the spatial reflection R at the x1-axis that turns a
lattice point x into Rx = (x1,−x2). By combining R and O, one can generate reflections also
at the x2-axis. Another important discrete symmetry is time-reversal, which flips the spin
direction. Since spin corresponds to angular momentum, this property can be understood
quite easily by considering a classical angular momentum ~L = ~r × ~p. Under time-reversal
the momentum ~p changes sign and thus changes the sign of the angular momentum. The
time-reversal symmetry is implemented in the Hilbertspace by an antiunitary and antilinear
operator T . In contrast to an ordinary unitary operator, the antiunitary operator T acts on
c-numbers as follows

T (c− number) = (c− number)∗T. (2.27)

Under time-reversal the fermion operator cx transforms as4

T cx = T †cxT = (iσ2)cx. (2.28)

Interestingly, on the level of the Hubbard model, time-reversal acts exactly as an SU(2)s spin
rotation. It is straightforward to show that the Hubbard Hamiltonian is invariant under the

3Also compare with the discussion of the Pauli equation in chapter 6.
4In order to obtain the transformation rules of the Hubbard fermion operators, I followed the work of Moritz

Bissegger [10] where the properties of the antiunitary operator T are worked out in detail.
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transformation defined in equation (2.28), and thus [H, T ] = 0. Using the antiunitarity of T it
is not difficult to verify that the spin operator ~Sx indeed changes its sign under time-reversal

T †~SxT = T †c†x~σcxT

= T †c†xTT
†~σTT †cxT

= c†x(iσ2)†T †~σT (iσ2)cx
= c†x(iσ2)†~σ∗(iσ2)cx
= −~Sx. (2.29)

After having discussed the basic symmetries, let me come back to the weak coupling limit
of the Hubbard model, where U � t. The following discussion will not lead to an additional
symmetry but is equally interesting as it allows to derive the energy-momentum relation in
this limit. Since U � t, the interaction is just a weak perturbation. Let us therefore assume
that the states of weakly coupled fermions are very similar to the ones of free fermions. With
this assumption, the Hubbard Hamiltonian reduces to the kinetic term only:

H = −t
∑
x,i

(c†xcx+î + c†
x+î

cx). (2.30)

I now transform the reduced Hubbard Hamiltonian into the momentum space in order to
derive the energy-momentum relation for free fermions. The fermion annihilation operator cx
on a d-dimensional lattice with infinitely many sites can be expanded as

cx =
∫ π

−π

ddk

(2π)d
eik·xck. (2.31)

It should be noted that the fermion annihilation and creation operators in momentum space
also obey standard canonical anticommutator relations. In momentum space the Hubbard
Hamiltonian takes the form

H̃ =
∫ π

−π

ddk

(2π)d
ε(k) c†k ck, (2.32)

with the energy-momentum relation

ε(k) .= −4t
d∑
j=1

cos(akj). (2.33)

Here I introduced the lattice spacing a. It is intersting to note that the Hubbard model
in the weak coupling limit displays a non-relativistic energy-momentum relation (relativistic
energy-momentum relations are linear).

2.2.3 An Additional SU(2) Symmetry in the Hubbard Model

At half-filling, i.e. µ = 0, the Hubbard model has an additional SU(2) symmetry, which
is actually an extension of the Abelian U(1)Q fermion number symmetry. Let us therefore
denote it by SU(2)Q. This special SU(2)Q symmetry was first noted by Yang and Zhang [11]
and is generated by the operators

Q+ =
∑
x

(−1)xc†x↑c
†
x↓, Q

− =
∑
x

(−1)xcx↓cx↑, Q3 =
∑
x

1
2
(c†x↑cx↑+ c†x↓cx↓− 1) =

1
2
Q, (2.34)
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with Q± = Q1 ± iQ2 and (Q+)† = Q−. The factor (−1)x = (−1)x1+x2 again determines if
a lattice site x belongs to the even or odd sublattice. It can be shown quite easily that the
three operators Q+, Q− and Q3 indeed generate an SU(2) transformation as they fulfill the
commutator relations

[Q+, Q−] = 2Q3 and [Q±, Q3] = ∓Q±, (2.35)

that define an SU(2) algebra. It now remains to show that this SU(2)Q transformation
is really a symmetry transformation. One therefore has to show that the three symmetry
generators commute with the Hamiltonian. A lengthy but not so difficult calculation5 yields
that, in fact,

[H, Q±] = [H, Q3] = 0. (2.36)

This additional symmetry does not commute with the translation symmetry D because
D†Q±D = −Q±. For the same reason it does not commute with the composed symme-
try D′ either. However, it will turn out to be very important that the SU(2)Q symmetry
commutes with the SU(2)s symmetry, that is [Qa, Sb] = 0.

Due to the fact that two non-Abelian transformations acting on the same spinor in general
do not commute, one concludes that a new spinor — a SU(2)Q spinor — has to be introduced
in order to reasonably represent the SU(2)Q symmetry in the Hubbard model. In other words,
one needs two sorts of Pauli spinors, the already familiar SU(2)s spinor which will be used to
discuss the spin symmetry and a new SU(2)Q spinor which will be used whenever the SU(2)Q
symmetry is concerned. The question now is how this spinor has to be built. In order to
answer this question we evaluate the commutator relations among the generators Q+, Q−, Q3

and the fermion operators cx↑, cx↓c
†
x↑, c

†
x↓:

a : [Q1, cx↑] = −1
2
(−1)xc†x↓, [Q1, c†x↓] = −1

2
(−1)xcx↑,

b : [Q1, cx↓] =
1
2
(−1)xc†x↑, [Q1, c†x↑] =

1
2
(−1)xcx↓,

a : [Q2, cx↑] = i
1
2
(−1)xc†x↓, [Q2, c†x↓] = −i1

2
(−1)xcx↑,

b : [Q2, cx↓] = −i1
2
(−1)xc†x↑, [Q2, c†x↑] = i

1
2
(−1)xcx↓,

a : [Q3, cx↑] = −1
2
cx↑, [Q3, c†x↓] =

1
2
c†x↓,

b : [Q3, cx↓] = −1
2
cx↓, [Q3, c†x↑] =

1
2
c†x↑. (2.37)

It turns out that cx↑ and c†x↓, respectively cx↓ and c†x↑ form two groups a and b. Note that
the elements of the two groups are related by the dagger operation. The commutator of a
generator Qi and a fermion operator of the group a will again be a (complex) number times a
fermion operator of the same group. The same holds for the group b. We thus conclude that a

5In appendix A one part of this calculation is shown.
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SU(2)Q Pauli spinor must contain the two operators cx↑ and c†x↓. However before introducing
the new spinor, one may want to remove the annoying factors of (−1)x in the commutators
above by adding the (−1)x factor to the fermion operators c†x↓ and c†x↓. The commutators
then change to

a : [Q1, cx↑] = −1
2
(−1)xc†x↓, [Q1, (−1)xc†x↓] = −1

2
cx↑,

b : [Q1, (−1)xcx↓] =
1
2
c†x↑, [Q1, c†x↑] =

1
2
(−1)xcx↓,

a : [Q2, cx↑] = i
1
2
(−1)xc†x↓, [Q2, (−1)xc†x↓] = −i1

2
cx↑,

b : [Q2, (−1)xcx↓] = −i1
2
c†x↑, [Q2, c†x↑] = i

1
2
(−1)xcx↓,

a : [Q3, cx↑] = −1
2
cx↑, [Q3, (−1)xc†x↓] =

1
2
(−1)xc†x↓,

b : [Q3, (−1)xcx↓] = −1
2
(−1)xcx↓, [Q3, c†x↑] =

1
2
c†x↑. (2.38)

Let me now introduce the SU(2)Q spinor

dx =

(
cx↑

(−1)xc†x↓

)
, (2.39)

which obeys the standard anticommutator relations

{d†xa, dyb} = δxyδab, {dxa, dyb} = {d†xa, d
†
yb} = 0. (2.40)

In order to implement the symmetry transformation in the Hilbert space of the theory one
defines a unitary operator

W = exp(i~ω · ~Q). (2.41)

The transformed SU(2)Q spinors are then given by

~Qdx = W †dxW = Ωdx (2.42)

which, like in the SU(2)s case, can again be evaluated by an expansion in the parameter ~ω.
Using the commutator relations of equation (2.38), the expansion yields

~Qdx = (1+ i~ω · ~σ
2
)dx +O(~ω)2 = exp(i~ω · ~σ

2
)dx = Ωdx, (2.43)

with the Pauli matrices ~σ now operating in the SU(2)Q space and

Ω = exp(i~ω · ~σ
2
) ∈ SU(2)Q. (2.44)

Under the translation symmetry D, the spinor dx transforms as

Ddx =

(
cx+î↑

(−1)xc†
x+î↓

)
=

(
cx+î↑

−(−1)x+î c†
x+î↓

)
= σ3dx+î. (2.45)
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It does not make sense to apply the D′ transformation on the spinor dx because the spin
transformation g = iσ2, which is contained in the combined transformation D′, is not defined
for the SU(2)Q spinor. It is clear that the discrete symmetry transformations O, R and T
can be applied to dx. However, this will not be worked out at this point.

The Hubbard Hamiltonian can be written in terms of the SU(2)Q spinors and takes the
form

H = −t
∑
x,i

(d†xdx+î + d†
x+î

dx)−
U

2

∑
x

(d†xdx − 1)2 − µ
∑
x

d†xσ3dx. (2.46)

Both the hopping and the Coulomb term are manifestly SU(2)Q invariant. But away from
half-filling (if µ 6= 0) the chemical potential term explicitly breaks the SU(2)Q symmetry
down to U(1)Q.

2.2.4 SU(2)s ⊗ SU(2)Q Invariant Formulation of the Hubbard Model

Since the spinor notation of the Hubbard model does not allow to consider SU(2)s and SU(2)Q
transformations both at the same time, we tried to find yet another representation in which
the SU(2)s ⊗ SU(2)Q invariance of the Hubbard Hamiltonian is apparent. For this purpose,
we first introduce the auxiliary-spinor

c̃x =

(
(−1)xc†x↓
−(−1)xc†x↑

)
, (2.47)

which is actually derived as c̃x = (−1)x(iσ2)(c
†
x)T . Under SU(2)s, this spinor transforms

exactly like cx, because

c̃′x = (−1)x(iσ2)((c†x)
T )′ = (−1)x(iσ2)g∗(c†x)

T = (−1)xg(iσ2)(c†x)
T = gc̃x. (2.48)

Under the shift symmetry it transforms as D c̃x = −c̃x+î. In addition, there is another auxiliary
spinor

d̃x =

(
cx↓

−(−1)xc†x↑

)
, (2.49)

which transforms exactly like dx under SU(2)Q, that is Qd̃x = Ωd̃x, and under the shift sym-
metry as Dd̃x = σ3d̃x+î.

With the four spinors cx, c̃x, dx and d̃x we then introduce the matrix-valued fermion op-
erator

Fx = (cx, c̃x) =
(

(dx)T

(d̃x)T

)
=

(
cx↑ (−1)xc†x↓
cx↓ −(−1)xc†x↑

)
, (2.50)

for which SU(2)s ⊗ SU(2)Q transformations are properly defined by

~QF ′
x = gFxΩT . (2.51)
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In this notation it is now apparent, that the two non-Abelian transformations do commute,
since the SU(2)s symmetry acts on the left while the SU(2)Q symmetry acts on the right.
Under the translation symmetry the fermion field transforms as

DFx = Fx+îσ3, (2.52)

and under the combined shift symmetry as

D′
Fx = (iσ2)Fx+îσ3. (2.53)

Due to the appearance of σ3 on the right, it is guaranteed that the shift transformation
commutes with all SU(2)s spin transformations. However, the shift does not commute with
the full SU(2)Q transformations. It only commutes with the Abelian U(1)Q part. According
to equation (2.28) the fermion field transforms under time-reversal as

TFx = (iσ2)Fx. (2.54)

Using the fermion matrix Fx, the Hubbard Hamiltonian can be written in a manifestly
SU(2)s, U(1)Q, D, D′ and T invariant form

H = − t
2

∑
x,i

Tr[F †
xFx+î + F †

x+î
Fx] +

U

12

∑
x

Tr[F †
xFxF

†
xFx]−

µ

2

∑
x

Tr[F †
xFxσ3]. (2.55)

At half-filling (for µ = 0), the Hamiltonian is even manifestly SU(2)Q invariant.





Chapter 3

Low-Energy Effective Theory for
Magnons

From experiment it is known that high-temperature superconductors result from hole- or
electron-doped quantum antiferromagnets. In order to understand the physics of high-Tc
materials it is thus sensible to first of all examine the low-energy physics of antiferromagnets.
As discussed in chapter 2, quantum antiferromagnets are systems in which the global SU(2)s
spin symmetry is spontaneously broken down to U(1)s. As a result of the spontaneous
symmetry breaking, the low-energy physics of these materials is dominated by Goldstone
bosons — the magnons — which can be described by chiral perturbation theory. Chiral
perturbation theory was originally developed to describe the low-energy dynamics of the
Goldstone bosons of QCD — the pions — by an effective Lagrangian or action formulation,
which I reviewed in section 1.2. In this chapter I want to review the basic properties of
chiral perturbation theory for magnons. I then introduce the construction of a nonlinear
realization of the spontaneously broken SU(2)s spin symmetry, which will later be used to
couple the magnons to electrons or holes. The nonlinear realization of the spontaneously
broken spin symmetry has its analog in the nonlinear realization of the spontaneously broken
chiral symmetry applied to the nucleon fields discussed in section 1.3.

3.1 Effective Description of Magnons

In quantum antiferromagnets the global spin rotational symmetry group G = SU(2)s is spon-
taneously broken by the formation of a staggered magnetization. These systems are invariant
only under spin rotations in the subgroup H = U(1)s. Goldstone’s theorem predicts in this
case two (3 − 1 = 2) massless bosons — the magnons — which are also known as antiferro-
magnetic spin waves. The magnon fields live in the coset space G/H = SU(2)s/U(1)s ≡ S2

and hence are described by a unit-vector field

~e(x) = (e1(x), e2(x), e3(x)) ∈ S2, ~e(x)2 = 1, (3.1)

where x = (x1, x2, t) denotes a point in space-time. It is sufficient to consider only two spa-
tial directions due to the experimental fact that high-Tc materials consist of 2-dimensional
cuprate layers. Note that the field ~e(x) can be viewed as the local staggered magnetization.

27
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In order to describe the low-energy physics of magnons, again, like in the case of the
Goldstone pions, one can try to write down an effective Lagrangian (or effective action) with
as few derivatives acting on the magnon field as possible. The result is the leading order
low-energy effective action derived in [12,13] which takes the form

S[~e] =
∫
d2x

∫
S1

dt
ρs
2

(∂i~e · ∂i~e+
1
c2
∂t~e · ∂t~e). (3.2)

This is an Euclidean action, where the Euclidean time direction is compactified to a circle
S1 of circumference β = 1/T . The parameter ρs stands for the spin stiffness. It is analogous
to F 2

π in the QCD case. The second parameter, c, stands for the spin wave velocity, which
is of course smaller than the velocity of light1. Note that the two material parameters ρs
and c can not be determined within chiral perturbation theory but have to be fixed either
experimentally or by a lattice calculation.

This magnon action in terms of the vector field ~e(x) is invariant under global spin rotations
R ∈ SO(3)s ∼= SU(2)s = G,

~e(x)′ = R~e(x). (3.3)

However, a spontaneously selected constant vacuum configuration of the magnon field, take
for example ~e(x) = (0, 0, 1), is invariant only under rotations R ∈ SO(2)s ∼= U(1)s = H in the
unbroken subgroup. Since the field ~e(x) corresponds to the local staggered magnetization, it
changes sign under a shift transformation D, that is

D~e(x) = −~e(x). (3.4)

In our case it will turn out to be more convenient to work with an alternative matrix
representation of the magnon field instead of the vector field representation introduced above.
We choose to represent the magnon field by 2× 2 matrices P (x) which are defined with the
help of the vector field ~e(x) as

P (x) =
1
2
(1+ ~e(x) · ~σ), (3.5)

where ~σ are the Pauli matrices. The matrices P (x) ∈ CP (1) = SU(2)s/U(1)s ≡ S2 are
Hermitean projection matrices obeying2

P (x)† = P (x), TrP (x) = 1, P (x)2 = P (x). (3.6)

The lowest-order effective action can be written in terms of the projection matrices P (x) and
takes the form

S[P ] =
∫
d2x

∫
S1

dt ρsTr[∂iP∂iP +
1
c2
∂tP∂tP ]. (3.7)

The magnon field described by the matrix P (x) has its analog in the QCD case in the pion
field described by the matrix U(x). Under global chiral rotations, the pion field transforms
as U(x)′ = LU(x)R† with L ∈ SU(2)L and R ∈ SU(2)R being elements of the full symmetry

1In the low-energy effective pion Lagrangian of equation (1.24) the parameter c is not visible since one puts
c = 1.

2It is easy to show that TrP = 1 since the ~σ Pauli matrices are traceless. In order to show that P 2 = P ,
one uses (~e · ~σ)2 = 1.
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group. In the magnon case, the full symmetry group is SU(2)s so that under global spin
rotations g ∈ SU(2)s the magnon field transforms as

P (x)′ = gP (x)g†. (3.8)

It is then obvious that the magnon action S[P ] is invariant under global SU(2)s spin rota-
tions. Of course, the magnon field P (x) does not change its Hermitean projection proper-
ties under such spin transformation with the result that P (x)′† = P (x)′, TrP (x)′ = 1 and
P (x)′2 = P (x)′.

Let us see how the other symmetry transformations, which we found in the Hubbard
model, are realized on the magnon field. Under the shift (or translation) D by one lattice
spacing the staggered magnetization changes sign, which means that D~e(x) = −~e(x) and
therefore

DP (x) =
1
2
(1− ~e(x) · ~σ) = 1− P (x). (3.9)

Note that under the shift, unlike in the Hubbard model, the argument of the fields does not
change from x to x+ î because the fields now live in the continuum. It is important that the
magnon field P (x) maintains its projection properties also under the shift transformation.
However, it must be emphasized that this is only fulfilled in an SU(2)-model, where Tr1 = 2,
so that Tr[DP (x)] = Tr[1− P (x)] = 2− 1 = 1.

Under the ”charge conjugation” D′, which is actually a translation D combined with a
global spin rotation g = iσ2, the magnon field transforms as

D′
P (x) = (iσ2) DP (x)(iσ2)† = (iσ2)[1− P (x)](iσ2)† = P (x)∗. (3.10)

It should be pointed out that the magnon field is invariant under the fermion number sym-
metries U(1)Q and SU(2)Q.

In the Hubbard model the 90 degrees rotation O of the spatial lattice turned a lattice
point x into Ox = (−x2, x1). When the same rotation O is applied to a point x = (x1, x2, t)
in space-time one gets Ox = (−x2, x1, t). Under the symmetry O the magnon field transforms
as

OP (x) = P (Ox). (3.11)

Note that only the argument of the magnon field is affected by the rotation since the spin
appears as an internal quantum number and because the SU(2)s symmetry is exact. The
same holds for the spatial reflection symmetry R under which the magnon field transforms as

RP (x) = P (Rx). (3.12)

In the previous chapter we have seen that time-reversal is another important symmetry dis-
played by the underlying physics of the effective theory to be constructed. Time-reversal T
turns a point x = (x1, x2, t) in space-time into Tx = (x1, x2,−t). I have shown that the
microscopic spin operator ~Sx changes sign under the T operation. As a consequence the
staggered magnetization ~e(x) — that depends in a classical point of view on the microscopic
spin operators — also changes sign under time-reversal. Hence on has

T~e(x) = −~e(Tx). (3.13)
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Up to the change of the argument, this is the same transformation behavior as the one implied
by the shift transformation D (given in equation (3.4)). It is clear that also in the matrix
representation of the magnon field this correspondence will show up, that is

TP (x) = 1− P (Tx) = DP (Tx). (3.14)

Similar to the combined symmetry operation D′, it will turn out to be very useful to also
define a combined time-reversal operation T ′. That is an ordinary time-reversal operation T
combined with a global SU(2)s spin rotation g = iσ2. Under T ′ the magnon field transforms
as

T ′
P (x) = (iσ2) TP (x)(iσ2)† = (iσ2) DP (Tx)(iσ2)† = D′

P (Tx). (3.15)

The action of equation (3.7) is invariant under all those symmetry transformations.

3.2 Nonlinear Realization of the SU(2)s Symmetry

As stated in section 1.3, a nonlinear realization of the spontaneously broken chiral SU(2)L⊗
SU(2)R flavor symmetry is needed to construct an effective theory for pions and nucleons.
The flavor transformation is implemented on the nucleon fields by the local, nonlinear trans-
formation V (x) in the unbroken subgroup SU(2)L=R.

3.2.1 Construction of the Nonlinear Realization

In order to couple magnons to electrons or holes, we construct a nonlinear realization of the
spontaneously broken SU(2)s symmetry. Also here, the spin symmetry is implemented on the
electron and hole fields by a local, nonlinear transformation in the unbroken subgroup U(1)s.
In the following, I want to construct this local transformation from the global transformation
g ∈ SU(2)s as well as from the magnon field P (x). In the first step one has to define the local,
unitary transformation u(x) ∈ SU(2)s which diagonalizes the magnon field. It is defined by

u(x)P (x)u(x)† =
1
2
(1+ σ3) =

(
1 0
0 0

)
, u11(x) ≥ 0. (3.16)

In order to have u(x) copletely well-defined, we need to demand that the matrix element
u11(x) is real and non-negative. If this condition was not imposed, the matrix u(x) would be
defined only up to a U(1)s phase. In appendix B a detailed derivation of u(x) is carried out.
At this point I just want to present the results obtained in equations (B.12) and (B.14):

u(x) =
1√

2(1 + e3(x))

(
1 + e3(x) e1(x)− ie2(x)

−e1(x)− ie2(x) 1 + e3(x)

)

=

(
cos( θ(x)2 ) sin( θ(x)2 ) exp(−iϕ(x))

− sin( θ(x)2 ) exp(iϕ(x)) cos( θ(x)2 )

)
. (3.17)

Note that, in the ~e(x)-language, the diagonalized magnon field P (x) = diag(1, 0) corre-
sponds to a constant vacuum field configuration with ~e(x) = (0, 0, 1). This means that the
local transformation u(x) rotates an arbitrary magnon field configuration P (x) into the spe-
cific diagonal field configuration with P (x) = 1

2(1+ σ3).
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Until now we have constructed the local matrix-valued field u(x). The nonlinear symmetry
transformation, which we are actually aiming at, will now result from the transformation
behavior of the field u(x) under global SU(2)s transformations. We demand that

u(x)′P (x)′u(x)′† = u(x)P (x)u(x)† =
1
2
(1+ σ3). (3.18)

Since the magnon field P (x) transforms under the global transformation g ∈ SU(2)s as
P (x)′ = gP (x)g†, one may guess that the transformation law of the diagonalizing field reads
u(x)′ = u(x)g†. However, it is then not guaranteed that u11(x)′ is real and non-negative.
In order to remove a possible complex phase and always make u11(x)′ non-negative, an ad-
ditional local U(1)s transformation h(x) is needed — this is the nonlinear, local symmetry
transformation. It takes the form

h(x) = exp(iα(x)σ3) =
(

exp(iα(x)) 0
0 exp(−iα(x))

)
∈ U(1)s. (3.19)

Under SU(2)s spin rotations the diagonalizing field then transforms as

u(x)′ = h(x)u(x)g†, u11(x)′ ≥ 0. (3.20)

By this last equation, the transformation h(x) is uniquely defined.

It is very interesting to note that with the nonlinearly realized symmetry, the global
SU(2)s transformation g appears in the form of a local U(1)s transformation h(x). Its space-
time dependence stems from the space-time dependent magnon field P (x). In the special case
of g being an element of the unbroken subgroup, that is g = diag(exp(iβ), exp(−iβ)), it turns
out that the transformation h(x) reduces to h(x) = h = g and therefore becomes global and
linearly realized.

One can now show that the SU(2)s group structure of the global symmetry group g is
properly inherited by the nonlinearly realized symmetry in the unbroken subgroup U(1)s.
One therefore demands that a composite transformation g = g2g1 ∈ SU(2)s leads to a com-
posite transformation h(x) = h2(x)h1(x) ∈ U(1)s. First, we perform the global SU(2)s
transformation g1, that is

P (x)′ = g1P (x)g†1, u(x)′ = h1(x)u(x)g
†
1, (3.21)

which defines the nonlinear transformation h1(x). We then perform the second global trans-
formation g2, which defines the nonlinear transformation h2(x), that is

P (x)′′ = g2P (x)′g†2 = g2g1P (x)(g2g1)† = gP (x)g†,

u(x)′′ = h2(x)u(x)′g
†
2 = h2(x)h1(x)u(x)(g2g1)† = h(x)u(x)g†. (3.22)

We can indeed identify h(x) = h2(x)h1(x) and thus conclude that the group structure is
properly inherited by the nonlinear realization.
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We have seen that the magnon field ~e(x) changes sign under the shift symmetry D. The
shifted diagonalizing field u(x) thus takes the form

Du(x) =
1√

2(1− e3(x))

(
1− e3(x) −e1(x) + ie2(x)

e1(x) + ie2(x) 1− e3(x)

)

=

(
sin( θ(x)2 ) − cos( θ(x)2 ) exp(−iϕ(x))

cos( θ(x)2 ) exp(iϕ(x)) sin( θ(x)2 )

)
= τ(x)u(x), (3.23)

with

τ(x) =
1√

e1(x)2 + e2(x)2

(
0 −e1(x) + ie2(x)

e1(x) + ie2(x) 0

)

=
(

0 − exp(−iϕ(x))
exp(iϕ(x)) 0

)
. (3.24)

Note that — in addition to the global spin symmetry — also the shift symmetry D is re-
alized nonlinearly. This means that the transformation matrix τ(x) depends on the specific
configuration of the field u(x), which itself depends on the magnon field P (x).

Since the composed shift symmetry D′ acts on the magnon field P (x) as D
′
P (x) = P (x)∗,

it is evident3 that the same transformation behavior is inherited by the diagonalizing field
u(x), such that

D′
u(x) = u(x)∗. (3.25)

This transformation behavior can also be derived indirectly by decomposing the D′ trans-
formation into a translation D and a global spin transformation g = iσ2. One then finds
D′
u(x) = h(x) Du(x)g†, where the local transformation h(x) takes the form h(x) = (iσ2)τ(x)†,

so that D′
u(x) = (iσ2)τ(x)†τ(x)u(x)(iσ2)† = u(x)∗. Note that, in contrast to the shift trans-

formation, the combined shift transformation is realized in a linear manner. In other words,
the shift symmetry D is spontaneously broken in an antiferromagnet, while the combined
symmetry D′ is unbroken.

Under the time-reversal symmetry T one finds the following transformation behavior of
the diagonalizing field

Tu(x) = Du(Tx) = τ(Tx)u(Tx). (3.26)

Here it is visible that time-reversal is also spontaneously broken in an antiferromagnet, since
it is realized in a non-linear manner. However, the combined transformation T ′ is unbroken
and thus easier to handle. One finds

T ′
u(x) = D′

u(Tx) = u(Tx)∗. (3.27)

3.2.2 Construction of an SU(2)s ”Gauge” Field

In analogy to the flavor ”gauge” field in the effective theory for nucleons and pions, we
construct a spin ”gauge” field which is needed in the formulation of an effective theory for
magnons coupled to electrons or holes. For that reason we introduce the anti-Hermitean field

vµ(x) = u(x)∂µu(x)†. (3.28)

3If u(x)P (x)u(x)† = 1
2
(1+ σ3), then also u(x)∗P (x)∗u(x)∗† = 1

2
(1+ σ3)

∗ = 1
2
(1+ σ3).
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Under global SU(2)s rotations it transforms as a non-Abelian ”gauge” field, that is

vµ(x)′ = h(x)u(x)g†∂µ[gu(x)†h(x)†] = h(x)[vµ(x) + ∂µ]h(x)†. (3.29)

As a matter of fact, we started with the transformation law of equation (3.29) and only then
determined the actual form of the field vµ(x).

Since the field vµ(x) is traceless4, it can be written as a linear combination of the (traceless)
Pauli matrices σa,

vµ(x) = ivaµ(x)σa, a ∈ {1, 2, 3}, vaµ(x) ∈ IR. (3.30)

The factor i is needed to make vµ(x) anti-Hermitean. According to the above decomposition,
the three components of vµ(x) are given by

vaµ(x) =
1
2i

Tr [vµ(x)σa] . (3.31)

The third component, v3
µ(x), plays an important role as it shapes up as the actual spin

”gauge” field. Under global SU(2)s spin rotations it transforms as

v3
µ(x)

′ =
1
2i

Tr
[
vµ(x)′σ3

]
=

1
2i

Tr
[
[h(x)vµ(x)h(x)† − i∂µα(x)σ3]σ3

]
=

1
2i

Tr
[
i(v1

µ(x)σ1 + v2
µ(x)σ2 + v3

µ(x)σ3)σ3 − i∂µα(x)1
]

=
1
2
Tr
[
−iv1

µ(x)σ2 + iv2
µ(x)σ1 + v3

µ(x)1− ∂µα(x)1
]

v3
µ(x)

′ = v3
µ(x)− ∂µα(x). (3.32)

This is indeed the transformation behavior of an Abelian U(1)s gauge field. It should perhaps
be pointed out that, even though I speak about a spin ”gauge” field, the spin symmetry is
not really gauged. The U(1)s spin ”gauge” field v3

µ(x) in fact results from the nonlinear U(1)s
realization of the global SU(2)s symmetry. In addition, we define the fields

v±µ (x) = v1
µ(x)∓ iv2

µ(x). (3.33)

A similar calculation as above implies that under global SU(2)s spin rotations these fields
transform as

v±µ (x)′ = exp(±2iα(x))v±µ (x), (3.34)

they thus exhibit the transformation behavior of vector fields ”charged” under U(1)s. Looking
for analogies between the magnet case and the QCD case, we find that our v3

µ(x) corresponds
to the vµ(x) in QCD and that our v±µ (x) correspond to the charged vector field aµ(x). Again, it
should be pointed out that the fields vaµ(x) do not represent independent degrees of freedom,
because they are composed of magnon fields. For later convenience we also introduce the
Hermitean charged vector field

Vµ(x) = v1
µ(x)σ1 + v2

µ(x)σ2 = v+
µ (x)σ+ + v−µ (x)σ− =

(
0 v+

µ (x)
v−µ (x) 0

)
, (3.35)

4In order to see that Trvµ(x) = 0, one has to diagonalize u(x) and then use the fact that diagonal matrices
commute.
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where σ± = 1
2(σ1 ± iσ2) are raising and lowering operators of spin. Under SU(2)s spin

rotations the charged vector field transforms as

Vµ(x)′ = h(x)V (x)h(x)†. (3.36)

Under the shift symmetry D the composite field transforms as

Dvµ(x) = τ(x)u(x)∂µ[u(x)†τ(x)†] = τ(x)[vµ(x) + ∂µ]τ(x)†. (3.37)

This can be expressed in components and takes the form

Dv3
µ(x) = −v3

µ(x) + ∂µϕ(x), Dv±µ (x) = − exp(∓2iϕ(x))v∓µ (x). (3.38)

For the charged vector field this implies

DVµ(x) = τ(x)Vµ(x)τ(x)†. (3.39)

Under the combined symmetry D′ one finds

D′
vµ(x) = u(x)∗∂µu(x)∗

† = vµ(x)∗ (3.40)

for the composite field. Expressed in components this implies

D′
v3
µ(x) = −v3

µ(x),
D′
v±µ (x) = −v∓µ (x), (3.41)

and the charged vector field transforms as

D′
Vµ(x) = −Vµ(x)∗ (3.42)

Note that this is exactly the transformation behavior of an ordinary non-Abelian gauge field
displayed under charge conjugation in particle physics.

Let us see how the other discrete symmetries act on the SU(2)s ”gauge” field vµ(x) and
its components. First, under spatial rotations O of 90 degrees, the composite field transforms
as

Ovi(x) = εijvj(Ox), Ovt(x) = vt(Ox). (3.43)

Then, under reflections at the x1-axis one finds

Rv1(x) = v1(Rx), Rv2(x) = −v2(Rx), Rvt(x) = vt(Rx). (3.44)

At last, under time-reversal T one obtains

T vi(x) = Dvi(Tx), T vt(x) = − Dvt(Tx). (3.45)

For the charged vector field Vµ(x) this implies

TVi(x) = τ(Tx)Vi(Tx)τ(Tx)†, TVt(x) = −τ(Tx)Vt(Tx)τ(Tx)†. (3.46)

Under the composite variant T ′ one has

T ′
vi(x) = D′

vi(Tx), T
′
vt(x) = − D′

vt(Tx), (3.47)
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and5

T ′
Vi(x) = −Vi(Tx)T , T

′
Vt(x) = Vt(Tx)T . (3.48)

At the end of this chapter I would like to show that the lowest-order effective action for
magnons can also be expressed in terms of the field vµ(x). I will first present the effective
action S[vµ] and then give some hints how the result can be verified. The effective action
takes the form

S[vµ] =
∫
d2x

∫
S1

dt 2ρs(v+
i v

−
i +

1
c2
v+
t v

−
t ). (3.49)

One should not think of v+
µ v

−
µ as a mass term of a charged vector field. It is nothing else than

the kinetic term of a massless Goldstone boson, the magnon.
In order to see that S[vµ] is indeed equivalent to S[~e] or S[P ], we first take a closer look

at the expression v+
µ v

−
µ :

v+
µ v

−
µ = (v1

µ)
2 + (v2

µ)
2. (3.50)

Note that — for notational convenience — the x-argument of the fields is omitted in this
discussion. One now has to relate the two components v1

µ and v2
µ to the magnon field expressed

in the ~e-language. I do this by comparing the composite field first expressed in terms of u
and then in terms of the components v3

µ and v±µ , that is

vµ = u∂µu
† =

(
u11∂µu

†
11 + u12∂µu

†
21 u11∂µu

†
12 + u12∂µu

†
22

u21∂µu
†
11 + u22∂µu

†
21 u21∂µu

†
12 + u22∂µu

†
22

)
, (3.51)

and

vµ = ivaµσa =
(

iv3
µ iv1

µ + v2
µ

iv1
µ − v2

µ −iv3
µ

)
. (3.52)

One can now use the explicit dependence of u on ~e and then evaluate the matrix element
u11∂µu

†
12 + u12∂µu

†
22. This leads to

u11∂µu
†
12 + u12∂µu

†
22 = i

1
2
(∂µe2 −

e2
1 + e3

∂µe3) +
1
2
(

e1
1 + e3

∂µe3 − ∂µe1). (3.53)

Comparing this result to the corresponding matrix in equation (3.52), we see that the imagi-
nary part corresponds to v1

µ and that the real part corresponds to v2
µ. These two components

can then be plugged into equation (3.50), which yields

v+
µ v

−
µ =

1
4
(∂µe1 · ∂µe1 + ∂µe2 · ∂µe2 + ∂µe3 · ∂µe3) =

1
4
∂µ~e · ∂µ~e. (3.54)

It is now easy to also express the magnon action in terms of the charged vector field Vµ(x).
One uses the fact that V †

µVµ = VµVµ = v+
µ v

−
µ 1 and writes

S[Vµ] =
∫
d2x

∫
S1

dt ρsTr[V †
i Vi +

1
c2
V †
t Vt]. (3.55)

5Note that the upper index T on the right denotes transpose.





Chapter 4

From Microscopic Degrees of
Freedom to Effective Fields for
Charge Carriers

In this chapter I am going to relate the microscopic degrees of freedom to effective fields for
charge carries — the electrons and holes. It is actually not possible to derive the effective
fields from the microscopic fields in a strict way. The reason lies in the difference of their
nature as the fields of the effective theory are represented by Euclidean Grassmann numbers,
while the Hubbard fields are represented by lattice operators. Despite the different nature of
the effective and the microscopic fields, it is essential that both representations display the
same symmetry transformation properties. As an intermediate step between the microscopic
and effective theory, it is helpfull to add a magnon background field P (x) to the Hubbard
model by hand. This will lead to a better understanding of the transformation properties of
the electron and hole fields.

Before introducing the effective fields for electrons and holes, it is first necessary to think
about the actual ground state or vacuum of our theory. The vacuum of the effective theory
is a pure antiferromagnet with no extra electron or hole added, in other words it is a charge-
neutral state. In the Hubbard model, this state corresponds to a half-filled system and not
to the totally empty lattice. The half-filled ground state corresponds to the Dirac sea in
a relativistic quantum field theory. In such a theory, the vacuum is defined as the state
which fills up the Dirac sea of negative energies. In order to get a better understanding of
the half-filled ground state of the Hubbard model, it is useful to construct an electron-hole
representation of the Hubbard lattice operators.

4.1 Electron-Hole Representation of the Hubbard Model Op-
erators

In subsection 2.2.2 I have justified that for U � t the Hubbard model at half-filling leads
to antiferromagnetism. By the formation of a staggered magnetization, we can identify two
sublattices: the even sublattice A where all spins point down and the odd sublattice B where
all spins point up. The two sublattices can also be characterized by the sign of the factor
(−1)x, where again x = (x1, x2). Let us assume that for x ∈ A : (−1)x = 1 and for

37
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x ∈ B : (−1)x = −1. Note that this is just a convenient convention, but does not have any
influence on the physics we describe. This antiferromagnetic state is nothing else than the
classical Néel state

|N〉 =
∏
x∈A

c†x↓

∏
y∈B

c†y↑|0〉. (4.1)

With the help of the Néel state one can define electron and hole operators. But, in order to
get a better understanding for electrons and holes, let us first do a gedankenexperiment and
take a close look at a specific even lattice site A: the Néel state has a spin down sitting at
this site. Note however that this spin down represents neither an electron nor a hole. An
experimenter could now want to add an electron to this specific lattice site. Due to the Pauli
principle he can only add an electron with spin pointing up. What if he decides to remove
a spin from this site? In the case he has already added an electron with spin up, he can
now remove it and therefore annihilates an electron with spin up. But if he starts with the
pure Néel state, the only thing he can do is to remove the initial spin pointing down with the
result that he creates a hole. Since a spin pointing down is now missing, the whole system has,
relative to the initial state, an additional spin pointing up. The experimenter thus created a
hole with spin up. At the end, he can annihilate the hole with spin up by adding the original
spin pointing down. A similar gedankenexperiment can be done for a specific lattice site B.
More formal this can be expressed as follows:

For even lattice sites x ∈ A holds

cx↑|N〉 = 0, c†x↓|N〉 = 0, x ∈ A. (4.2)

The operator c†x↑ creates an electron with spin up, while the operator cx↓ creates a hole with
spin up. Consequently, the SU(2)s spinor cx of the Hubbard model, which contains two
annihilation operators, can be related to a relativistic spinor which contains both creation
and annihilation operators:

cx =
(
cx↑
cx↓

)
=

(
ax↑
b†x↑

)
, x ∈ A. (4.3)

The upper component, ax↑, is a particle annihilation operator, while the lower component,
b†x↑, is a hole creation operator.

For odd latice sites x ∈ B holds

cx↓|N〉 = 0, c†x↑|N〉 = 0, x ∈ B. (4.4)

In this case the operator c†x↓ creates an electron with spin down, while the operator cx↑ creates
a hole with spin down. The SU(2)s spinor is related to a relativistic spinor by

cx =
(
cx↑
cx↓

)
=

(
b†x↓
ax↓

)
, x ∈ B. (4.5)

Here, the upper component, b†x↓, is a hole creation operator, while the lower component, ax↓,
is a electron annihilation operator.

Note that the spin index of the a and b operators indicate the actual spin direction of the
particles and holes they create or annihilate. Also note that an operator with dagger is a
creator, while an operator without dagger is a annihilator. In addition, a always corresponds
to electrons, while b corresponds to holes.
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4.2 Intermediate Step: Microscopic Operators in a Magnon
Background Field

In this section, I add by hand a continuum magnon field P (x) to the Hubbard model. This
will allow to analyze the transformation properties of the electron and hole fields in the pres-
ence of magnons. What is actually done is the coupling of a given magnon field to charge
carriers sitting on the lattice of the Hubbard model. With the help up the diagonalizing
unitary matrix field u(x) one can construct new lattice field operators ΨA

x and ΨB
x for the

charge carriers from the matrix valued Hubbard operator Fx. Through the diagonalizing field
u(x) then enters the nonlinear realization of the SU(2)s symmetry.

We define the new lattice operators on even lattice sites by

ΨA
x = u(x)Fx = u(x)

(
cx↑ c†x↓
cx↓ −c†x↑

)
=

(
ψAx+ ψA†x−
ψAx− −ψA†x+

)
, x ∈ A, (4.6)

and on odd lattice sites by

ΨB
x = u(x)Fx = u(x)

(
cx↑ −c†x↓
cx↓ c†x↑

)
=

(
ψBx+ −ψB†x−
ψBx− ψB†x+

)
, x ∈ B. (4.7)

Note that in this section the continuum matrix field u(x) is evaluated only at discrete lattice
points x. It should be mentioned, that the new electron and hole field operators obey standard
anticommutator relations. For a constant magnon field P (x) = 1

2(1 + σ3) the diagonalizing
matrix field reduces to u(x) = 1. Hence, the new lattice operators can be directly related to
the operators of the electron-hole representation which has been constructed in the previous
section. On even lattice sites one finds(

ax↑ bx↑
b†x↑ −a†x↑

)
=

(
ψAx+ ψA†x−
ψAx− −ψA†x+

)
, x ∈ A, (4.8)

while on odd lattice sites(
b†x↓ −a†x↓
ax↓ bx↓

)
=

(
ψBx+ −ψB†x−
ψBx− ψB†x+

)
, x ∈ B. (4.9)

Note that we do no longer label the spin direction with ↑ and ↓, but with + and −. The
↑↓-notation is used in the microscopic theory where the x3-axis is chosen to be the global
spin quantization axis. In the effective theory we choose a local quantization axis which
corresponds to the local staggered magnetization direction. The label (+) then indicates
spin parallel to the staggered magnetization, while (−) indicates anti-parallel spin direction.
Also compare with the SU(2)s transformation behavior of the new fermion operators given
in equation (4.11).

I now derive the transformation properties of the new lattice operators ΨA
x and ΨB

x .
According to equations (3.20) and (2.16), under the SU(2)s symmetry the electron and hole
operators transform as

ΨA,B
x

′
= u(x)′F ′

x = h(x)u(x)g†gFx = h(x)ΨA,B
x . (4.10)



40 Chapter 4. From Microscopic Degrees of Freedom to Effective Fields for Charge Carriers

Note that both lattice operators, ΨA
x and ΨB

x transform identically. Interestingly, the global
SU(2)s symmetry is now realized nonlinearly. In components the transformation law takes
the form

ψA,Bx±
′
= exp(±iα(x))ψA,Bx± . (4.11)

Under the SU(2)Q symmetry the lattice operators transform as

~QΨA,B
x = ~Qu(x) ~QFx = u(x)FxΩT = ΨA,B

x ΩT . (4.12)

For fermion number transformations in the U(1)Q subgroup of SU(2)Q, the transformation
law of the components takes the form

QψA,Bx± = exp(iω)ψA,Bx± . (4.13)

Under the shift symmetry D the new operators transform as

DΨA,B
x = Du(x+ î)Fx+îσ3 = τ(x+ î)u(x+ î)Fx+îσ3 = τ(x+ î)ΨB,A

x+î
σ3. (4.14)

Also the shift symmetry is realized nonlinearly on the operators ΨA
x and ΨB

x through the
appearance of the field τ(x) which was introduced in equation (3.24). Note that under the
shift, the operators are transported from one sublattice to the other and thus change their
lattice-label from A to B and vice versa. Expressed in components, the shift transformation
implies

DψA,Bx± = ∓ exp(∓iϕ(x+ î))ψB,A
x+î,∓. (4.15)

Finally, under the composed shift symmetry D′ one finds

D′
ΨA,B
x = D′

u(x+ î)(iσ2)Fx+îσ3 = u(x+ î)∗(iσ2)Fx+îσ3 = (iσ2)Ψ
B,A

x+î
σ3. (4.16)

Here we have used the SU(2)-relation u(x+ î)∗(iσ2) = (iσ2)u(x+ î). Also this transformation
property can be written in components and takes the form

D′
ψA,Bx± = ±ψB,A

x+î,∓. (4.17)

At this point it should be emphasized that even though the symmetry D′ acts on the com-
posite spin ”gauge” field vµ(x) exactly like charge conjugation in a Dirac theory, it does not
conjugate the electrical charge of a fermion in the effective theory. In particular, it does not
turn an electron into a hole and vice versa. Our D′ transformation rather induces the spin-flip
of both electrons and holes from + to − and vice versa. This can be understood since the
spin is the ”charge” that couples to the SU(2)s ”gauge” field vµ(x).

At this point, I am not going to discuss how the time-reversal symmetry T acts on the new
lattice fermion fields as it would not help to determine the transformation rules of the effective
fields. It turned out that due to the antiunitarity of T , the transformation behavior of the
effective fields can not be derived through the intermediate step with microscopic operators in
a magnon background field. This procedure seems to work only for symmetry transformations
that are implemented in the Hilbert space by unitary operators.
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4.3 Formal Continuum Limit of the Hubbard Model Hamilto-
nian in a Magnon Background Field

As seen in the previous section, the fermion lattice operators ΨA
x and ΨB

x transform nonlinearly
under SU(2)s transformations in the presence of a magnon background field. Global spin
rotations g ∈ SU(2)s thus become local transformations h(x) ∈ U(1)s, which has consequences
for the hopping term. For example a term like Tr[ΨA†

x ΨB
x+î

] would violate SU(2)s invariance

since it transforms as Tr[ΨA†
x ΨB

x+î
]′ = Tr[ΨA†

x h(x)†h(x+ î)ΨB
x+î

]. In order to have the hopping
term invariant under spin rotations, a lattice parallel transporter Vx,i ∈ SU(2)s has to be
introduced. It is defined by

Vx,i = u(x)u(x+ î)†, (4.18)

and transforms under SU(2)s as

V ′
x,i = h(x)u(x)g†gu(x+ î)†h(x+ î)† = h(x)Vx,ih(x+ î)†. (4.19)

Note that the parallel transporter transforms locally and only under the unbroken U(1)s sub-
group. The term of the example above can now be modified to Tr[ΨA†

x Vx,iΨB
x+î

] and is then
indeed invariant under SU(2)s transformations.

In terms of the new fermion operators and of the lattice parallel transporter, the Hubbard
Hamiltonian in the presence of a magnon background field takes the form

H = − t

2

∑
x∈A,i

Tr[ΨA†
x Vx,iΨB

x+î
+ ΨB†

x+î
V †
x,iΨ

A
x ]

− t

2

∑
x∈B,i

Tr[ΨB†
x Vx,iΨA

x+î
+ ΨA†

x+î
V †
x,iΨ

B
x ]

+
U

12

∑
x∈A

Tr[ΨA†
x ΨA

xΨA†
x ΨA

x ] +
U

12

∑
x∈B

Tr[ΨB†
x ΨB

x ΨB†
x ΨB

x ]

− µ

2

∑
x∈A

Tr[ΨA†
x ΨA

x σ3]−
µ

2

∑
x∈B

Tr[ΨB†
x ΨB

x σ3], (4.20)

For smooth magnon fields one can expand the diagonalizing field as

u(x) = u(x+
î

2
)− a

2
∂iu(x+

î

2
) +

a2

8
∂2
i u(x+

î

2
) +O(a3),

u(x+ î) = u(x+
î

2
) +

a

2
∂iu(x+

î

2
) +

a2

8
∂2
i u(x+

î

2
) +O(a3), (4.21)

where a is the lattice spacing. Similar expressions hold for h(x) and h(x + î) as well as for
the fermion lattice operators ΨA,B

x and ΨA,B

x+î
. Using this expansion and the unitarity of u(x),

the lattice parallel transporter can be expressed as

Vx,i = 1+ avi(x+
î

2
) +

a2

2
vi(x+

î

2
)2 +O(a3), (4.22)

where vi(x) is the non-Abelian SU(2)s ”gauge” field introduced in equation (3.28). The
derivation of the lattice parallel transporter in equation (4.22) is carried out in appendix
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C. Note that also the SU(2)s ”gauge” field transforms locally and only under the unbroken
subgroup U(1)s, hence the parallel transporter transforms under SU(2)s as

V ′
x,i = 1+ah(x+

î

2
)[vi(x+

î

2
)+∂i]h(x+

î

2
)†+

a2

2
(h(x+

î

2
)[vi(x+

î

2
)+∂i]h(x+

î

2
)†)2. (4.23)

Using the expansions from above and taking the formal continuum limit a→ 0, (up to an
irrelevant constant) the Hubbard Hamiltonian in the presence of a magnon background field
takes the form

H =
∫
d2x

{
MTr[ΨA†ΨB + ΨB†ΨA] +

1
2M ′Tr[DiΨA†DiΨB +DiΨB†DiΨA]

+GTr[ΨA†ΨAΨA†ΨA + ΨB†ΨBΨB†ΨB]− µ

2
Tr[ΨA†ΨAσ3 + ΨB†ΨBσ3]

}
.

(4.24)

Here, the lattice operators ΨA,B
x have been replaced by the continuum operators1 aΨA,B(x)

whose components ψA,B± (x) again obey standard anticommutation relations. Note that in
the continuum limit one has to replace

∑
x by 1

a2

∫
d2x. In the equation for the continuum

Hamiltonian, I have introduced a covariant derivative Di that acts on the continuum fermion
operators as

DiΨA,B(x) = ∂iΨA,B(x) + vi(x)ΨA,B(x), (4.25)

and
DiΨA,B†(x) = ∂iΨA,B†(x)−ΨA,B†(x)vi(x). (4.26)

The rest mass M , the kinetic mass M ′ and the 4-Fermi coupling strength G can be expressed
in terms of the lattice spacing a and of the fundamental parameters t and U of the Hubbard
model. One obtains

M = −t, M ′ =
1
ta2

, G =
U

12
a2. (4.27)

Since we have a non-relativistic theory, the rest mass M does not need to be the same as
the kinetic mass M ′. Note that the continuum Hamiltonian from equation (4.24) resembles
some terms in the action of the effective theory which will be constructed in the next chapter.
However, in the effective theory, the coupling constants do not depend on fundamental pa-
rameters, but are a priori unknown low-energy parameters. Again, like in the QCD case, the
low-energy parameters can not be determined within the effective theory framework. These
parameters must either be fixed from experimental data or through numerical simulations.

4.4 Effective Fields for Charge Carriers

The fields for electrons and holes in the effective theory are represented by Grassmann num-
bers and hence can not be rigorously derived from the lattice field operators of the Hubbard
model introduced in section 4.2. Nevertheless, we demand that both the effective fields and
the microscopic lattice operators display exactly the same transformation properties. It then
turned out that the independent Euclidean Grassmann numbers ψA,B± (x) and ψA,B†± (x) rep-
resenting electrons and holes, are sensibly combined to the Grassmann fields

ΨA(x) =

(
ψA+(x) ψA†− (x)
ψA−(x) −ψA†+ (x)

)
, ΨB(x) =

(
ψB+(x) −ψB†− (x)
ψB−(x) ψB†+ (x)

)
, (4.28)

1The proper definition of the continuum operators follows in equation (4.28).
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which are defined in the continuum. In the low-energy effective theory we will leave the
Hamiltonian formalism used in the Hubbard model and turn to a Euclidean path integral for-
malism instead. As a consequence, the Grassmann numbers ψA,B†± (x) are totally independent
of ψA,B± (x). This is in contrast to the operator formalism where the lattice operators ψA,B†x±
are nothing else than the Hermitean conjugate of ψA,Bx± . Since our theory is non-relativistic,
we do not denote the conjugate fields by ψ̄A,B± (x). It will later turn out to be convenient to
also introduce the Grassmann fields

ΨA†(x) =
(
ψA†+ (x) ψA†− (x)
ψA−(x) −ψA+(x)

)
, ΨB†(x) =

(
ψB†+ (x) ψB†− (x)
−ψB−(x) ψB+(x)

)
. (4.29)

Note, however, that ΨA,B†(x) is not independent of ΨA,B(x), since it contains of the same
Grassmann fields ψA,B± (x) and ψA,B†± (x).

At the end of this chapter I would like to list the transformation properties of the effective
fields under the various symmetries. Under the internal symmetries SU(2)s, SU(2)Q, D and
D′, the Grassman fields of equation (4.28) transform as

SU(2)s : ΨA,B(x)′ = h(x)ΨA,B(x),

SU(2)Q : ~QΨA,B(x) = ΨA,B(x)ΩT ,

D : DΨA,B(x) = τ(x)ΨB,A(x)σ3,

D′ : D′
ΨA,B(x) = (iσ2)ΨB,A(x)σ3. (4.30)

Note that under the shift and ”charge conjugation” symmetries one no longer has to distin-
guish between the points x and x+ î, since the Grassman fields live in the continuum. Written
in components the symmetry transformations take the form

SU(2)s : ψA,B± (x)′ = exp(±iα(x))ψA,B± (x),

U(1)Q : QψA,B± (x) = exp(iω)ψA,B± (x),

D : DψA,B± (x) = ∓ exp(∓iϕ(x))ψB,A∓ (x),

D′ : D′
ψA,B± (x) = ±ψB,A∓ (x). (4.31)

Under the additional discrete symmetry transformations O, R, T and T ′ the effective
fields transform as

O : OΨA,B(x) = ΨA,B(Ox),

R : RΨA,B(x) = ΨA,B(Rx),

T : TΨA,B(x) = τ(Tx)(iσ2)(ΨA,B†(Tx))Tσ3,
TΨA,B†(x) = −σ3(ΨA,B(Tx))T (iσ2)τ(Tx)†,

T ′ : T ′
ΨA,B(x) = −(ΨA,B†(Tx))Tσ3,

T ′
ΨA,B†(x) = σ3(ΨA,B(Tx))T . (4.32)
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Written out in components these relations take the form

O : OψA,B± (x) = ψA,B± (Ox),

R : RψA,B± (x) = ψA,B± (Rx),

T : TψA,B± (x) = exp(∓iϕ(Tx))ψA,B†± (Tx),
TψA,B†± (x) = − exp(±iϕ(Tx))ψA,B± (Tx),

T ′ : T ′
ψA,B± (x) = −ψA,B†± (Tx),

T ′
ψA,B†± (x) = ψA,B± (Tx). (4.33)

As already mentioned, the transformation behavior of the Grassmann fields under the an-
tiunitary time-reversal symmetries T and T ′ can not be derived from the microscopic fields
in the same way as it is done for the other symmetries. After the explanations of [10], in
general a proper relation between the microscopic operators and the effective fields can only
be established by considering n-point functions in both the microscopic and the path integral
representation. However, in our case it is not necessary to go through this lengthy procedure
as it is clear how the effective fields have to transform under time reversal. We know that
time-reversal induces a spin-flip and that on the level of effective fields in the path integral
daggered fields must go over into undaggered fields and vice versa. Under time-reversal the
spin indices (+) and (−) are not flipped since they indicate the spin direction relative to the
staggered magnetization. As both the fermionic spin and the staggered magnetization direc-
tion is flipped, the projection of one onto the other is unchanged. This corresponds exactly
to the transformation behavior listed above.



Chapter 5

Low-Energy Effective Theory for
Magnons and Charge Carriers

In this chapter the construction of the leading terms of an effective action for magnons and
electrons or holes is carried out. The construction of the effective theory is based on the
fact that the global SU(2)s spin symmetry is spontaneously broken and that each fermion
number sector can be treated independently. The effective theory respects exactly the same
symmetries as the underlying microscopic theory. As seen in the foregoing chapter, the global
SU(2)s symmetry is realized nonlinearly on the electron and hole fields. The global spin
symmetry appears as a local U(1)s symmetry in the unbroken subgroup.

Since the effective theory is a low-energy expansion, the terms in the effective action must
be classified according to the number of temporal and spatial derivatives they involve as well
as to the number of fermion fields they contain. As long as one works in the pure magnon
sector of the theory (that is for Q = 0), it is clear that one temporal derivative counts as much
as one spatial derivative. This is based on the relativistic dispersion relation of magnons. In
contrast to magnons, electrons or holes are massive objects and thus have a nonrelativistic
dispersion relation. One temporal derivative counts as much as two spatial derivatives. As
a consequence, if one leaves the pure magnon sector, a power counting scheme must be es-
tablished that determines how temporal and spatial derivatives of magnon and fermion fields
have to be counted relatively. But even without a power counting scheme, tree level calcu-
lations are possible in the effective theory constructed below. Only if loop corrections are to
be calculated, a power counting scheme is indispensable.

As the SU(2)Q symmetry might not be realized in generic high-Tc materials, it makes
sense to decompose the effective Lagrangian into an SU(2)Q-invariant part L and an SU(2)Q-
breaking part L̃. Of course, the SU(2)Q-breaking part still respects the ordinary U(1)Q
fermion number symmetry, otherwise the effective theory could not be formulated in the
way it is done here. The contributions Lnt,ni,nψ and L̃nt,ni,nψ to the effective Lagrangian are
classified according to the number of temporal derivatives nt, the number of spatial derivatives
ni, as well as to the number of fermion nψ fields they involve. The total effective action then
results from

S[ΨA,B, P ] =
∫
d2x dt

∑
nt,ni,nψ

(Lnt,ni,nψ + L̃nt,ni,nψ). (5.1)

45
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With the path integral

Z =
∫
DψA,B†± DψA,B± DP exp(−S[ΨA,B, P ]), (5.2)

the theory is then completely well-defined.

The pure magnon part of the action has already been presented in chapter 3, equation
(3.7). The leading contributions take the form

L2,0,0 =
ρs
c2

Tr[∂tP∂tP ], (5.3)

L0,2,0 = ρsTr[∂iP∂iP ]. (5.4)

Remember that c stands for the spinwave velocity and that ρs is the spin stiffness.

Next come terms quadratic in the fermion fields. These terms play a role in sectors with
Q 6= 0. There are two leading order terms without any derivatives that are invariant under
all the various internal and discrete symmetries. One finds

L0,0,2 =
M1

2
Tr[ΨA†ΨB + ΨB†ΨA]

+
M2

2
Tr[ΨA†σ3ΨA −ΨB†σ3ΨB]

= M1(ψ
A†
+ ψB+ + ψA†− ψB− + ψB†+ ψA+ + ψB†− ψA−)

+M2(ψ
A†
+ ψA+ − ψA†− ψA− − ψB†+ ψB+ + ψB†− ψB−). (5.5)

These terms represent mass terms, whereas the mass parameters M1, M2 and M3 take real
values. It should be mentioned at this point that all low-energy parameters to be introduced
in the following terms take real values. Note that no other SU(2)Q-invariant terms exist. In
particular, the most obvious candidate

Tr[ΨA†ΨA + ΨB†ΨB] = 0, (5.6)

and hence does not appear in the action. Note that due to the cyclicity of the trace and the
Grassmann nature of the fields, Tr[ΨA†ΨA] = Tr[ΨB†ΨB] = 0. Also note that Tr[ΨB†ΨA] =
Tr[ΨA†ΨB] for the same reasons. It is astonishing that with the imposition of the time-
reversal symmetry many contributions to the effective theory (terms that otherwise completely
respect all other symmetries) are suddenly forbidden. Without imposing time-reversal, the
Lagrangian L2,0,0 would for example also contain the contribution iTr[ΨA†σ3ΨB−ΨB†σ3ΨA].
In case the explicit breaking of the SU(2)Q symmetry is allowed and only the generic U(1)Q
fermion number symmetry is imposed, one more mass term is possible, it is

L̃0,0,2 =
m

2
Tr[ΨA†ΨAσ3 + ΨB†ΨBσ3]

= m(ψA†+ ψA+ + ψA†− ψA− + ψB†+ ψB+ + ψB†− ψB−). (5.7)

This term is actually nothing else than the chemical potential term. Astonishingly, there are
no other mass terms that can be included to L̃0,0,2. In particular, the two SU(2)Q-invariant
mass terms introduced above have no SU(2)Q-breaking partners as

Tr[ΨA†ΨBσ3 + ΨB†ΨAσ3] = 0,
Tr[ΨA†σ3ΨAσ3 −ΨB†σ3ΨBσ3] = 0. (5.8)
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Next come terms with one temporal derivative and two fermion fields. The SU(2)s-,
SU(2)Q-, D- and D′-invariant Lagrangian takes the form

L1,0,2 =
1
2
Tr[ΨA†DtΨA + ΨB†DtΨB]

+
Λ1

2
Tr[ΨA†VtΨA + ΨB†VtΨB]

+
Λ2

2
Tr[ΨA†σ3VtΨB + ΨB†Vtσ3ΨA]

= ψA†+ Dtψ
A
+ + ψA†− Dtψ

A
− + ψB†+ Dtψ

B
+ + ψB†− Dtψ

B
−

+ Λ1(ψ
A†
+ v+

t ψ
A
− + ψA†− v−t ψ

A
+ + ψB†+ v+

t ψ
B
− + ψB†− v−t ψ

B
+)

+ Λ2(ψ
A†
+ v+

t ψ
B
− + ψB†− v−t ψ

A
+ − ψB†+ v+

t ψ
A
− − ψA†− v−t ψ

B
+). (5.9)

The covariant derivative contained in the first term, where it is acting at the matrix valued
fermion field ΨA,B(x), is given by

DµΨA,B(x) = (∂µ + iv3
µ(x)σ3)ΨA,B(x). (5.10)

This covariant derivative can also be defined on the components ψA,B± (x), it then takes the
form

Dµψ
A,B
± (x) = (∂µ ± iv3

µ(x))ψ
A,B
± (x). (5.11)

Note that Vt is the charged magnon vector field defined in equation (3.35). It should be pointed
out that the fields v3

t , v
±
t and Vt count like one temporal derivative as they contain a temporal

derivative of the magnon field through the definition of the ”gauge” field vµ in equation (3.28).
The first contribution to L1,0,2, the terms ψA†+ ∂tψ

A
++ψA†− ∂tψ

A
−+ψB†+ ∂tψ

B
++ψB†− ∂tψ

B
− , arise from

each pair of anticommuting fermion operators when the Euclidean path integral is derived
from the Hamiltonian formulation. There is only one more term to be added to the effective
action in case the explicit breaking of the SU(2)Q symmetry is allowed, it is

L̃1,0,2 =
λ

2
Tr[ΨA†VtΨBσ3 + ΨB†VtΨAσ3]

= λ(ψA†+ v+
t ψ

B
− + ψB†− v−t ψ

A
+ + ψB†+ v+

t ψ
A
− + ψA†− v−t ψ

B
+). (5.12)

It is noticeable, that all three terms in L1,0,2 have no SU(2)Q-breaking partners as

Tr[ΨA†DtΨAσ3 + ΨB†DtΨBσ3] = 0,
Tr[ΨA†VtΨAσ3 + ΨB†VtΨBσ3] = 0,
Tr[ΨA†σ3VtΨBσ3 + ΨB†Vtσ3ΨAσ3] = 0. (5.13)

Next come terms with two spatial derivatives and two fermion fields. One might ask
why no terms with only one spatial derivative are considered. Such terms would violate the
90 degrees rotation symmetry of the quadratic spatial lattice of the underlying microscopic
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theory, and are therefore forbidden. The Lagrangian then takes the form

L0,2,2 =
1

4M ′
1

Tr[DiΨA†DiΨB +DiΨB†DiΨA]

+
1

4M ′
2

Tr[DiΨA†σ3DiΨA −DiΨB†σ3DiΨB]

+K1Tr[DiΨA†ViΨB +DiΨB†ViΨA]
+ iK2Tr[DiΨA†σ3ViΨA +DiΨB†Viσ3ΨB]

+
N1

2
Tr[ΨA†ViViΨB + ΨB†ViViΨA]

+
N2

2
Tr[ΨA†Viσ3ViΨA −ΨB†Viσ3ViΨB]

=
1

2M ′
1

(Diψ
A†
+ Diψ

B
+ +Diψ

B†
+ Diψ

A
+ +Diψ

A†
− Diψ

B
− +Diψ

B†
− Diψ

A
−)

+
1

2M ′
2

(Diψ
A†
+ Diψ

A
+ −Diψ

A†
− Diψ

A
− −Diψ

B†
+ Diψ

B
+ +Diψ

B†
− Diψ

B
−)

+K1(Diψ
A†
+ v+

i ψ
B
− +Diψ

A
+v

−
i ψ

B†
− +Diψ

A†
− v−i ψ

B
+ +Diψ

A
−v

+
i ψ

B†
+

+Diψ
B†
+ v+

i ψ
A
− +Diψ

B
+v

−
i ψ

A†
− +Diψ

B†
− v−i ψ

A
+ +Diψ

B
−v

+
i ψ

A†
+ )

− iK2(Diψ
A†
+ v+

i ψ
A
− +Diψ

A
+v

−
i ψ

A†
− −Diψ

A†
− v−i ψ

A
+ −Diψ

A
−v

+
i ψ

A†
+

−Diψ
B†
+ v+

i ψ
B
− −Diψ

B
+v

−
i ψ

B†
− +Diψ

B†
− v−i ψ

B
+ +Diψ

B
−v

+
i ψ

B†
+ )

+N1(ψ
A†
+ v+

i v
−
i ψ

B
+ + ψA†− v+

i v
−
i ψ

B
− + ψB†+ v+

i v
−
i ψ

A
+ + ψB†− v+

i v
−
i ψ

A
−)

+N2(ψ
A†
+ v+

i v
−
i ψ

A
+ − ψA†− v+

i v
−
i ψ

A
− − ψB†+ v+

i v
−
i ψ

B
+ + ψB†− v+

i v
−
i ψ

B
−). (5.14)

Here the covariant derivative acting on ΨA,B†(x) is given by

DµΨA,B†(x) = ∂µΨA,B†(x)−ΨA,B†(x)iv3
µ(x)σ3. (5.15)

Acting on the components ψA,B†± (x), it takes the form

Dµψ
A,B†
± (x) = (∂µ ∓ iv3

µ(x))ψ
A,B†
± (x). (5.16)

It should be mentioned that the first three terms of L0,2,2 represent kinetic terms of the
doped electrons or holes. The kinetic mass parameters M ′

i are in general different from the
rest mass parameters Mi, because the fermions propagate nonrelativistically. Note that terms
containing DiDi and DiVi do not give new contributions. Through partial integration, such
terms can be brought into the form of the terms already written down above. It is indeed
very remarkable that one finds

Tr[DiΨA†σ3ViΨB −DiΨB†σ3ViΨB] = Tr[ΨA†σ3ViDiΨB −ΨB†σ3ViDiΨB]

= −1
2
Tr[ΨA†σ3(DiVi)ΨB −ΨB†σ3(DiVi)ΨB], (5.17)

while

Tr[DiΨA†σ3ViΨA −DiΨB†σ3ViΨB] = Tr[ΨA†σ3ViDiΨA −ΨB†σ3ViDiΨB], (5.18)

but
Tr[ΨA†σ3(DiVi)ΨA −ΨB†σ3(DiVi)ΨB] = 0. (5.19)
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Four more terms contribute to the effective action if the SU(2)Q-invariance is abandoned.
One finds

L̃0,2,2 =
1

4m′Tr[DiΨA†DiΨAσ3 +DiΨB†DiΨBσ3]

+ iκ1Tr[DiΨA†σ3ViΨBσ3 +DiΨB†Viσ3ΨAσ3]
+ iκ2Tr[DiΨA†ViΨAσ3 +DiΨB†ViΨBσ3]

+
ν

2
Tr[ΨA†ViViΨAσ3 + ΨB†ViViΨBσ3]

=
1

2m′ (Diψ
A†
+ Diψ

A
+ +Diψ

A†
− Diψ

A
− +Diψ

B†
+ Diψ

B
+ +Diψ

B†
− Diψ

B
−)

− iκ1(Diψ
A†
+ v+

i ψ
B
− +Diψ

A
+v

−
i ψ

B†
− −Diψ

A†
− v−i ψ

B
+ −Diψ

A
−v

+
i ψ

B†
+

+Diψ
B†
+ v+

i ψ
A
− +Diψ

B
+v

−
i ψ

A†
− −Diψ

B†
− v−i ψ

A
+ −Diψ

B
−v

+
i ψ

A†
+ )

+ iκ2(Diψ
A†
+ v+

i ψ
A
− +Diψ

A
+v

−
i ψ

A†
− +Diψ

A†
− v−i ψ

A
+ +Diψ

A
−v

+
i ψ

A†
+

+Diψ
B†
+ v+

i ψ
B
− +Diψ

B
+v

−
i ψ

B†
− +Diψ

B†
− v−i ψ

B
+ +Diψ

B
−v

+
i ψ

B†
+ )

+ ν(ψA†+ v+
i v

−
i ψ

A
+ + ψA†− v+

i v
−
i ψ

A
− + ψB†+ v+

i v
−
i ψ

B
+ + ψB†− v+

i v
−
i ψ

B
−). (5.20)

In the next step, 4-Fermi terms (terms with four fermion fields) are added to the effective
action. These term are needed in order to describe contact interaction of two electrons
(or holes) in the Q = 2 (or Q = −2) sector. Interestingly, the SU(2)Q-invariant 4-Fermi
part of the Lagrangian contains terms that are built not only from traces but also from
determinants. In order to see that these contributions are indeed invariant under all symmetry
transformations one must use the basic properties of determinants: det(A·B) = det(A)·det(B)
and for 2× 2-matices det(−A) = det(A). The SU(2)Q-invariant contributions take the form

L0,0,4 = G1Tr[ΨA†ΨAΨA†ΨA + ΨB†ΨBΨB†ΨB]
+G2Tr[ΨA†ΨAΨB†ΨB]
+G3Tr[ΨA†ΨBΨB†ΨA]
+G4Tr[ΨA†σ3ΨAΨB†σ3ΨB]
+G5Tr[ΨA†ΨB + ΨB†ΨA] · Tr[ΨA†ΨB + ΨB†ΨA]
+G6Tr[ΨA†ΨB + ΨB†ΨA] · Tr[ΨA†σ3ΨA −ΨB†σ3ΨB]
+G7Tr[ΨA†σ3ΨA −ΨB†σ3ΨB] · Tr[ΨA†σ3ΨA −ΨB†σ3ΨB]
+G8 det(ΨA†ΨB + ΨB†ΨA)
+G9 det(ΨA†ΨB −ΨB†ΨA)

= 12G1(ψ
A†
+ ψA+ψ

A†
− ψA− + ψB†+ ψB+ψ

B†
− ψB−)

+ 2G2(ψ
A†
+ ψA+ψ

B†
+ ψB+ + ψA†+ ψA+ψ

B†
− ψB− + ψA†− ψA−ψ

B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB−

+ 2ψA†+ ψA†− ψB+ψ
B
− + 2ψB†+ ψB†− ψA+ψ

A
−)

− 2G3(ψ
A†
+ ψA+ψ

B†
+ ψB+ − ψA†+ ψA+ψ

B†
− ψB− − ψA†− ψA−ψ

B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB−

+ 2ψA†+ ψA−ψ
B†
− ψB+ + 2ψA†− ψA+ψ

B†
+ ψB−)

+ 2G4(ψ
A†
+ ψA+ψ

B†
+ ψB+ − ψA†+ ψA+ψ

B†
− ψB− − ψA†− ψA−ψ

B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB−)

− 2G5(ψ
A†
+ ψA†− ψB+ψ

B
− + ψA†+ ψA+ψ

B†
+ ψB+ + ψA†+ ψA−ψ

B†
− ψB+

+ ψA†− ψA+ψ
B†
+ ψB− + ψA†− ψA−ψ

B†
− ψB− + ψA+ψ

A
−ψ

B†
+ ψB†− )
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+G6(−ψA†+ ψB+ψ
A†
− ψA− + ψA†+ ψB+ψ

B†
− ψB− + ψA†+ ψA+ψ

A†
− ψB− − ψB†+ ψB+ψ

A†
− ψB−

− ψB†+ ψA+ψ
A†
− ψA− + ψB†+ ψA+ψ

B†
− ψB− + ψA†+ ψA+ψ

B†
− ψA− − ψB†+ ψB+ψ

B†
− ψA−)

− 2G7(ψ
A†
+ ψA+ψ

A†
− ψA− − ψA†+ ψA+ψ

B†
− ψB− + ψA†+ ψA+ψ

B†
+ ψB+

− ψB†+ ψB+ψ
A†
− ψA− + ψB†+ ψB+ψ

A†
− ψA− + ψB†+ ψB+ψ

B†
− ψB−)

− 2G8(ψ
A†
+ ψA+ψ

B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB− + ψA†− ψA+ψ

B†
+ ψB− + ψA†+ ψA−ψ

B†
− ψB+

+ ψA†+ ψA†− ψB+ψ
B
− + ψA+ψ

A
−ψ

B†
+ ψB†− )

− 2G9(ψ
A†
+ ψA+ψ

B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB− + 3ψA†− ψA+ψ

B†
+ ψB− + 3ψA†+ ψA−ψ

B†
− ψB+

− ψA†+ ψA†− ψB+ψ
B
− − ψA+ψ

A
−ψ

B†
+ ψB†− − 2ψA†+ ψA+ψ

B†
− ψB− − 2ψA†− ψA−ψ

B†
+ ψB+).

(5.21)

In principle, one could also add Tr[ΨA†σ3ΨBΨB†σ3ΨA] to the 4-Fermi Lagrangian. This term
would respect all symmetries including SU(2)Q. However, it turns out that this term is not
a new contribution but just a linear combination of the terms appearing with the coupling
constants G3 and G4. Indeed one finds

Tr[ΨA†σ3ΨBΨB†σ3ΨA] = −Tr[ΨA†ΨBΨB†ΨA]− 2Tr[ΨA†σ3ΨAΨB†σ3ΨB]. (5.22)

No other new contributions can be written with the help of determinants. In particular one
finds the following relations

det(ΨA†ΨA) + det(ΨB†ΨB) = −1
2
Tr[ΨA†ΨAΨA†ΨA + ΨB†ΨBΨB†ΨB],

det(ΨA†ΨB) + det(ΨB†ΨA) = Tr[ΨA†ΨBΨB†ΨA],

det(ΨA†ΨA ±ΨB†ΨB) = −1
2
Tr[ΨA†ΨAΨA†ΨA + ΨB†ΨBΨB†ΨB]

∓ Tr[ΨA†ΨAΨB†ΨB]. (5.23)

Again, if only the U(1)Q symmetry is imposed, there are six additional contributions to
the effective action which take the form

L̃0,0,4 = ig1Tr[ΨA†ΨAΨB†ΨBσ3 + ΨB†ΨBΨA†ΨAσ3]
+ g2Tr[ΨA†σ3ΨAΨB†ΨBσ3 −ΨB†σ3ΨBΨA†ΨAσ3]
+ g3Tr[ΨA†ΨAσ3ΨB†ΨBσ3]
+ g4Tr[ΨA†ΨBσ3ΨB†ΨAσ3]
+ g5Tr[ΨA†ΨAσ3 + ΨB†ΨBσ3] · Tr[ΨA†ΨB + ΨB†ΨA]
+ g6Tr[ΨA†ΨAσ3 + ΨB†ΨBσ3] · Tr[ΨA†ΨAσ3 + ΨB†ΨBσ3]

= i8g1(ψ
A†
+ ψA†− ψB+ψ

B
− − ψB†+ ψB†− ψA+ψ

A
−)

+ 4g2(ψ
A†
+ ψA+ψ

B†
− ψB− − ψA†− ψA−ψ

B†
+ ψB+)

+ 2g3(ψ
A†
+ ψA+ψ

B†
+ ψB+ + ψA†+ ψA+ψ

B†
− ψB− + ψA†− ψA−ψ

B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB−

− 2ψA†+ ψA†− ψB+ψ
B
− − 2ψB†+ ψB†− ψA+ψ

A
−)

− 2g4(ψ
A†
+ ψA+ψ

B†
+ ψB+ + ψA†+ ψA+ψ

B†
− ψB− + ψA†− ψA−ψ

B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB−)

+ g5(ψ
A†
+ ψB+ψ

A†
− ψA− + ψA†+ ψB+ψ

B†
− ψB− + ψA†− ψB−ψ

A†
+ ψA+ + ψA†− ψB−ψ

B†
+ ψB+
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+ ψB†+ ψA+ψ
A†
− ψA− + ψB†+ ψA+ψ

B†
− ψB− + ψB†− ψA−ψ

A†
+ ψA+ + ψB†− ψA−ψ

B†
+ ψB+)

+ 2g6(ψ
A†
+ ψA+ψ

A†
− ψA− + ψA†+ ψA+ψ

B†
+ ψB+ + ψA†+ ψA+ψ

B†
− ψB−

+ ψA†− ψA−ψ
B†
+ ψB+ + ψA†− ψA−ψ

B†
− ψB− + ψB†+ ψB+ψ

B†
− ψB−). (5.24)

Note that the second term is Hermitean since ΨA†σ3ΨA as well as ΨB†σ3ΨB is diagonal. One
might think that also Tr[ΨA†σ3ΨA −ΨB†σ3ΨB] · Tr[ΨA†ΨAσ3 + ΨB†ΨBσ3] should be added
to L̃0,0,4 as this term respects all symmetries. However, one can show that this is not a new
contribution as

Tr[ΨA†σ3ΨA −ΨB†σ3ΨB] · Tr[ΨA†ΨAσ3 + ΨB†ΨBσ3] =
1
2
Tr[ΨA†σ3ΨAΨB†ΨBσ3 −ΨB†σ3ΨBΨA†ΨAσ3]. (5.25)

Terms with more than four fermion fields but no derivatives do not play a role as they
vanish due to the Pauli principle.





Chapter 6

Coupling to External
Electromagnetic Fields

In this chapter I am going to couple the Hubbard model to external electromagnetic fields. For
this purpose it is very useful to first consider the Pauli equation. Fröhlich and Studer noticed
a hidden local SU(2)s symmetry of the said equation [14]. Interestingly, the SU(2)s spin
symmetry determines how the coupling of the Hubbard model to external electromagnetic
fields must be implemented. At the end of this chapter I will also shortly discuss how the
effective theory for magnons and charge carriers has to be modified in the presence of external
electromagnetic fields.

6.1 Local SU(2)s Symmetry of the Pauli Equation

The Pauli equation is a nonrelativistic reduction of the Dirac equation. It describes massive
fermions (electrons) with spin in an external electromagnetic field. Up to corrections of 1/M3

e ,
where Me is the electron mass, the Pauli equation takes the ”Schrödinger-equation-like” form1

i[∂t−ieΦ(x)+i
e

8M2
e

~∇· ~E(x)+i
e

2Me

~B(x)·~σ]Ψ(x) = − 1
2Me

[~∇+ie ~A(x)−i e

4Me

~E(x)×~σ]2Ψ(x).

(6.1)
Here, Ψ(x) is a 2-component Pauli spinor at the space-time point x = (x1, x2, x3, t). The
Pauli matrices are denoted by ~σ. Further, Φ(x) and ~A(x) stand for the electromagnetic scalar
and vector potentials. The electromagnetic field strengths ~E(x) and ~B(x) obey the usual
relations

~E(x) = −~∇Φ(x)− ∂t ~A(x), ~B(x) = ~∇× ~A(x). (6.2)

Let us have a closer look at the left-side of the Pauli equation. The first two terms form
the U(1)Q covariant derivative to which we are used from QED. The third (Darwin) and
the fourth (Zeeman) term represent relativistic corrections. On the right-hand side, the first
two terms form the spatial part of the U(1)Q covariant derivative. The third term is again
a relativistic correction, it describes the relativistic spin-orbit coupling. Under U(1)Q gauge
transformations the electron field as well as the electromagnetic scalar and vector potentials

1Note that here one put ~ = c = 0.
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transform as

QΨ(x) = exp(iω(x))Ψ(x), QΦ(x) = Φ(x) +
1
e
∂tω(x), Q ~A(x) = ~A(x)− 1

e
~∇ω(x). (6.3)

The Pauli equation transforms covariantly under such U(1)Q gauge transformations.

In the next step I am going to show that the Pauli equation is covariant under global
spatial rotations. The Pauli spinor transforms under such rotations as

Ψ(~x, t)′ = Λ(R)Ψ(R−1~x, t). (6.4)

Here R is a 3× 3 rotation matrix with

R ~σ = Λ(R)†~σ Λ(R), (6.5)

where Λ(R) ∈ SU(2) ”translates” the rotationR ∈ SO(3) into the spinor space. Under spatial
rotations the electromagnetic field strengths, the scalar and vector potentials transform as2

~E(~x, t)′ = R ~E(R−1~x, t), ~B(~x, t)′ = R ~B(R−1~x, t),
Φ(~x, t)′ = Φ(R−1~x, t), ~A(~x, t)′ = R ~A(R−1~x, t). (6.6)

Performing a spatial rotation on the Pauli equation thus yields

i[∂t − ieΦ(R−1~x, t) + i
e

8M2
e

~∇ · ~E(R−1~x, t) + i
e

2Me
R ~B(R−1~x, t) · ~σ] Λ(R)Ψ(R−1~x, t)

= − 1
2Me

[~∇+ ieR ~A( ~R−1~x, t)− i
e

4Me
R ~E(R−1~x, t)× ~σ]2Λ(R)Ψ(R−1~x, t). (6.7)

For notational convenience I omit the argument of the fields in the following discussion. Let
us first focus on the left-hand side. Acting with Λ(R)† from the left leads to

i[∂t − ieΦ + i
e

8M2
e

~∇ · ~E]Ψ + i
e

2Me
R ~B · Λ(R)†~σ Λ(R)︸ ︷︷ ︸

R~σ

Ψ

= i[∂t − ieΦ + i
e

8M2
e

~∇ · ~E + i
e

2Me
R ~B · R~σ] Ψ

= i[∂t − ieΦ + i
e

8M2
e

~∇ · ~E + i
e

2Me

~B · ~σ] Ψ. (6.8)

After acting with Λ(R)† from the left, the left-hand side of the Pauli equation indeed only gets
a change of the field-arguments under global spatial rotations. The same can be shown for
the right-hand side. I therefore again act with Λ(R)† from the left and insert 1 = Λ(R)Λ(R)†

and get

− 1
2Me

Λ(R)†[~∇+ ieR ~A− i
e

4Me
R ~E × ~σ]Λ(R)Λ(R)†[~∇+ ieR ~A− i

e

4Me
R ~E × ~σ]Λ(R)Ψ

= − 1
2Me

[~∇+ ieR ~A− i
e

4Me
R ~E × Λ(R)†~σΛ(R)︸ ︷︷ ︸

R~σ

][~∇+ ieR ~A− i
e

4Me
R ~E × Λ(R)†~σΛ(R)︸ ︷︷ ︸

R~σ

]Ψ

2Do not mix up the ’ of the spatial rotations R with the ’ of the usual SU(2)s spin rotation.
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= − 1
2Me

[~∇+ ieR ~A− i
e

4Me
R ~E ×R ~σ︸ ︷︷ ︸
R( ~E×~σ)

][~∇+ ieR ~A− i
e

4Me
R ~E ×R ~σ︸ ︷︷ ︸
R( ~E×~σ)

]Ψ

= − 1
2Me

[~∇+ ieR ~A− i
e

4Me
R( ~E × ~σ)][~∇+ ieR ~A− i

e

4Me
R( ~E × ~σ)]Ψ

= − 1
2Me

[~∇+ ieR ~A− i
e

4Me
R( ~E × ~σ)]2Ψ

= − 1
2Me

[~∇+ ie ~A− i
e

4Me
( ~E × ~σ)]2Ψ. (6.9)

In the last step I have used the fact that the scalar product is invariant under spatial rota-
tions. I have also used that the nabla operator ~∇ acting on a transformed field picks up a
R−1 from the inner derivative of the transformed field-argument. Hence it is shown that the
Pauli equation is covariant under global spatial transformations.

Fröhlich and Studer noticed a hidden local SU(2)s spin symmetry in the Pauli equation.
This hidden spin symmetry can be seen if the Pauli equation is rewritten in the following
form

iDtΨ(x) = − 1
2Me

DiDiΨ(x). (6.10)

Here Dµ is the U(1)Q ⊗ SU(2)s covariant derivative given by

Dµ = ∂µ + ieAµ(x) +Wµ(x), (6.11)

where Aµ(x) and Wµ(x) are Abelian and non-Abelian vector potentials. The non-Abelian
SU(2) vector potential

Wµ(x) = iW a
µ (x)

σa
2
, (6.12)

can be identified with the electromagnetic field strengths ~E(x) and ~B(x) via

W a
t (x) = µeB

a(x), W a
i (x) =

µe
2
εiabE

b(x). (6.13)

The magnetic moment of the electron µe = e/Me plays the role of a non-Abelian gauge
coupling. The usual Abelian vector potential gets an additional scalar contribution due to
the Darwin term and now takes the form

Aµ(x) = −Φ(x) +
1

8M2
e

~∇ · ~E(x). (6.14)

It is interesting and also quite surprising that the Pauli equation written with the help of the
U(1)Q⊗SU(2)s covariant derivative transforms covariantly under local SU(2)s spin transfor-
mations. Under local spin rotations g(x) ∈ SU(2)s the Pauli spinor Ψ(x) and the non-Abelian
vector potential Wµ(x) transform as

Ψ(x)′ = g(x)Ψ(x), Wµ(x)′ = g(x)(Wµ(x) + ∂µ)g(x)†, (6.15)

with the result that the covariant derivative Dµ acting on the spinor Ψ(x) indeed transforms
as the spinor itself, that is

(DµΨ(x))′ = g(x)DµΨ(x). (6.16)
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Under global SU(2)s transformations the transformations of equation (6.15) reduce to

Ψ(x)′ = gΨ(x), Wµ(x)′ = gWµ(x)g†. (6.17)

Through equation (6.5) this implies that the electromagnetic field strengths transform as

~E(x)′ = R ~E(x), ~B(x)′ = R ~B(x) (6.18)

under global SU(2)s rotations. Note that in contrast to the global spatial rotations discussed
before, the global spin rotations do not rotate the argument of the fields from ~x to R−1~x.
In fact, the local SU(2)s spin rotation invariance implies that in nonrelativistic systems spin
plays the role of an internal quantum number. This is analogous to the internal flavor quantum
number in particle physics. Also note that the potentials Φ(x) and ~A(x) are not affected by
global spin rotations. Notice that the SU(2)s symmetry is therefore inconsistent with equation
(6.2). Nevertheless, the local SU(2)s symmetry determines how external electromagnetic
fields have to be included in the Hubbard model. At the end it should be pointed out that
the local SU(2)s transformation is not really a gauge transformation, since the non-Abelian
vector potential Wµ(x) for SU(2)s is not a independent degree of freedom of the theory. It just
happens that Wµ(x) can be written in terms of the external electromagnetic field strengths
~E(x) and ~B(x).

6.2 Coupling of the Hubbard Model to External Electromag-
netic Fields

In this section the coupling of the Hubbard model to external electromagnetic fields is im-
plemented. As seen in the foregoing section one must use the U(1)Q ⊗ SU(2)s covariant
derivative of equation (6.11) in which the electromagnetic field strengths ~E(x) and ~B(x) are
contained through the non-Abelian vector potential Wµ(x) given by equation (6.12). In con-
trast to the Pauli equation, the Hubbard model is defined on a spatial lattice. In order to
allow local SU(2)s transformations one thus has to construct corresponding U(1)Q ⊗ SU(2)s
lattice parallel transporters Ux,i that connect two neighboring lattice sites x and x+ î. The
said parallel transporter is defined by

Ux,i = exp(ie
∫ 1

0
ds Ai(x+ ŝi))︸ ︷︷ ︸
U(1)Q

P exp(
∫ 1

0
ds Wi(x+ ŝi))︸ ︷︷ ︸
SU(2)s

. (6.19)

Again like in the lattice formulation of QCD, path ordering along the link is indicated by
”P”. Under local U(1)Q gauge transformations the parallel transporter transforms as

QUx,i = exp(ie
∫ 1

0
ds (Ai(x+ ŝi)− 1

e
∂iω(x+ ŝi)))

= exp(iω(x)) exp(ie
∫ 1

0
ds (Ai(x+ ŝi)) exp(−iω(x+ î))

= exp(iω(x)) Ux,i exp(−iω(x+ î)). (6.20)

Under local SU(2)s transformations the parallel transporter transforms as

U ′
x,i = g(x) Ux,i g(x+ î)†. (6.21)
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Since one has to consider path ordering along the link, the derivation of the transformation
behavior for the non-Abelian SU(2)s case is much more complicated than for the Abelian
U(1)Q case. For this reason it is not done here, but it can be found for example in [15].

The Hubbard model coupled to external electromagnetic fields then takes the form

H[Ui] = −t
∑
x,i

(c†xUx,icx+î + c†
x+î

U †
x,icx) +

U

2

∑
x

(c†xcx − 1)2 − µ
∑
x

(c†xcx − 1). (6.22)

The Schrödinger equation to the above Hamiltonian reads

iDtΨ(x) = H[Ui]Ψ(x), (6.23)

where the U(1)Q ⊗ SU(2)s covariant derivative Dt is given by

Dt = ∂t + i
∑
x

[At(x)Qx + ~Wt(x) · ~Sx] = ∂t +
∑
x

c†x[ieAt(x) +Wt(x)]cx. (6.24)

The sum over all lattice spacings x arises as iDtΨ = H[Ui]Ψ is a multi-particle Schrödinger
equation. Note that the Zeeman term is directly included to the vector potential since
Wt(x) = iµe ~B(x) · ~σ/2.

As seen in chapter 2, the various global symmetry transformations are implemented by
unitary operators in the Hilbert space of the theory. The same procedure has to be applied
for the local transformations. The local SU(2)s spin rotation is implemented by

V = exp(i
∑
x

~η(x) · ~Sx), (6.25)

while the local U(1)Q transformation is implemented by

W = exp(i
∑
x

ω(x)Qx). (6.26)

The transformation properties of the spinors can again be derived in an expansion in powers
of ω(x) and η(x). The transformed spinors then take the form

c′x = V †cxV = exp(i~η(x) · ~σ
2
)cx = g(x)cx, (6.27)

and
Qcx = W †cxW = exp(iω(x))cx, (6.28)

with

g(x) ∈ SU(2)s, exp(iω(x)) ∈ U(1)Q. (6.29)

It is now straightforward to derive the transformation behavior of the Hubbard Hamiltonian
H[Ui]. With equations (6.20), (6.21), (6.27) and (6.28) one finds

H[U ′
i ] = V †H[Ui]V, H[QUi] = W †H[Ui]W. (6.30)
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Similarly, one obtains the transformation behavior of the covariant derivative defined in equa-
tion (6.24) and finds

D′
t = V †DtV,

QDt = W †DtW. (6.31)

Here one uses that

QAt(x) = At(x) +
1
e
∂tω(x), Wt(x)′ = g(x)(Wt(x) + ∂t)g(x)†. (6.32)

Providing that the wave function Ψ(x) transforms under the local transformations as

Ψ(x)′ = V †Ψ(x), QΨ(x) = W †Ψ(x), (6.33)

the Schrödinger equation indeed transforms covariantly.

6.3 External Electromagnetic Fields in the Effective Theory
for Magnons and Charge Carriers

The coupling of the effective theory to external electromagnetic fields in the pure magnon
sector is examined detailled in [16]. At this point I am only going to give a brief review of
how the pure magnon theory has to be modified in the presence of external electromagnetic
fields. Here, the non-trivial issue of the Goldstone-Wilczek current will be left out.

When one wants to write down the leading term of the effective action for magnons in an
external electromagnetic field, one again encounters the non-Abelian vector potential Wµ(x)
that has been introduced in the foregoing section. One writes

S[~e,Wµ] =
∫
d2x

∫
S1

dt
ρs
2

(Di~e ·Di~e+
1
c2
Dt~e ·Dt~e), (6.34)

where the covariant derivative is given by

Dµ~e(x) = ∂µ~e(x) + ~e(x)× ~Wµ(x). (6.35)

In the ICP (1)-language, the above magnon action takes the form

S[P,Wµ] =
∫
d2x

∫
S1

dt ρs(Tr[DiPDiP ] +
1
c2

Tr[DtPDtP ]). (6.36)

In this case the covariant derivative is given by

DµP (x) = ∂µP (x) + [Wµ(x), P (x)]. (6.37)

Note that the effective action for magnons in the presence of external electromagnetic fields
is even invariant under local SU(2)s spin transformations. Such local spin rotations act on
the magnon field and on the non-Abelian vector potential as

P (x)′ = g(x)P (x)g(x)†, Wµ(x)′ = g(x)(Wµ(x) + ∂µ)g(x)†. (6.38)

Of course not only the pure magnon part, but also the fermionic part of the effective action
has to be modified in the presence of external electromagnetic fields. I first examine how the
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composite vector field vµ(x) has to be changed. One simply has to replace the ordinary
derivative by a covariant derivative that contains the non-Abelian ”gauge” field Wµ(x). The
electromagnetic field strengths ~E(x) and ~B(x) enter the effective theory through Wµ(x). The
composite vector field then takes the form

vµ(x) = u(x)Dµu(x)† = u(x)[∂µ +Wµ(x)]u(x)†. (6.39)

The diagonalizing field u(x) transforms under local spin rotations g(x) ∈ SU(2)s as

u(x)′ = h(x)u(x)g(x)†. (6.40)

As a consequence, the vector field transforms as

vµ(x)′ = h(x)u(x)g(x)†[∂µ + g(x)(Wµ(x) + ∂µ)g(x)†]g(x)u(x)†h(x)†

= h(x)u(x)[∂µ +Wµ(x)]u(x)†h(x)† + h(x)∂µh(x)†

= h(x)(vµ(x) + ∂µ)h(x)†. (6.41)

Hence, the composite vector field transforms identically under both global and local SU(2)s
spin rotations with the result that the familiar U(1)s covariant derivative Dµ = ∂µ+ iv3

µ(x)σ3

does not have to be modified in order to guarantee local SU(2)s invariance. However, if the
U(1)Q fermion number symmetry is extended to a local one, the covariant derivative gets an
extra contribution and then reads

DµΨA,B(x) = ∂µΨA,B + iv3
µ(x)σ3ΨA,B(x) + ΨA,B(x)ieAµ(x)σ3,

DµΨA,B†(x) = ∂µΨA,B −ΨA,B†(x)iv3
µ(x)σ3 − ieAµ(x)σ3ΨA,B†(x). (6.42)





Chapter 7

Conclusions and Outlook

In this thesis a low-energy effective theory for magnons and charge carriers in an antiferro-
magnet has been constructed. The low-energy effective theory is given in an effective action
formulation. I have classified the leading terms that contribute to the effective action accord-
ing to the number of derivatives and fields they contain. The low-energy effective theory for
magnons and charge carriers is the condensed matter analog of baryon chiral perturbation
theory in QCD. This is the effective theory that describes the low-energy physics of pions and
nucleons.

Since every low-energy effective theory is based upon symmetry properties of the underly-
ing physics, it is very essential to have a complete understanding of these symmetries. Hence,
I have spent a lot of time investigating the symmetries of the Hubbard model that served as a
microscopic model and that shares many symmetries with real antiferromagnetic materials. It
should once more be pointed out that the effective theory does not depend on a concrete mi-
croscopic model, but is valid for a whole class of materials that exhibit the symmetries of the
effective theory. The investigation of the symmetries of the Hubbard model — in particular
the additional SU(2)Q symmetry — contributed a lot to the understanding of how the fields
for electrons and holes must be introduced in the effective theory. Of course, very essential
for the effective theory is the spontaneously broken SU(2)s symmetry that is realized on the
fermion fields by a nonlinear and local transformation on the fermion fields. The nonlinear
realization of the spin symmetry led us to the intermediate step of the Hubbard model cou-
pled to a magnon background field. This intermediate step provided a useful bridge between
the microscopic and the effective theory. However, as seen in the case of the time-reversal
symmetry, this bridge cannot always be used.

Even though the constructed effective theory for magnons and charge carriers depends
on 22 (SU(2)Q-invariant theory) low-energy parameters it provides a strong basis for the
exploration of mechanisms governing the low-energy physics of charge carriers in an antifer-
romagnet. Hopefully, this effective theory can contribute to the understanding of the dy-
namical mechanisms that bind fermions to Cooper pairs and lead to superconductivity. The
explanatory power of the effective theory will certainly depend on how closely connected the
antiferromagnetic phase is to the high-temperature-superconducting phase. However, even
if the antiferromagnetic phase ends far away from the superconducting phase, our effective
theory still leads to unambiguous predictions about the dynamics of charge carriers in anti-
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ferromagnetic materials.

In a next step one could try to derive the one-magnon exchange potential, analogous to
the one-pion exchange potential in QCD. The derivation of the one-magnon exchange po-
tential could be carried out on the basis of the effective action constructed in this thesis.
However, if the two-magnon exchange potential between two fermions should be derived, a
power-counting scheme must be established first in order to determine how to regularize the
divergencies that arise from loop calculations. As already mentioned, it is a non trivial issue
to establish a consistent power-counting scheme in sectors where two or more fermions are
involved. The same problem arises in the baryon chiral perturbation theory in QCD in sectors
where two or more nucleons are involved.

Another interesting point still to be worked at is the introduction of phonons in the
effective theory. Phonons are the Goldstone bosons of the spontaneously broken translation
and Galilean invariance in a crystal. In the Hubbard model a rigid lattice is imposed by hand
and hence phonons can not emerge as the Galilean and translation symmetries are broken
explicitly and not spontaneously. It would be interesting to construct a low-energy effective
theory for phonons, magnons and charge carriers.
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Appendix A

[H, Q+] = 0 for Half-Filling

Even though the following calculation is not specially difficult, I want to present it here be-
cause it is a typical one. In addition, in this commutator lies the origin of the tricky (−1)x

factor which really made us rack our brains over it!

For simplicity, let me decompose the Hubbard Hamiltonian of half-filling (µ = 0) into the
kinetic and the interaction term:

H = Hkin +Hint

= −t
∑
<x,y>

(c†xcy + c†ycx) +
U

2

∑
x

(c†xcx − 1)2. (A.1)

I first evaluate the kinetic term:

[Hkin, Q
+] = −t

∑
<x,y>

∑
z

∑
s=↑,↓

[(c†xscys + c†yscxs)(−1)zc†z↑c
†
z↓

−(−1)zc†z↑c
†
z↓(c

†
xscys + c†yscxs)]

= −t
∑
<x,y>

∑
z

∑
s=↑,↓

(−1)z[c†xscysc
†
z↑c

†
z↓ + c†yscxsc

†
z↑c

†
z↓

−c†z↑c
†
z↓c

†
xscys − c†z↑c

†
z↓c

†
yscxs]

= −t
∑
<x,y>

∑
z

∑
s=↑,↓

(−1)z(−c†x↓c
†
z↑δyz + c†x↑c

†
z↓δyz

−c†y↓c
†
z↑δxz + c†y↑c

†
z↓δxz)

= −t
∑
<x,y>

[(−1)y(−c†x↓c
†
y↑ + c†x↑c

†
y↓) + (−1)x(−c†y↓c

†
x↑ + c†y↑c

†
x↓)]

= −t
∑
<x,y>

2(c†x↑c
†
y↓ − c†x↓c

†
y↑) ((−1)x + (−1)y)︸ ︷︷ ︸

= 0 for n.n.
= 0. (A.2)

Now comes the interaction term which, up to a constant, can be decomposed into two
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parts:

Hint =
U

2

∑
x

(c†xcx − 1)2 = U
∑
x

c†x↑cx↑c
†
x↓cx↓︸ ︷︷ ︸

(∗)

− U

2

∑
x

(c†x↑cx↑ + c†x↓cx↓︸ ︷︷ ︸
(∗∗)

) (A.3)

I first evaluate the commutator

[(∗), Q+] = U
∑
x,z

(−1)z(c†x↑cx↑c
†
x↓cx↓c

†
z↑c

†
z↓ − c†z↑c

†
z↓c

†
x↑cx↑c

†
x↓cx↓)

= U
∑
x,z

(−1)z(c†z↑c
†
x↑cx↑c

†
x↓δxz + c†x↑c

†
x↓cx↓c

†
z↓δxz)

= U
∑
x

(−1)x(c†x↑c
†
x↑cx↑c

†
x↓ + c†x↑c

†
x↓cx↓c

†
x↓)

= U
∑
x

(−1)xc†x↑c
†
x↓

= UQ+, (A.4)

and then

[(∗∗), Q+] = −U
2

∑
x,z

(−1)z(c†x↑cx↑c
†
z↑c

†
z↓ + c†x↓cx↓c

†
z↑c

†
z↓ − c†z↑c

†
z↓c

†
x↑cx↑ − c†z↑c

†
z↓c

†
x↓cx↓)

= −U
2

∑
x,z

(−1)z(c†x↑c
†
z↓δxz + c†z↑c

†
x↓δxz)

= −U
2

∑
x

(−1)x 2c†x↑c
†
x↓

= −UQ+. (A.5)

The commutator of Hint and Q+ thus indeed vanishes as

[Hint, Q
+] = [(∗) + (∗∗), Q+] = UQ+ − UQ+ = 0. (A.6)

Hence it is shown that the Hubbard Hamiltonian at half-filling commutes with the operator
Q+, that is

[H, Q+] = 0. (A.7)

The evaluation of the commutator [H, Q−] = 0 works almost identical.



Appendix B

Construction of the Diagonalizing
Matrix u(x)

As the construction of the matrix turned out to be a bit tricky, I would like to present it here
quite detailed.

We consider a matrix u(x) ∈ SU(2) which diagonalizes P (x). Since P (x) is a projection
operator it can have only two eigenvalues, 1 or 0:

u(x)P (x)u(x)† =
(

1 0
0 0

)
=

1
2
(1+ σ3). (B.1)

It is important that u11(x) is real and non-negative in order to have u(x) completely well-
defined. For the following calculation it is convenient to write P (x) explicitly in terms of the
components of ~e(x):

P (x) =
1
2
(1+ ~e(x) · ~σ) =

1
2

(
1 + e3(x) e1(x)− ie2(x)

e1(x) + ie2(x) 1− e3(x)

)
(B.2)

Before actually starting with the calculation, I should point out that (for ”historical” rea-
sons) I will first construct the Hermitean conjugate u(x)† of the diagonalizing matrix. Once
we have u(x)† we can just read off u(x).

In the first step one has to construct the eigenvectors ~v(x) and ~w(x) of P (x) to the two
eigenvalues 1 and 0, which will then be the components of the matrix u(x)†, that is

u(x)† = (~v(x), ~w(x)) =
(
v1(x) w1(x)
v2(x) w2(x)

)
. (B.3)

The eigenvector equations read

(P (x)− 1) ·
(
v1(x)
v2(x)

)
= 0 and (P (x)− 0) ·

(
w1(x)
w2(x)

)
= 0, (B.4)

which leads to the two relations

v2(x) =
e1(x) + ie2(x)
e3(x) + 1

v1(x) and w2(x) =
e1(x) + ie2(x)
e3(x)− 1

w1(x). (B.5)
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The matrix u(x)† thus simplifies to

u(x)† =

(
v1(x) w1(x)

e1(x)+ie2(x)
e3(x)+1 v1(x)

e1(x)+ie2(x)
e3(x)−1 w1(x)

)
. (B.6)

Since u(x)† is an element of SU(2), it has to fulfill two properties: first, its determinant must
be equal to 1, that means

det[u(x)†] = 2v1(x)w1(x)
e1(x) + ie2(x)
e3(x)2 − 1

.= 1, (B.7)

and second, the two matrix elements w1(x) and v2(x) are related to each other by w1(x) =
−v2(x)∗. Using equation (B.5), one thus gets

w1(x) = −e1(x)− ie2(x)
e3(x) + 1

v1(x)∗. (B.8)

As we demand that u11(x) is real and non-negative, it follows that also v1(x) must be a real
number. Linking the properties of equations (B.7) and (B.8) yields

v1(x)2 = −1
2

e3(x)2 − 1
e1(x) + ie2(x)

e3(x) + 1
e1(x)− ie2(x)

. (B.9)

By making use of the fact that ~e(x)2 = e1(x)2 + e2(x)2 + e3(x)2 = 1, it turns out that

v1(x) =

√
1 + e3(x)

2
=

1 + e3(x)√
2(1 + e3(x))

. (B.10)

It is then straightforward to derive the remaining matrix elements with the result that u(x)†

reads

u(x)† =
1√

2(1 + e3(x))

(
1 + e3(x) −e1(x) + ie2(x)

e1(x) + ie2(x) 1 + e3(x)

)
, (B.11)

and finally, u(x) takes the form

u(x) =
1√

2(1 + e3(x))

(
1 + e3(x) e1(x)− ie2(x)

−e1(x)− ie2(x) 1 + e3(x)

)
. (B.12)

It will turn out to be useful to parameterize the diagonalizing matrix u(x) in spherical
coordinates ϕ(x) and θ(x). The connection between cartesian and spherical coordinates is
given by

e1(x) = sin θ(x) cosϕ(x), e2(x) = sin θ(x) sinϕ(x), e3(x) = cos θ(x). (B.13)

Using the identities sin θ = 2 sin(θ/2) cos(θ/2) and cos(θ) = cos2(θ/2) − sin2(θ/2), it is easy
to express u(x) in terms of the two angles ϕ(x) and θ(x) as

u(x) =

(
cos( θ(x)2 ) sin( θ(x)2 ) exp(−iϕ(x))

− sin( θ(x)2 ) exp(iϕ(x)) cos( θ(x)2 )

)
. (B.14)



Appendix C

Lattice Parallel Transporter Vx,i

In this appendix I am going to show how the lattice parallel transporter Vx,i of equation (4.22)
in terms of the SU(2)s ”gauge” field vi(x) is derived.

The parallel transporter in terms of the diagonalizing field u(x) is given by

Vx,i = u(x)u(x+ î)†. (C.1)

The diagonalizing fields u(x) and u(x+ î) are expanded as

u(x) = u(x+
î

2
)− a

2
∂iu(x+

î

2
) +

a2

8
∂2
i u(x+

î

2
) +O(a3),

u(x+ î) = u(x+
î

2
) +

a

2
∂iu(x+

î

2
) +

a2

8
∂2
i u(x+

î

2
) +O(a3). (C.2)

In the following I am going to drop the x-argument of the fields, but one should keep in mind
that it is always (x + î/2). Plugging the expressions of equation (C.2) into equation (C.1)
results in

Vx,i = uu† +
a

2
u∂iu

† − a

2
∂iuu

† +
a2

8
u∂2

i u
† − a2

4
∂iu∂iu

† +
a2

8
∂2
i uu

† +O(a3). (C.3)

One now uses the fact that u ∈ SU(2), so that

∂i(uu†) = ∂iuu
† + u∂iu

† = 0 −→ ∂iuu
† = −u∂iu†,

∂2
i (uu

†) = ∂2
i uu

† + 2∂iu∂iu† + u∂2
i u

† = 0 −→ ∂2
i uu

† + u∂2
i u

† = −2∂iu∂iu†,
∂iu∂iu

† = ∂i(uu†u)∂iu† −→ ∂iu∂iu
† = −u∂iu†u∂iu†.

The parallel transporter in equation (C.3) thus reduces to

Vx,i = 1+ au∂iu
† +

a2

2
u∂iu

†u∂iu
† +O(a3). (C.4)

Using the definition of the ”gauge” field, that is vi(x) = u∂iu
†, we get for the lattice parallel

transporter (now with the x-argument)

Vx,i = 1+ avi(x+
î

2
) +

a2

2
vi(x+

î

2
)2 +O(a3). (C.5)
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