
Two-hole and two-electron bound states from

a systematic low-energy effective field theory

for magnons and charge carriers in an

antiferromagnet

Inauguraldissertation
der Philosophisch-naturwissenschaftlichen Fakultät
der Universität Bern

vorgelegt von

Florian Kämpfer
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Abstract

High-temperature superconductors result from hole- or electron-doped layered cuprates.
Before doping, the systems are antiferromagnetic insulators. The low-energy physics of
undoped antiferromagnets is governed by magnons — the Goldstone bosons of the sponta-
neously broken global spin symmetry. The low-energy dynamics of magnons is described
by a systematic low-energy effective field theory analogous to chiral perturbation theory
for pions — the Goldstone bosons of the spontaneously broken chiral symmetry of QCD.
Effective theories which also include the doped fermions have been introduced in a number
of approaches. However, these theories have not been constructed systematically and lead
to conflicting results. Analogous to baryon chiral perturbation theory — the systematic
effective theory for baryons and pions in QCD — in this thesis a systematic low-energy ef-
fective field theory for magnons and electrons or holes in an antiferromagnet is constructed.
The symmetry-based construction rests on clean theoretical grounds, is conceptually sim-
ple, and only relies on three inputs: first, on a careful symmetry analysis of the underlying
physics, second, on the fact that in cuprates the doped holes reside in momentum space
pockets centered around (±π/2a,±π/2a), while the electrons reside in pockets centered
around (π/a, 0) and (0, π/a), and third, on the nonlinear realization of the spontaneously
broken spin symmetry. As concrete microscopic models, Hubbard and t-J-type models are
selected for the symmetry analysis. The low-energy effective theory is based on a systematic
derivative expansion which provides order by order exact and model-independent predic-
tions concerning the low-energy dynamics of magnons and doped electrons or holes. Using
the systematic low-energy effective theory, the one-magnon exchange potentials between
a pair of electrons or holes in an otherwise undoped system are derived. The correspond-
ing two-particle Schrödinger equations are solved. It is shown that one-magnon exchange
mediates forces that lead to bound pairs of electrons or holes. The corresponding ground
state wave functions resemble d-wave symmetry.
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Chapter 1

Introduction

Superconductivity is a very exciting field of research in condensed matter physics. Since
1911 ordinary low-temperature superconductivity was known1 but after the discovery of
high-temperature superconductivity in doped copper-oxides (cuprates) by Bednorz and
Müller [1] in 1986 a new field opened up and still generates a lot of interesting and fun-
damental questions. Over the past years, critical temperatures have increased and experi-
ments shed light on several phenomena in these materials. However, until now the mecha-
nism that leads to high-temperature superconductivity has not been identified. In particu-
lar, the Bardeen-Cooper-Schrieffer (BCS) theory, that describes ordinary low-temperature
superconductivity, can not be used to explain high-Tc phenomena. Ordinary superconduc-
tivity results from Cooper pair formation of two electrons. The Coulomb repulsion between
the two fermions is overcome by an attractive interaction mediated by phonon exchange.
In contrast to that case, one assumes that phonons do not play a prominent role in the
formation of bound fermion pairs in high-Tc materials.

One of the indisputable facts in the high-Tc problem is that high-temperature su-
perconductors result from hole- or electron-doped cuprates. Important compounds are
La2−xSrxCuO4, YBa2Cu3O7−δ (hole-doped), and Nd2−xCexCuO4 (electron-doped). De-
spite the fact that crystal structures and chemistry of the high-Tc materials are rather
complicated and although these materials come in many variants, all of them have a com-
mon basic structure. Somewhat simplistically, all high-Tc compounds — whether hole- or
electron-doped — consist of two-dimensional CuO2 layers which are separated by insulating
spacer layers of other atoms. Doping is typically achieved by substituting some ions in the
spacer layers. Since the various layers are coupled very weakly, the physics of cuprates is
quasi-two-dimensional. As was understood already early on by Anderson [2], it is the CuO2

planes that are responsible for the high-Tc phenomenon. In Fig. 1.1, taken from Ref. [3],
we show the crystal structure of La2CuO4 — the “parent compound” of La2−xSrxCuO4

— and a schematic view of a CuO2 plane. In all cases, before doping, the cuprate layers
are antiferromagnetic insulators. Looking at the phase diagram of Nd2−xCexCuO4 and

1In the year 1911 Kamerlingh Onnes discovered the phenomenon of superconductivity in solid mercury
by cooling a probe below 4.1 K.

1



2 1. Introduction

Figure 1.1: (A) Crystal structure of La2CuO4, the “parent compound” of the La2−xSrxCuO4

family of high-temperature superconductors. The crucial structural subunit is the CuO2 plane,
which extends in the a−b direction; parts of three CuO2 planes are shown. Electronic couplings
in the interplane direction are very weak. In the La2CuO4 family of materials, doping is typically
achieved by substituting some Sr ions by La ions. (B) Schematic view of CuO2 plane, the crucial
subunit for high-Tc superconductivity. Red arrows indicate a possible alignment of spins in the
antiferromagnetic ground state of La2CuO4. Speckled shading indicates oxygen p orbitals;
coupling of the 3d spins of the Cu ions through these orbitals leads to antiferromagnetism.
Figures and parts of the caption taken from [3].

Figure 1.2: Typical phase diagram of electron- (Nd2−xCexCuO4) and hole-doped
(La2−xSrxCuO4) cuprates, showing superconductivity (SC) and antiferromagnetism (AF) in
the doping-temperature-plane. Taken from [4].
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La2−xSrxCuO4 which is shown in Fig. 1.2, the proximity of the superconducting and the
antiferromagnetic phases is clearly visible. Two-dimensional quantum antiferromagnets
are therefore very interesting systems which have generated a lot of interest. In particular,
the dynamics of holes and electrons in an antiferromagnet has been studied both experi-
mentally and theoretically employing microscopic models [2, 5–38].

Standard microscopic models for quantum antiferromagnets are the Hubbard or the
t-J model. They describe spin-1/2 fermions hopping on a two-dimensional lattice (cuprate
layer) while strong fermionic correlation results either from an on-site Coulomb repulsion
(in the Hubbard model), or from a nearest neighbor spin-coupling (in the t-J model). The
Hubbard model allows doping with both electrons and holes while the t-J model only al-
lows doping with holes. These two models are considered to be minimal models for cuprate
materials. On the one hand, they capture the strong correlation between fermions, and
on the other hand, they describe the transition between conducting and insulating sys-
tems. Unfortunately, unbiased numerical simulations of these models are currently only
possible for systems which contain at most one single hole or electron. In addition, since
the two models are defined by a multi-particle Hamiltonian, one can not determine their
exact ground state. At present, away from half-filling, these models are neither solved
numerically nor analytically: numerical simulations are afflicted with severe fermion sign
problems, exact diagonalizations on small lattices suffer from large finite size effects, and
analytic calculations usually are troubled by uncontrolled approximations.

Also in particle physics, one is confronted with strongly interacting systems. Quantum
Chromodynamics (QCD), which is part of the Standard Model of particle physics, contains
the physics of the strong interactions of quarks and gluons. Like the microscopic models
for cuprates, also QCD is probably not analytically solvable. Fortunately, there exists a
systematic effective field theory — baryon chiral perturbation theory (BχPT) — which
perfectly describes the low-energy physics of the underlying QCD. BχPT provides unam-
biguous, experimentally verifiable predictions, and is therefore a well-established tool in
particle physics. In this thesis, we construct a systematic low-energy effective field theory
for charge carriers in an antiferromagnet in the spirit of BχPT. The effective theory then
provides a reliable tool for the investigation of the low-energy dynamics of doped fermions
in an antiferromagnet.

What is a low-energy effective theory and how is it characterized (besides, of course,
being effective)? Let us assume that we have a microscopic theory which describes the
physics of a certain system up to very high energy scales. Most probably such a fundamen-
tal theory can not be solved analytically as it contains the physics of a very large range in
energy. However, if we are interested primarily in the physics of low energies, we may only
consider the degrees of freedom relevant to this energy scale. Naively speaking, what one
is doing then is to integrate out all high-energy degrees of freedom from the fundamen-
tal theory and thus concentrating on the low-energy degrees of freedom. The low-energy
effective theory, formulated in terms of exactly those latter degrees of freedom, is then a
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well-adapted and therefore effective tool for the investigation of low-energy physics. The
restricted applicability up to a given energy scale is the price one has to pay for its effec-
tiveness at low energies. It should be stressed that the effective theory is not just a model
which tries to mimic the low-energy limit of the underlying fundamental theory. In fact,
at low energies, it is equivalent to the fundamental theory, but since it involves only the
relevant degrees of freedom, it is more practical. The information about the high-energy
physics is incorporated into the low-energy effective theory through some parameters — the
so-called low-energy constants — which are, in principle, fully determined in the process
of integrating out high-energy degrees of freedom. The numerical values of these constants
can not be determined within the low-energy effective theory since they stem from physics
taking place at energy scales not accessible to the low-energy theory.

The mentioned procedure of integrating out the high-energy degrees of freedom and
keeping the relevant low-energy degrees of freedom is, in general, a highly non-trivial chal-
lenge. In practice, the systematic construction of a low-energy effective theory is more
conveniently based on symmetry considerations as argued by Weinberg [39]. Obviously,
the effective theory may only properly describe the low-energy physics of the underlying
fundamental theory if the two theories exhibit identical symmetry properties. Using an
effective Lagrangian technique, the construction of a low-energy effective theory works as
follows. First of all, one has to completely determine the symmetry properties of the un-
derlying fundamental theory. In a second step, the low-energy degrees of freedom have
to be identified and their transformation behavior under the various symmetry transfor-
mations is to be worked out. In the third and final step, one constructs the low-energy
effective Lagrangian. The effective Lagrangian is the most general functional in terms of
the low-energy degrees of freedom which respects all the symmetries of the underlying
theory. In principle, as long as all symmetry constraints are satisfied, one could write
down a Lagrangian with an enormous number of terms, each of them containing an arbi-
trary number of fields and derivatives thereof. Keeping in mind, that by p = −i~∂x each
derivative corresponds to one power of momentum, it becomes immediately clear that the
low-energy physics is described by terms with as few derivatives as possible. In fact, the
effective theory is a systematic expansion in powers of p/Λ, with Λ being a high-energy
scale of the fundamental theory. The low-energy expansion is then justified as long as
p/Λ is a small quantity. As we will see later on, the terms in the effective Lagrangian
can be classified according to the number of derivatives and effective fields they contain.
Terms with certain combinations of effective fields correspond to certain interactions in
the low-energy physics. The coupling strength of such an interaction is determined by the
low-energy constant which multiplies the corresponding term in the effective Lagrangian.
When constructing the effective Lagrangian by the use of symmetry constraints, one has
not integrated out the high-energy degrees of freedom explicitly. Therefore, the low-energy
constants can not be determined directly as functions of the parameters of the underlying
theory but their values have to be fixed by matching calculations.

In practice, the identification of the relevant low-energy degrees of freedom and the de-
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termination of their transformation properties may be a non-trivial issue. For complicated
systems (as the hole- or electron-doped cuprates definitely are) neither is it a priori evident
how the correct low-energy degrees of freedom are extracted and identified nor is it given
how they transform under the various symmetries of the underlying theory. In particular,
at low energies, a system may exhibit the spontaneous breakdown of a continuous global
symmetry. In that case, even though the underlying system is invariant under the global
symmetry group G, the system may dynamically select a ground state which is invariant
only under symmetry transformations in a subgroup H of G. According to Goldstone’s
theorem, such a system exhibits massless excitations — the so-called Goldstone bosons —
which are described by fields living in the coset space G/H. The number of Goldstone
boson fields is given by the difference dim(G)−dim(H). Since the Goldstone bosons are
massless and hence are the lightest particles in the spectrum, the low-energy physics is
dominated by their dynamics. Hence, although the underlying theory does not explicitly
contain the Goldstone boson degree of freedom, for the low-energy effective theory it turns
out to be an important degree of freedom. The spontaneous breakdown of a symmetry is
not a necessary condition for the existence of an effective theory. However, since the sys-
tems of our interest, antiferromagnets, exhibit a spontaneously broken spin symmetry, for
the rest of this work we will only consider effective theories for systems with spontaneously
broken symmetries.

A well-established example of a systematic low-energy effective theory with a spon-
taneously broken symmetry is chiral perturbation theory (χPT) for QCD. Being part of
the Standard Model of particle physics, QCD describes the strong interactions of quarks
and gluons — the constituents of hadrons. At low energies and for massless up and down
quarks, QCD exhibits a spontaneous symmetry breaking. The globalG = SU(2)L⊗SU(2)R
chiral symmetry is broken down to the isospin symmetry subgroup H = SU(2)L=R. As a
consequence, three massless Goldstone bosons — the three pions π+, π0, π− — emerge and
dominate the low-energy physics of QCD. In case the quarks have non-vanishing masses,
chiral symmetry is broken explicitly. However, for small quark masses the explicit symme-
try breaking is weak. As a result, the pions do not remain massless but pick up a small
mass. Nevertheless they are still the lightest particles in the spectrum and thus dominate
the low-energy physics. Based on symmetry considerations and with the background of the
pioneering work of Weinberg [39] as well as of Callan, Coleman, Wess, and Zumino [40],
Gasser and Leutwyler have formulated χPT [41], a systematic low-energy effective theory
for the pionic sector of QCD. The low-energy degrees of freedom in this theory are the pions
described by fields in the coset space G/H. These degrees of freedom are not explicitly
part of the underlying QCD Lagrangian. The leading terms of the low-energy Lagrangian
depend only on a few low-energy constants and provide exact (experimentally verifiable)
predictions about the low-energy dynamics of pions.

Corresponding to pions generated by the spontaneously broken chiral symmetry in
QCD, magnons are the Goldstone bosons of the spontaneously broken SU(2)s spin sym-
metry in quantum ferromagnets or antiferromagnets. In these systems the ground state
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is only invariant under U(1)s rotations around the spontaneously selected direction of the
magnetization or staggered magnetization, respectively. Analogous to χPT for QCD, based
on the pioneering work of Chakravarty, Halperin, and Nelson [11], systematic low-energy
effective theories have been formulated for both undoped ferromagnets [42, 43] and an-
tiferromagnets [42, 44–49]. Those theories, with the magnon fields being the low-energy
degrees of freedom, provide exact predictions of the magnon dynamics order by order in the
low-energy expansion. To lowest order, for antiferromagnets, the magnon effective theory
depends on two low-energy constants only, namely the spin stiffness ρs and the spin-wave
velocity c. The effective theory with just these two parameters is indeed a very efficient
tool to completely determine the dynamics of magnons in an antiferromagnet at low en-
ergies. For instance, the low-energy physics of the Hubbard model at half-filling can be
perfectly described by the effective theory once the parameters ρs and c are matched to the
Hubbard model parameters t and U . Using a loop cluster algorithm, Wiese and Ying have
carried out Monte Carlo simulations in which the low-energy constants of the magnon
effective theory for the antiferromagnetic Heisenberg model have been determined very
precisely [50]. Later, several key predictions made by magnon effective theory have been
verified and confirmed in numerical simulations of the extreme low temperature regime
of the Heisenberg model [51]. As a result, it is generally accepted that, at low energies,
systems with a spontaneously broken spin symmetry are correctly described by magnon
effective theory.

The systems we are finally interested in are doped antiferromagnets. Hence, in order to
have a low-energy effective description of these systems, the magnon low-energy effective
theory for the undoped antiferromagnet must be extended to a theory which includes also
charge carriers. For these purposes several phenomenological models have been formulated
directly in terms of magnon and electron or hole fields [9,10,14,15,17,52,53]. These mod-
els are usually derived using some approximations and by integrating out the high-energy
degrees of freedom of an underlying microscopic model Hamiltonian (mostly Hubbard or
t-J model). However, this procedure may lead to ambiguous results, as the obtained ef-
fective Lagrangians do not seem to be unique. In particular, the various approaches lead
to conflicting realizations of the effective fermion fields. All previous approaches have
tried to derive the effective degrees of freedom directly from the microscopic operators
of an underlying model by performing various approximate transformations. Due to the
different nature of the microscopic operators and the effective fields, this is, however, a
highly non-trivial task. Despite the fact that from a symmetry point of view some of the
aforementioned effective theories indeed contain correct ingredients (for example in the
approach of Shraiman and Siggia), they have never been derived in a systematic manner.
As a result, the effective Lagrangians of these theories do not represent the most general
structure and therefore do not contain the complete underlying physics.

Our approach [54, 55] to a systematic low-energy effective theory for magnons and
charge carriers is based entirely on symmetry considerations and its systematic construc-
tion is guided by that of the well-understood baryon chiral perturbation theory [56–60]
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for QCD. This theory accounts for the fact that the particle spectrum of QCD does not
solely contain massless pions but also massive baryons, such as nucleons. Like ordinary
χPT, BχPT is a systematic low-energy expansion formulated explicitly in terms of both
pion fields and effective fields for the baryons. The relation of these baryonic low-energy
degrees of freedom to the underlying QCD, which is formulated in terms of quark and
gluon fields, is a highly non-trivial issue. The construction of BχPT is based on the fact
that baryon number B is a conserved quantity in QCD, with the result that each baryon
number sector can be treated independently. Ordinary χPT without baryons describes the
baryon number sector B = 0. In the B = 1 sector, there is a single baryon interacting
with pions. The lowest energy state in this sector corresponds to a nucleon at rest with
the softly interacting pions generating small fluctuations in the energy. In the effective
theory the interaction of pions and baryons is implemented by a nonlinear realization of
the spontaneously broken chiral symmetry G. This global symmetry then acts on the
baryon fields in a pion field dependent manner and it appears as a local symmetry in the
unbroken isospin subgroup H [40, 61]. With this construction, the pions are derivatively
coupled to the baryons and hence the forces between pions and baryons at low energy are
calculable in perturbation theory. Consequently, the low-energy effective theory is more
easily solvable than the underlying strongly coupled microscopic QCD.

In the antiferromagnetic phase of cuprates, the fermion number Q is a conserved quan-
tity. As a consequence, the low-energy physics can be investigated separately in each
fermion number sector. This fact, together with the spontaneously broken SU(2)s spin
symmetry, allows the construction of a systematic low-energy effective theory for magnons
and charge carriers in an antiferromagnet in the spirit of BχPT. The fermion number sec-
tor Q = 0 is described by the pure magnon perturbation theory, where no hole or electron
is involved. Then, in the Q = 1 (or Q = −1) sector, there is a single electron (or hole)
interacting with soft magnons. Analogous to BχPT, the spontaneously broken SU(2)s spin
symmetry is realized on the effective fermion fields by a nonlinear and local transformation
in the unbroken subgroup U(1)s. The magnons are then coupled to the effective fermion
fields by means of this nonlinearly realized symmetry. Since the construction of the sys-
tematic effective theory is based on symmetry considerations, it is essential to completely
understand the symmetry properties of the underlying physics. In order to have a concrete
microscopic model which serves to examine the symmetry properties, the Hubbard model is
chosen. It shares important symmetries with the lightly doped cuprates such as the SU(2)s
spin symmetry and the U(1)Q fermion number symmetry. In addition, the Hubbard model
and the actual cuprate materials share some discrete symmetries: displacement by one
lattice spacing, 90 degrees rotation, reflection at a lattice axis, and time-reversal. All these
symmetries will be taken into account in the effective theory. As first noted by Yang and
Zhang [62], at half-filling, the Hubbard model possesses an additional global SU(2)Q sym-
metry, also known as pseudo-spin symmetry. It is actually a non-Abelian extension of the
ordinary U(1)Q fermion number symmetry, which relates electrons and holes. This symme-
try is denoted by SU(2)Q. It is important to note that the global SU(2)Q symmetry is not
broken spontaneously and hence no additional Goldstone bosons are generated. The actual
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cuprate materials (as well as the Hubbard model away from half-filling) do not possess this
somewhat artificial SU(2)Q symmetry. Nevertheless, we consider this symmetry for the
systematic construction of the effective theory, as it will guide us to the correct low-energy
degrees of freedom describing electrons and holes. At the end, the low-energy effective
Lagrangians for either magnons and holes or magnons and electrons explicitly break this
symmetry and therefore only respect all important symmetries of the underlying physical
systems. The identification of the correct low-energy degrees of freedom describing elec-
trons or holes is a non-trivial issue. In particular, one has to take into account that doped
holes and electrons are located at distinct places in the two-dimensional Brillouin zone.
As shown by angle-resolved photoemission spectroscopy (ARPES), in hole-doped cuprates
the holes live in momentum space pockets centered at lattice momenta (±π/2a,±π/2a),
while in electron-doped cuprates the electrons live in pockets centered around (0, π/a) or
(π/a, 0), with a being the lattice constant. As we will see, this fundamental difference will
have an impact on the low-energy effective theory.

In cuprates, due to the formation of a crystal lattice, translation invariance is spon-
taneously broken. As a consequence, phonons — the Goldstone bosons of this broken
symmetry — are present in the excitation spectrum of the crystal. However, since it is
believed that phonons do not play a key role for the physics of high-Tc cuprates, we do not
include them in the low-energy effective theory to be constructed here. In particular, the
Hubbard or t-J model, which are considered to be minimal models for the description of
high-Tc, do not contain the physics of phonons. These microscopic models feature a lattice
structure which is imposed by hand and the translation invariance is thus broken explicitly
instead of spontaneously. Nevertheless, the inclusion of phonons into the systematic low-
energy effective theory would be possible on a solid theoretical basis. Another thing to be
noted is that we neglect possible effects of impurities (the underlying microscopic models
do not contain such effects either). Again, also here the systematic low-energy effective
theory could be extended in a later step. Despite these simplifications, the effective theory
provides a very powerful tool for the investigation of the low-energy physics of magnons
and doped charge carriers in an antiferromagnet. Also, we would like to stress that the
effective theory has a wider range of applications than just a single underlying microscopic
model. In particular, the low-energy effective theory is applicable to all systems which
share its symmetries.

Once the systematic low-energy effective theory for magnons, electrons and holes is
constructed, it can be used to gain insight into the low-energy physics of doped antiferro-
magnets. When just adding a single fermion to the system, the low-energy effective theory
can be applied to describe the scattering of magnons on this single electron or hole. Next,
by adding two fermions to the system, the physics already gets quite interesting. The two
fermions may interact via magnon exchange. In the simplest case one of the fermions emits
a single magnon while the other fermion absorbs it afterwards. This is the process we fo-
cus on in the second part of this thesis. By the use of perturbation theory we analytically
derive the one-magnon exchange potential between two electrons or two holes [54, 55, 63].



9

At low energies, the dynamics of the doped fermions is governed by long-range magnon-
mediated forces. It is a particularly interesting question, whether two fermions may form
a bound state due to exactly these forces. Note that in QCD the analog of one-magnon
exchange is one-pion exchange. At low energies, the dynamics of nucleons is dominated by
long-range pion-mediated forces. Also in the second part of this thesis, after having derived
the one-magnon exchange potentials, we derive and solve the Schrödinger equations for a
pair of electrons or holes in an otherwise undoped antiferromagnet. Remarkably, in some
cases the resulting Schrödinger equations can be solved completely analytically. We find
that the magnon-mediated forces lead to bound states of electrons or holes. The shape of
the ground state wave function of such a pair crucially depends on where in momentum
space the fermions live. However, in all cases we find that the probability distributions
in coordinate space show d-wave characteristics. After having examined the low-energy
physics of two isolated fermions, it is natural to go one step further and to add a finite
density of electrons or holes to the system. Also here the systematic low-energy effective
theory is a particularly efficient tool for the analysis of such a complex system. Recently,
we have investigated spiral phases of the staggered magnetization for lightly doped sys-
tems. It turned out that in hole-doped systems, depending on the values of the low-energy
constants, a spiral phase may indeed be realized [64]. In electron-doped systems, on the
other hand, spirals are not energetically favorable and are hence not realized [55]. How-
ever, in this thesis we will focus on the challenging physics of two particle bound states and
shall not go further into the analysis of spirals as this interesting topic is part of Christoph
Brügger’s thesis.

This thesis is divided into three parts which are organized as follows. Part I deals with
the construction of the systematic low-energy effective theory for magnons and electrons
or holes. In chapter 2, the Hubbard and t-J model are introduced as concrete microscopic
starting points. Also, a careful symmetry analysis of these models is carried out. Then, in
chapter 3, the low-energy effective theory of the pure magnon sector is reviewed and the
construction of the nonlinear realization of the SU(2)s spin symmetry is carried out. In
chapter 4 the low-energy degrees of freedom for electrons and holes are extracted and their
transformation properties are worked out. Finally, chapter 5 contains the actual construc-
tion of the leading terms in the low-energy effective action for magnons and electrons or
holes. Part II deals with the investigation of two-particle bound states. In chapter 6 the
one-magnon exchange potentials between electrons or holes are derived. In chapter 7 the
Schrödinger equations for pairs of fermions are introduced and solved. Also, the symmetry
properties of the resulting wave functions are discussed. Then, in part III, chapter 8 pro-
vides a short comparison of the low-energy effective theory constructed here with BχPT for
QCD. Finally, chapter 9 contains our conclusions and an outlook. Some technical details
are discussed in appendices A and B.





Part I

Systematic Low-Energy Effective
Field Theory for Magnons and

Electrons or Holes
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Chapter 2

Symmetries of the underlying
microscopic systems

In this chapter the Hubbard model as well as the t-J model are introduced as concrete
underlying microscopic models for quantum antiferromagnets. Since the construction of
the low-energy effective field theory for doped antiferromagnets is based on symmetry con-
siderations, we present a detailed analysis of the symmetry properties of these microscopic
models.

2.1 The microscopic Hamiltonians

On a two-dimensional square lattice the Hubbard model is defined by the following second
quantized interaction Hamiltonian

H = −t
∑
x,i

(c†xcx+î + c†
x+î
cx) +

U

2

∑
x

(c†xcx − 1)2 − µ
∑
x

(c†xcx − 1). (2.1)

Here the spins at a site x = (x1, x2) are represented by fermion creation and annihilation
operators in spinor notation

c†x = (c†x↑, c
†
x↓), cx =

(
cx↑
cx↓

)
, (2.2)

whose components obey standard anticommutation relations, i.e.

{cxs†, cys′} = δxyδss′ , {cxs, cys′} = {c†xs, c
†
ys′} = 0. (2.3)

The vector î pointing in the i direction connects two lattice sites and therefore has a length
of the lattice spacing a. Hopping to nearest-neighbor sites is controlled by the hopping
parameter t, while the energy cost for doubly occupied sites is controlled by the strength of
the screened on-site Coulomb repulsion parameter U > 0. Furthermore, µ is the chemical

13
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potential for fermion number relative to half-filling and controls the doping of the system.

The t-J model is defined by the Hamilton operator

H = P

{
− t
∑
x,i

(c†xcx+î + c†
x+î
cx) + J

∑
x,i

~Sx · ~Sx+î − µ
∑
x

(c†xcx − 1)

}
P. (2.4)

The local spin operator is given by

~Sx = c†x
~σ

2
cx, (2.5)

where ~σ are the Pauli matrices. The projection operator P restricts the Hilbert space
by eliminating doubly occupied sites. Hence the t-J model contains the physics of empty
or singly occupied sites only and thus can solely be doped with holes. The hopping of
fermions is again controlled by the parameter t, while J is the exchange coupling between
neighboring spins. Again, µ is the chemical potential for fermion number relative to half-
filling.

2.2 Symmetries and their commutation behavior

The symmetry properties of both the Hubbard model and the t-J model are almost iden-
tical. The only difference comes from the fact that at half-filling (i.e. µ = 0) the Hubbard
model is electron-hole symmetric while by definition the t-J model is not. In the following
we just focus on the Hubbard model and mention the t-J model only where its symmetries
differ from the first one.

2.2.1 The SU(2)s and U(1)Q symmetries

Let us first consider two basic continuous symmetries of the Hubbard model, namely the
global SU(2)s spin symmetry and the U(1)Q fermion number conservation. Introducing
the total SU(2)s spin operator

~S =
∑
x

~Sx =
∑
x

c†x
~σ

2
cx, (2.6)

where again ~σ are the Pauli matrices, it is straightforward to show that the total spin is
conserved, i.e. [H, ~S] = 0. Defining the U(1)Q fermion number operator

Q =
∑
x

Qx =
∑
x

(c†xcx − 1) =
∑
x

(c†x↑cx↑ + c†x↓cx↓ − 1), (2.7)

which counts fermions relative to half-filling, it is easy to see that the Hubbard Hamiltonian
conserves total fermion number, i.e. [H,Q] = 0. In addition, it should be noted that those

two symmetries commute, i.e. [~S,Q] = 0.
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In order to find the transformation behavior of the fermion operators we define the
unitary operators

V = exp(i~η · ~S), (2.8)

and

W = exp(iωQ), (2.9)

which represent the corresponding symmetry transformations in the Hilbert space of the
theory. The transformed spinors then obey

c′x = V †cxV = exp(i~η · ~σ
2
)cx = gcx, (2.10)

with

g = exp(i~η · ~σ
2
) ∈ SU(2)s, (2.11)

and
Qcx = W †cxW = exp(iω)cx, (2.12)

with

exp(iω) ∈ U(1)Q. (2.13)

2.2.2 Antiferromagnetism and displacement symmetries Di and
D′

i

In the strong coupling limit, i.e. for U � t, doubly occupied sites become energetically
very unfavorable. At half-filling, for the ground state of the system, one expects one spin
per lattice site with the result that the interaction part of the Hamiltonian has infinitely
many eigenstates with eigenvalue E = 0. This enormous degeneracy can be lifted by
considering fluctuations induced by the virtual hopping of spins due to the kinetic energy
term in an expansion in t/U . The effects of fluctuations on the energy can be determined
in perturbation theory, where the Coulomb part of the Hubbard Hamiltonian is just the
unperturbed Hamiltonian of which we know the stationary eigenstates while the kinetic
term is the perturbation Hamiltonian. To first order in t/U there is no correction since the
state resulting after a single hop of a spin has no overlap with the groundstate. However,
to second order, in a first step a spin can virtually hop to a neighboring site occupied by a
spin of opposite direction and then, in a second step, either of them can hop back. In this
process the system lowers its energy by t2/U . Due to the Pauli principle two fermions with
equal spin orientation can not meet on the same site and hence no energy can be gained
by virtual hopping in this case. Consequently, antiferromagnetic spin alignment is favored.
As a result, for µ = 0 and for U � t, the Hubbard model reduces to the antiferromagnetic
spin-1/2 quantum Heisenberg model defined by the Hamiltonian

H = J
∑
x,i

~Sx · ~Sx+î. (2.14)
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The Heisenberg exchange coupling J is related to the parameters of the Hubbard model
by J = 2t2/U > 0.

Since in antiferromagnetic systems the total magnetization is vanishing it is natural to
introduce the staggered magnetization vector

~Ms =
∑
x

(−1)x~Sx =
∑
x

(−1)(x1+x2)/a~Sx (2.15)

as the order parameter. The factor (−1)x determines if a lattice site x = (x1, x2) belongs
to the even or odd sublattice, i.e. for points on the even sublattice (−1)x = 1 while for
points on the odd sublattice (−1)x = −1. The direction of the staggered magnetization
depends on where the origin of the lattice is chosen. If the whole lattice is displaced by one
lattice spacing (in the i-direction) the staggered magnetization is flipped. However, this is
just the same as redefining the sign of (−1)x and hence should not change the observable
physics. Apparently, the Hubbard model is invariant under translations by one lattice
spacing. The displacement symmetry Di is generated by the unitary operator Di which
acts on the spinors as

Dicx = D†
i cxDi = cx+î. (2.16)

One can easily verify that displacement by one lattice spacing in the i-direction is a sym-
metry of the Hubbard Hamiltonian, i.e. [H,Di] = 0. Obviously both the SU(2)s as well as

the U(1)Q symmetry commute with the displacement symmetry, i.e. [~S,Di] = [Q,Di] = 0.
In the effective theory for magnons, electrons and holes, we will encounter a composite

symmetry D′
i, which is actually not an additional symmetry. It is, in fact, a useful combina-

tion of the displacement transformation Di with the special global SU(2)s transformation
g = iσ2. It acts as

D′
icx = D′

i
†
cxD

′
i = (iσ2)

Dicx = (iσ2)cx+î. (2.17)

SinceD′
i is composed of two symmetries that both commute with the Hubbard Hamiltonian

and since [Q, ~S] = [Q,Di] = [~S,Di] = 0, it is clear that also [H,D′
i] = [D′

i, Di] = [D′
i, Q] =

0, but [D′
i, ~S] 6= 0 as [Si, Sj] 6= 0 for general i and j.

2.2.3 Space-time symmetries

In addition to the symmetry transformations already discussed, there are yet three more
discrete symmetries of the Hubbard Hamiltonian. Since the hopping parameter t is isotropic,
the Hamiltonian is invariant under spatial rotations of the lattice by a multiple of the an-
gle of 90 degrees. A spatial rotation O of 90 degrees turns a lattice point x = (x1, x2)
into Ox = (−x2, x1). The spin direction is not affected by this rotation, as global SU(2)s
rotations can be applied independently of O. In fact, in nonrelativistic systems, spin plays
the role of an internal quantum number — analogous to flavor in particle physics, with the
result that under O the fermion operators transform as

Ocx = O†cxO = cOx. (2.18)
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One might think that parity is an additional discrete symmetry. However, on a two-
dimensional lattice, parity turns x into −x = (−x1,−x2) and hence it is nothing else than
the transformation O applied twice. We get a new symmetry if we consider the spatial
reflection R at the x1-axis which turns a lattice point x into Rx = (x1,−x2). The fermion
operators transform under R as

Rcx = R†cxR = cRx. (2.19)

By combining R and O, reflections also at the x2-axis are defined. Another important
discrete symmetry is time-reversal, which flips the spin direction. Since spin is a form of
angular momentum, this property can be understood quite easily by considering a classical
angular momentum ~L = ~r × ~p. Under time-reversal the momentum ~p changes sign and
thus changes the sign of the angular momentum ~L. As a consequence, the transformation
behavior of the fermion operators is of the form cx↑ = αcx↓ and cx↓ = βcx↑, with α,β ∈ C.
The time-reversal symmetry is implemented in the Hilbert space by an antiunitary operator
T . In contrast to an ordinary unitary operator, the antiunitary operator T acts on complex
numbers as follows

T †αT = α∗, withα ∈ C. (2.20)

The exact transformation behavior of the fermion operator cx (up to a overall minus sign) is

now uniquely defined by the use of the antiunitarity of T and by demanding that T †~SxT =
−~Sx. One finds1

T cx = T †cxT = (iσ2)cx. (2.21)

Interestingly, on the level of the Hubbard model, time-reversal acts exactly as an SU(2)s
spin rotation and hence [H,T ] = 0.

2.2.4 SU(2)Q: Non-Abelian extension of U(1)Q symmetry

As first noted by Yang and Zhang, in the Hubbard model at half-filling the ordinary U(1)Q
fermion number symmetry is extended to a non-Abelian SU(2)Q symmetry (also known
as pseudospin symmetry [62, 65]). This symmetry gives rise to an electron-hole symmetry
and is generated by the three operators

Q+ =
∑
x

(−1)xc†x↑c
†
x↓, Q− =

∑
x

(−1)xcx↓cx↑,

Q3 =
∑
x

1

2
(c†x↑cx↑ + c†x↓cx↓ − 1) =

1

2
Q. (2.22)

Again, the factor (−1)x = (−1)(x1+x2)/a distinguishes between the sites of the even and
odd sublattice. One should be aware of the fact that the SU(2)Q symmetry is present
in the Hubbard model with nearest-neighbor coupling only. As soon as next-to-nearest-
neighbor couplings are included this symmetry is broken explicitly. Also in the actual

1The choice of the overall minus sign is no problem since the fermion operators in the Hamiltonian
always come in pairs.



18 2. Symmetries of the underlying microscopic systems

cuprate materials this symmetry is not present. At the end, in the effective theory this
symmetry will not be present2, nevertheless, we consider this somewhat artificial symmetry
as it plays an important role for the construction of the effective theory.

Let us now have a look at the commutation relations of the generators of SU(2)Q and
the other symmetry generators of the Hubbard model. Introducing Q± = Q1 ± iQ2, it
is straightforward to show that, for µ = 0, indeed [H, ~Q] = 0. The full SU(2)Q symme-

try does not commute with the displacement symmetry Di since D†
iQ

±Di = −Q±, i.e.
[Di, Q

±] 6= 0. For the same reason it does not commute with the composed symmetry
D′
i either, i.e. [D′

i, Q
±] 6= 0. However, all three generators of SU(2)Q commute with the

generators of O, R, and T . In addition, it is important to note that the SU(2)Q symmetry
commutes with the SU(2)s symmetry, i.e. [Qa, Sb] = 0.

Since we are now dealing with two non-Abelian symmetries, it turns out to be useful
to introduce a matrix-valued fermion operator which displays both the SU(2)s and the
SU(2)Q symmetries in a compact way. As discussed in Ref. [66] this is best done by
defining

Cx =

(
cx↑ (−1)x c†x↓
cx↓ −(−1)xc†x↑

)
. (2.23)

Using the infinitesimal operators ~Q of SU(2)Q to construct a unitary operator

W = exp(i~ω · ~Q), (2.24)

one can work out the SU(2)Q transformation behavior of Cx. One then finds

~QCx = W †CxW = CxΩ
T , (2.25)

with

Ω = exp(i~ω · ~σ
2
) ∈ SU(2)Q, (2.26)

and with the Pauli matrices now acting in the SU(2)Q space. Performing an SU(2)s ⊗
SU(2)Q transformation, the new fermion operator transforms as

~QC ′
x = gCxΩ

T . (2.27)

It is now apparent that the two non-Abelian transformations indeed do commute. Due to
the factors (−1)x in the definition of Cx, under the displacement symmetry Di the fermion
operator transforms as

DiCx = Cx+îσ3, (2.28)

and under the combined symmetry D′
i as

D′
iCx = (iσ2)Cx+îσ3. (2.29)

2In case both electrons and holes are present at the same time, they can annihilate. This is, however,
a high-energy process which is beyond the application range of the low-energy effective theory. For this
reason, the finally resulting effective theory must explicitly break the electron-hole symmetry.
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The appearance of σ3 on the right confirms that the displacement symmetry commutes with
all SU(2)s transformations, but only with the Abelian U(1)Q (and not with all SU(2)Q)
transformations. It is straightforward to work out the transformation properties of Cx
under the transformations O, R, and T . One finds

OCx = COx,
RCx = CRx,

TCx = (iσ2)Cx. (2.30)

Using the fermion matrix operator Cx, the Hubbard Hamiltonian can be written in a
manifestly SU(2)s, U(1)Q, Di, D

′
i, O, R, and T invariant form, i.e.

H = − t
2

∑
x,i

Tr[C†
xCx+î + C†

x+î
Cx] +

U

12

∑
x

Tr[C†
xCxC

†
xCx]−

µ

2

∑
x

Tr[C†
xCxσ3]. (2.31)

At half-filling, the Hamiltonian is even manifestly SU(2)Q invariant.

It should be stressed that the SU(2)Q symmetry discussed here is inherent only to the
Hubbard model but not to the t-J model. Since the t-J model is defined on a restricted
Hilbert space, where only holes but no electrons exist, there can not be a particle-hole
symmetry, even at half-filling.





Chapter 3

Low-energy effective theory for
magnons

In this section, first the basic properties of the well-known chiral perturbation theory
for magnons are reviewed. We then construct a nonlinear realization of the spontaneously
broken SU(2)s spin symmetry, which appears as a local symmetry in the unbroken subgroup
U(1)s of SU(2)s. The nonlinear realization will later be used to couple the magnons to
electrons or holes. This is in complete analogy1 to baryon chiral perturbation theory of
QCD in which the pions are coupled to the nucleons through a nonlinear realization of the
spontaneously broken SU(2)L ⊗ SU(2)R chiral symmetry, which then appears as a local
symmetry in the unbroken isospin subgroup SU(2)L=R.

3.1 Magnon effective theory

In quantum antiferromagnets the symmetry group G = SU(2)s of global spin rotations is
spontaneously broken by the formation of a staggered magnetization. The ground state of
these systems is invariant only under spin rotations in the subgroup H = U(1)s of G, i.e.
rotations around the staggered magnetization direction. In this case Goldstone’s theorem
predicts two massless modes2 — the magnons — which are also known as antiferromagnetic
spin waves. The magnon fields live in the coset space G/H = SU(2)s/U(1)s ≡ S2 and
hence are described by a unit-vector field

~e(x) =
(
e1(x), e2(x), e3(x)

)
∈ S2, ~e(x)2 = 1, (3.1)

where x = (x1, x2, t) denotes a point in Euclidean space-time. We need to consider only
two spatial directions due to the experimental fact that high-Tc materials consist of two-
dimensional cuprate layers. At this point it is important to address a subtlety in connection
with spontaneous symmetry breaking in low-dimensional systems. Mermin and Wagner

1In chapter 8 this analogy is pointed out.
2The number of Goldstone boson fields is equal to dim(G)−dim(H) = 3−1 = 2. In an antiferromagnet,

this number agrees with the number of physically observable massless excitations, the magnons.
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have proven that “at any non-zero temperature, a one- or two-dimensional isotropic Heisen-
berg model with finite-range exchange interaction can be neither ferromagnetic nor anti-
ferromagnetic” [67]. In other words, in a strictly one- or two-dimensional system one does
not find spontaneous symmetry breaking. Some years later — based on field theoretical
arguments — Coleman has proven that the Goldstone phenomenon can not occur in less
than three dimensions [68]. In our case, however, when working at exactly zero temper-
ature, we are dealing with 2 + 1 = 3 dimensions. Note that the extension of the time
dimension is inversely proportional to the temperature. Hence, the SU(2)s spin symmetry
may indeed be spontaneously broken down to U(1)s and as a consequence the existence
of the magnons as massless excitations is justified. This is equivalent to saying that at
zero temperature, a two-dimensional antiferromagnet (the antiferromagnetic Heisenberg
model) exhibits infinite-range antiferromagnetic order. But even at non-zero temperature,
i.e. for a finite extension of the time dimension, such a system exhibits antiferromagnetic
correlations, altough only of finite range. In that case, the Goldstone bosons, i.e. the
magnons, do not remain massless but pick up a mass which is exponentially small in the
inverse temperature [69].

In terms of the magnon field ~e(x) the leading order contributions in a systematic low-
energy expansion of the action for the pure magnon sector take the form [11,69]

S[~e ] =

∫
d2x dt

ρs
2

(∂i~e · ∂i~e+
1

c2
∂t~e · ∂t~e ). (3.2)

This is an Euclidean action, where the Euclidean time direction is compactified to a circle
S1 of circumference β = 1/T . The parameter ρs stands for the spin stiffness, while c stands
for the spin wave velocity. Note that the vector ~e(x) can be interpreted as the direction of
the local staggered magnetization vector. Though, due to the different nature of the field
~e(x) and the microscopic staggered magnetization vector ~M , this correspondence can not
be derived explicitly. Also note that the two material parameters (or low-energy constants)
ρs and c can not be determined within chiral perturbation theory but are to be fixed ei-
ther experimentally or by numerical simulations. For the antiferromagnetic Heisenberg
model this has been done very precisely using Monte Carlo simulations [50, 51] resulting
in ρs = 0.186(4)J and c = 1.68(1)Ja, where J is the exchange coupling of the Heisenberg
model and a is the lattice spacing. Here, ρs determines the energy scale below which the
low-energy expansion is justified.

Instead of working with the vector representation introduced above, it will turn out to
be more convenient to represent the magnon fields by 2× 2 matrices P (x) defined by

P (x) =
1

2

(
1+ ~e(x) · ~σ

)
=

1

2

(
1 + e3(x) e1(x)− ie2(x)

e1(x) + ie2(x) 1− e3(x)

)
. (3.3)

The matrices P (x) ∈ CP (1) = SU(2)s/U(1)s ≡ S2 are Hermitian projection matrices
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obeying3

P (x)† = P (x), TrP (x) = 1, P (x)2 = P (x). (3.4)

The lowest-order effective action can be written in terms of the projection matrices P (x)
and takes the form

S[P ] =

∫
d2x dt ρsTr

[
∂iP∂iP +

1

c2
∂tP∂tP

]
. (3.5)

Under global spin rotations g ∈ SU(2)s of Eq. (2.10) the magnon field transforms as

P (x)′ = gP (x)g†. (3.6)

Obviously, the magnon action S[P ] is invariant under transformations in the global sym-
metry group SU(2)s. Of course, the magnon field P (x) does not change its Hermitian
projection properties under global spin transformation with the result that P (x)′† = P (x)′,
TrP (x)′ = 1 and P (x)′2 = P (x)′.

Let us see how the other symmetry transformations of the underlying microscopic
system are realized on the magnon field ~e(x). Under the displacement Di by one lattice
spacing the staggered magnetization changes sign, which means that Di~e(x) = −~e(x) and
therefore

DiP (x) =
1

2

(
1− ~e(x) · ~σ

)
= 1− P (x). (3.7)

Note that under the displacement, unlike in the Hubbard model, the argument of the
fields does not change from x to x + î because the fields now live in the continuum. It is
important that the magnon field P (x) maintains its projection properties also under the
displacement transformation. However, it must be emphasized that this is only satisfied
in an SU(2)-model, where Tr1 = 2, such that Tr[DiP (x)] = Tr[1− P (x)] = 2− 1 = 1.

Under the composed symmetry transformation D′
i the magnon field transforms as

D′
iP (x) = (iσ2)

DiP (x)(iσ2)
† = (iσ2)

(
1− P (x)

)
(iσ2)

† = P (x)∗. (3.8)

It should be pointed out that the magnon field — describing bosons — is invariant under
the fermion number symmetries U(1)Q and SU(2)Q.

In a microscopic system the 90 degrees rotation O of the spatial lattice turns a lattice
point x into Ox = (−x2, x1). When the same rotation O is applied to a point x =
(x1, x2, t) in space-time one gets Ox = (−x2, x1, t). Under the symmetry O the magnon
field transforms as

OP (x) = P (Ox). (3.9)

3It is easy to show that TrP = 1 since the ~σ Pauli matrices are traceless. In order to show that P 2 = P ,
one uses (~e · ~σ)2 = 1.
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Note that only the argument of the magnon field is affected by the rotation since the
spin appears as an internal quantum number. The same holds for the spatial reflection
symmetry R under which the magnon field transforms as

RP (x) = P (Rx), (3.10)

with Rx = (x1, x2, t). In the previous chapter we have seen that time-reversal is another
important symmetry displayed by the underlying physics of the effective theory to be con-
structed. Time-reversal T turns a point x = (x1, x2, t) in space-time into Tx = (x1, x2,−t).
We have argued that the microscopic spin operator ~Sx changes sign under the T operation.
As a consequence the staggered magnetization ~e(x) — which originates from microscopic
spin operators — also changes sign under time-reversal. Hence on has

T~e(x) = −~e(Tx). (3.11)

Up to the change of the argument, this is the same transformation behavior as the one
implied by the displacement transformation Di. Consequently, under time-reversal in the
matrix representation the magnon field transforms as

TP (x) = 1− P (Tx) = DiP (Tx). (3.12)

Similar to the combined symmetry operation D′
i, it will turn out to be very useful to also

define a combined time-reversal operation T ′. This is an ordinary time-reversal operation
T combined with the special global SU(2)s spin rotation g = iσ2. Under T ′ the magnon
field transforms as

T ′P (x) = (iσ2)
TP (x)(iσ2)

† = (iσ2)
DiP (Tx)(iσ2)

† = D′
iP (Tx). (3.13)

The action of Eq. (3.5) is invariant under all those symmetry transformations.

3.2 Nonlinear realization of the SU(2)s symmetry

In order to couple magnons to electrons or holes, we construct a nonlinear realization of
the spontaneously broken SU(2)s symmetry. The spin symmetry is implemented on the
electron and hole fields by a local, nonlinear transformation in the unbroken subgroup
U(1)s. In the following, we construct this local transformation from the global transfor-
mation g ∈ SU(2)s as well as from the magnon field P (x). In the first place one defines a
local, unitary transformation u(x) ∈ SU(2)s which diagonalizes the magnon field, i.e.

u(x)P (x)u(x)† =
1

2
(1+ σ3) =

(
1 0
0 0

)
, u11(x) ≥ 0. (3.14)

In order to have u(x) completely well-defined, we demand that the matrix element u11(x)
is real and non-negative. Without this condition, the matrix u(x) would be defined up to
a U(1)s phase only. Using Eq. (3.3) and spherical coordinates for ~e(x), i.e.

~e(x) =
(
sin θ(x) cosϕ(x), sin θ(x) sinϕ(x), cos θ(x)

)
, (3.15)
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one obtains

u(x) =
1√

2(1 + e3(x))

(
1 + e3(x) e1(x)− ie2(x)

−e1(x)− ie2(x) 1 + e3(x)

)

=

(
cos( θ(x)

2
) sin( θ(x)

2
) exp(−iϕ(x))

− sin( θ(x)
2

) exp(iϕ(x)) cos( θ(x)
2

)

)
. (3.16)

Note that, in the ~e(x)-language, the diagonalized magnon field P (x) = diag(1, 0) corre-
sponds to a constant vacuum field configuration with ~e(x) = (0, 0, 1). This means that the
local transformation u(x) rotates an arbitrary magnon field configuration P (x) into the
specific diagonal field configuration with P (x) = 1

2
(1+ σ3).

Until now we have constructed the local matrix-valued field u(x). The nonlinear sym-
metry transformation now results from the transformation behavior of the field u(x) under
global SU(2)s transformations. We demand that

u(x)′P (x)′u(x)′† = u(x)P (x)u(x)† =
1

2
(1+ σ3). (3.17)

Since the magnon field P (x) transforms under the global transformation g ∈ SU(2)s as
P (x)′ = gP (x)g†, one might expect that the transformation law of the diagonalizing field
reads u(x)′ = u(x)g†. However, it is then not guaranteed that u11(x)

′ is real and non-
negative. In order to remove a possible complex phase and always make u11(x)

′ non-
negative, an additional local U(1)s transformation h(x) is needed — this is the nonlinear,
local symmetry transformation. It takes the form

h(x) = exp
(
iα(x)σ3

)
=

(
exp(iα(x)) 0

0 exp(−iα(x))

)
∈ U(1)s. (3.18)

Under SU(2)s spin rotations the diagonalizing field then transforms as

u(x)′ = h(x)u(x)g†, u11(x)
′ ≥ 0. (3.19)

By this last equation, the transformation h(x) is uniquely defined.

It is interesting to note that with the nonlinearly realized symmetry, the global SU(2)s
transformation g appears in the form of a local U(1)s transformation h(x). Its space-time
dependence stems from the space-time dependent magnon field P (x). In the special case
of g being an element of the unbroken subgroup, i.e. g = diag

(
exp(iβ), exp(−iβ)

)
, it turns

out that the transformation h(x) reduces to h(x) = h = g and therefore becomes global
and linearly realized.

It remains to show that the SU(2)s group structure of the global symmetry group g is
properly inherited by the nonlinearly realized symmetry in the unbroken subgroup U(1)s.
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One therefore demands that a composite transformation g = g2g1 ∈ SU(2)s leads to a
composite transformation h(x) = h2(x)h1(x) ∈ U(1)s. First, we perform the global SU(2)s
transformation g1, i.e.

P (x)′ = g1P (x)g†1, u(x)′ = h1(x)u(x)g
†
1, (3.20)

which defines the nonlinear transformation h1(x). We then perform the second global
transformation g2, which defines the nonlinear transformation h2(x), i.e.

P (x)′′ = g2P (x)′g†2 = g2g1P (x)(g2g1)
† = gP (x)g†,

u(x)′′ = h2(x)u(x)
′g†2 = h2(x)h1(x)u(x)(g2g1)

† = h(x)u(x)g†. (3.21)

One can indeed identify h(x) = h2(x)h1(x) and thus conclude that the group structure is
properly inherited by the nonlinear realization.

We have seen that the magnon field ~e(x) changes sign under the displacement symmetry
Di. The displaced diagonalizing field u(x) thus takes the form

Diu(x) =
1√

2(1− e3(x))

(
1− e3(x) −e1(x) + ie2(x)

e1(x) + ie2(x) 1− e3(x)

)

=

(
sin( θ(x)

2
) − cos( θ(x)

2
) exp(−iϕ(x))

cos( θ(x)
2

) exp(iϕ(x)) sin( θ(x)
2

)

)
= τ(x)u(x), (3.22)

with

τ(x) =
1√

e1(x)2 + e2(x)2

(
0 −e1(x) + ie2(x)

e1(x) + ie2(x) 0

)

=

(
0 − exp(−iϕ(x))

exp(iϕ(x)) 0

)
. (3.23)

Note that — like the SU(2)s symmetry — also the displacement symmetry Di is sponta-
neously broken and hence realized in a nonlinear manner. As a result, the transformation
matrix τ(x) depends on the specific configuration of the field u(x), which itself depends on
the magnon field P (x).

Since the composed displacement symmetry D′
i acts on the magnon field P (x) as

D′
iP (x) = P (x)∗, it is evident4 that the same transformation behavior is inherited by

the diagonalizing field u(x), such that

D′
iu(x) = u(x)∗. (3.24)

4If u(x)P (x)u(x)† = 1
2 (1+ σ3), then also u(x)∗P (x)∗u(x)∗† = 1

2 (1+ σ3)∗ = 1
2 (1+ σ3).



3.3 Composite magnon field vµ(x) 27

This transformation behavior can also be derived indirectly by decomposing the D′
i trans-

formation into a translation Di and a special global spin transformation g = iσ2. One
then finds D′

iu(x) = h(x) Diu(x)g†, where the local transformation h(x) takes the form
h(x) = (iσ2)τ(x)

†, such that D
′
iu(x) = (iσ2)τ(x)

†τ(x)u(x)(iσ2)
† = u(x)∗. Note that, in con-

trast to the ordinary displacement transformation Di, the combined transformation D′
i is

not spontaneously broken and is hence realized in a linear (i.e. magnon-field-independent)
manner. At this point it becomes clear why the somewhat strange transformation D′

i is
considered at all: since it is realized linearly it is easier to handle than its nonlinearly
realized partner Di.

Using Eq. (3.12) it immediately follows that under time-reversal T the diagonalizing
field transforms as

Tu(x) = Diu(Tx) = τ(Tx)u(Tx). (3.25)

Here it is visible that time-reversal is also spontaneously broken in an antiferromagnet,
since it is realized in a nonlinear manner. However, the combined transformation T ′ is
unbroken and takes the form

T ′u(x) = D′
iu(Tx) = u(Tx)∗. (3.26)

3.3 Composite magnon field vµ(x)

Let us now introduce the composite magnon field vµ(x) whose components finally couple
the magnons to the electrons or holes. Using the diagonalizing field u(x), we define

vµ(x) = u(x)∂µu(x)
†, (3.27)

which under global SU(2)s rotations transforms as a non-Abelian “gauge” field, i.e.

vµ(x)
′ = h(x)u(x)g†∂µ[gu(x)

†h(x)†] = h(x)[vµ(x) + ∂µ]h(x)
†. (3.28)

Since vµ(x) is anti-Hermitian and traceless, we can use the Pauli matrices σa to write

vµ(x) = ivaµ(x)σa = i

(
v3
µ(x) v+

µ (x)
v−µ (x) −v3

µ(x)

)
, v±µ (x) = v1

µ(x)∓ iv2
µ(x), (3.29)

with vaµ(x) ∈ R. Using Eq. (3.18) this implies

v3
µ(x)

′ = v3
µ(x)− ∂µα(x), v±µ (x)′ = exp

(
± 2iα(x)

)
v±µ (x), (3.30)

such that v3
µ(x) shows the behavior of an Abelian U(1)s gauge field, while v±µ (x) exhibit

the behavior of vector fields “charged” under U(1)s. As the spin symmetry is not truly
gauged, it should perhaps be pointed out that the U(1)s “gauge” field nature of v3

µ(x)
results from the nonlinear U(1)s realization of the global SU(2)s symmetry. In addition,
it should be stressed that the fields vaµ(x) do not represent independent degrees of freedom
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because they are composed of the magnon field. Indeed, the lowest-order effective action
for magnons can be written in terms of v±µ (x), and it reads

S[v±µ ] =

∫
d2x dt 2ρs(v

+
i v

−
i +

1

c2
v+
t v

−
t ). (3.31)

Finally, at the end of this section, we list the transformation properties of the fields v3
µ(x)

and v±µ (x) under the various symmetries of the underlying model. Under the displacement
Di we find

Divµ(x) = τ(x)u(x)∂µ[u(x)
†τ(x)†] = τ(x)[vµ(x) + ∂µ]τ(x)

†, (3.32)

such that the components transform as

Div3
µ(x) = −v3

µ(x) + ∂µϕ(x), Div±µ (x) = − exp
(
∓ 2iϕ(x)

)
v∓µ (x). (3.33)

Under the combined symmetry D′
i one finds

D′
ivµ(x) = u(x)∗∂µu(x)

∗† = vµ(x)
∗ (3.34)

for the composite field. For the components this implies

D′
iv3
µ(x) = −v3

µ(x),
D′
iv±µ (x) = −v∓µ (x). (3.35)

Under spatial rotations O the composite field transforms as

Ovi(x) = εijvj(Ox),
Ovt(x) = vt(Ox). (3.36)

Then, under reflections at the x1-axis one finds

Rv1(x) = v1(Rx),
Rv2(x) = −v2(Rx),

Rvt(x) = vt(Rx). (3.37)

Under time-reversal T one obtains

Tvi(x) = Divi(Tx),
Tvt(x) = −Divt(Tx). (3.38)

For the components this implies

Tv3
i (x) = −v3

i (Tx) + ∂iϕ(Tx), Tv3
t (x) = v3

t (Tx)− ∂tϕ(Tx),
Tv±i (x) = − exp

(
∓ 2iϕ(Tx)

)
v∓i (Tx), Tv±t (x) = exp

(
∓ 2iϕ(Tx)

)
v∓t (Tx). (3.39)

Finally, under the composite variant T ′ one finds

T ′vi(x) = D′
ivi(Tx),

T ′vt(x) = − D′
ivt(Tx), (3.40)

and for the components it follows that

T ′v3
i (x) = −v3

i (Tx),
T ′v3

t (x) = v3
t (Tx),

T ′v±i (x) = −v∓i (Tx), T ′v±t (x) = v∓t (Tx). (3.41)

Again, it becomes evident that the composed symmetry transformation T ′ is realized in a
simpler way than the pure time-reversal transformation T .



Chapter 4

From microscopic operators to
effective fields for charge carriers

In this section we identify the low-energy degrees of freedom describing charge carriers
in the low-energy effective theory. Due to the nonperturbative dynamics, it is impossible
in practice to rigorously derive the effective fields for charge carriers from the underlying
microscopic operators. Still, in this section we establish a relation between those two
quantities which guarantees that the commutation relations among the various symmetries
of the underlying microscopic theory are properly inherited by the effective theory.

4.1 Electrons are different from holes

Looking at the phase diagram of electron- and hole-doped cuprates in Fig. 1.2, it becomes
immediately clear, that there is an asymmetry between hole- and electron-doped materials.
This asymmetry must also be reflected in the low-energy physics. Indeed, we will see that
the low-energy effective theory for magnons and holes is distinct from the one for magnons
and electrons in two aspects. First, the field content and hence the symmetry properties
of the fermionic degrees of freedom differ in the two theories. Second, as a consequence,
the structure of the effective Lagrangians — and thus the resulting low-energy physics —
is different.

For the construction of the low-energy effective theory it is essential to know where in
momentum space the underlying physical system features its low-lying fermionic excita-
tions. From angle-resolved photoemission spectroscopy (ARPES) measurements on cuprate
materials it is well-known that for light doping, holes reside in pockets centered at lattice
momenta (±π/2a,±π/2a) [70–72], while electrons live in pockets centered around (0, π/a)
and (π/a, 0) [73], with a being the lattice constant. Also theoretical investigations of the
Hubbard and the t-t′-J model (includes next-to-nearest neighbor hoppings) support these
findings [9, 26, 32, 33, 74, 75]. In our group, using a worm-cluster algorithm, the dispersion
relations E(~p ) of a single hole in the t-J model and a single electron and the t-t′-J model,

29
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Figure 4.1: The dispersion relation E(~p ) of a single hole in the t-J model (on a 32× 32 lattice
for J = 2t) with hole pockets centered at (±π/2a,±π/2a) in the two-dimensional Brillouin
zone with ~p = (p1, p2) ∈ [−π

a
, π
a
]2.

respectively, have been computed. The minima of the dispersion relation and the resulting
hole and electron pockets in the two-dimensional Brillouin zone are shown in Figs. 4.1 and
4.2. It should be noted that the low-energy effective theory to be constructed does not
depend on the atomic details which lead to the pockets at these distinct places. However,
it cares about the fact that the actual low-energy degrees of freedom live at these special
places in the Brillouin zone.

Although the details of the electronic structure of the cuprates are not essential for
the effective theory, at this point we want to catch a glimpse of exactly these microscopic
details. After this excursus along the lines of Refs. [76,77], it may be a bit more plausible
why this asymmetry between hole- and electron-doping exists. As already mentioned in the
introduction, the high-Tc compounds — whether hole- or electron-doped — consist of two-
dimensional CuO2 layers which are separated by insulating spacer layers of other atoms.
Due to the weak inter-layer coupling, the physics of cuprates is quasi-two-dimensional. As
understood very early by Anderson [2], it is the CuO2 planes that are responsible for the
high-Tc physics in these materials. Let us then have a closer look at the electronic properties
of the CuO2 planes in a (hole-doped) La2−xSrxCuO4 compound. In the introduction, in
Fig. 1.1, we have shown the crystal structure of La2CuO4 — the “parent compound” of
La2−xSrxCuO4 — and a schematic view of a CuO2 plane. In La2CuO4 the O2− ions have
six electrons in the 2p orbital (which is therefore filled), while the Cu2+ ions have nine 3d
electrons and hence possess a single unpaired 3d spin. Each Cu2+ ion sitting in the CuO2
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Figure 4.2: The dispersion relation E(~p ) of a single electron in the t-t′-J model (on a 32× 32
lattice for J = 0.4t and t′ = −0.3t) with electron pockets centered at (π/a, 0) and (0, π/a) in
the two-dimensional Brillouin zone with ~p = (p1, p2) ∈ [−π

a
, π
a
]2.

sheet is surrounded by six O2− ions building an octahedral structure (compare Figure 1.1).
Due to the overlap of the O- and Cu-orbitals, antiferromagnetic alignment of the unpaired
3d spin in the Cu ion is energetically favored and, as a result, undoped La2CuO4 turns
out to be a Mott insulator. At this point we see why the undoped cuprates are quasi-two-
dimensional antiferromagnets. The doped compound La2−xSrxCuO4 results by replacing
some tri-valent La3+ ions by bi-valent Sr2+ ions. Due to overall charge neutrality one
electron of the CuO6 octahedra is removed, or correspondingly, one hole is added. It is
generally agreed upon that the doped holes reside on an in-plane oxygen site and therefore
convert one O2− ion into a O− ion [78]. After having discussed hole-doped systems, let us
now turn to electron-doped systems. Electron-doping can be applied to Nd2−xCexCuO4.
The undoped “parent compound” is Nd2CuO4 which again contains CuO2 layers. In these
compounds, by substituting tetra-valent Ce4+ ions for tri-valent Nd3+ ions, additional
electrons are added to the CuO2 planes. These electrons, other than the holes in the case
of hole-doping, prefer to reside on the copper ions. Here we see a fundamental difference
between doped electrons and holes. In particular, the doped holes sitting on the oxygen
sites frustrate the antiferromagnetic alignment of the Cu spins while the doped electrons
sitting on the copper sites dilute the magnetic system.

4.2 Fermion operators with sublattice index

In order to describe an ordinary antiferromagnet, it is natural to introduce two sublattices,
A and B, each of them occupied with spins pointing in opposite directions. Dual to this
coordinate space lattice structure (with lattice spacing a) is a lattice in momentum space
defined by the two points (0, 0) and (π/a, π/a) in the first Brillouin zone. As a result, an
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Figure 4.3: Left: Eight lattice momenta and their periodic copies. In the cuprates, the holes
reside in momentum space pockets centered at lattice momenta (±π/2a,±π/2a), which are
represented by the four crosses, while electrons reside at (π/a, 0) or (0, π/a) represented by
the circles. Right: The layout of the eight sublattices A, B, ..., H.

effective theory dealing with only two sublattices may solely describe excitations appearing
in the Brillouin zone at the points (0, 0) and (π/a, π/a). Such a systematic low-energy ef-
fective theory for magnons and charge carriers has been constructed in Ref. [66]. However,
as argued above, an effective theory for lightly doped cuprates must be able to address
the momenta (π/a, 0) and (0, π/a) or even (±π/2a,±π/2a). Dual to the momentum space
lattices containing these points are coordinate space lattices with a four- or even eight-
sublattice structure. In order to keep the construction of the effective theory for both
electrons and holes as general as possible, we will consider eight sublattices A, B, ..., H
as illustrated in Fig. 4.3. This eight-sublattice structure is superimposed on the antiferro-
magnetic two-sublattice structure, such that spins on even sublattice sites A, C, F , and H
point into the opposite direction than of spins on odd sublattice sites B, D, E, and G.

With the help of the diagonalizing matrix u(x) of Eq. (3.16) and the original fermionic
operators of the Hubbard model Cx of Eq. (2.23), we introduce new fermionic lattice
operators

ΨA,B,...,H
x = u(x)Cx, x ∈ A,B, ..., H, (4.1)

which are labeled by the corresponding sublattice indices A, B,..., H. These lattice op-
erators are not yet the correct low-energy degrees of the effective theory. In fact these
operators present an intermediate step between the microscopic Hubbard operators and
the final effective fields. This intermediate step is however very important, as it produces
fermionic degrees of freedom which allow to address the eight sublattices A, B, ..., H and
which at the same time reflect exactly the symmetry commutation behavior of the un-
derlying microscopic theory. In addition, by this definition it is automatically guaranteed
that the global SU(2)s transformations are nonlinearly realized on the fermionic degrees
of freedom in the unbroken subgroup U(1)s as specified in the pioneering work of Callan,
Coleman, Wess, and Zumino [40, 61]. Indeed, using Eqs. (3.19) and (2.27), under SU(2)s
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transformations one finds

ΨX
x

′
= u(x)′C ′

x = h(x)u(x)g†gCx = h(x)ΨX
x , X ∈ {A,B, ..., H}. (4.2)

Similarly, under the SU(2)Q symmetry one obtains

~QΨX
x =

~Qu(x)
~QCx = u(x)CxΩ

T = ΨX
x ΩT . (4.3)

Under the displacement symmetry the new operators transform as

DiΨX
x = Diu(x+ î)Cx+îσ3 = τ(x+ î)u(x+ î)Cx+îσ3 = τ(x+ î)ΨDiX

x+î
σ3, (4.4)

where τ(x) is the field introduced in Eq. (3.23) and DiX is the sublattice that one obtains
by shifting sublattice X by one lattice spacing in the i-direction. Similarly, under the
symmetry D′

i one finds

D′
iΨX

x = D′
iu(x+ î)(iσ2)Cx+îσ3 = u(x+ î)∗(iσ2)Cx+îσ3 = (iσ2)Ψ

DiX

x+î
σ3, (4.5)

while under the 90 degrees rotation O

OΨX
x = Ou(x) OCx = u(Ox)COx = ΨOX

Ox , (4.6)

and under the reflection R

RΨX
x = Ru(x) RCx = u(Rx)CRx = ΨRX

Rx . (4.7)

Here OX and RX are the sublattices obtained by rotating or reflecting the sublattice
X. We arbitrarily chose the origin to lie on sublattice A. One can now verify that these
symmetry transformation properties indeed exactly agree with those of the underlying
physics. For instance, the two non-Abelian symmetries SU(2)s and SU(2)Q do commute
as demanded by [Sa, Qb] = 0. On the other hand, the displacement symmetry Di does not
commute with the full SU(2)Q symmetry, in agreement with [Di, Q

±] 6= 0. Note that at
this point we do not list the transformation behavior under the antiunitary time-reversal
symmetries T and T ′. Due to the antiunitarity of these symmetries, Eq. (4.1) does not
guarantee that the symmetries are properly inherited by the new fermionic degrees of free-
dom. However, this is not a problem, as the transformation behavior under T and T ′ can
afterwards be justified on the level of the final effective fields.

4.3 Fermion fields with sublattice index

Since the low-energy effective theory will be formulated in a Euclidean path integral for-
malism, fields for electrons and holes are represented by Grassmann numbers defined in
the space-time continuum and not by operators defined on a lattice. Due to their different
nature, the lattice operators introduced above can not be related explicitly to the finally
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used Grassmann numbers. However, by replacing the operators by Grassmann numbers
and at the same time by postulating that the transformation properties under the various
symmetries are inherited from the operators, such an explicit relation is not even needed.
In the effective theory the electron and hole fields are then represented by the independent
Grassmann numbers ψA,B,...,H± (x) and ψA,B,...,H†± (x) which are combined to matrix valued
fields

ΨX(x) =

(
ψX+ (x) ψX†− (x)

ψX− (x) −ψX†+ (x)

)
, X ∈ {A,C, F,H},

ΨX(x) =

(
ψX+ (x) −ψX†− (x)

ψX− (x) ψX†+ (x)

)
, X ∈ {B,D,E,G}. (4.8)

The distinct definition on even and odd sublattices — note the position of the minus
sign in the second column — comes from the fact that the value of the factor (−1)x in
the operator Cx must be properly inherited by the effective theory. Note that the spin
direction is no longer indicated by ↑ and ↓, but by + and −. The ↑↓-notation is used in
the microscopic theory where the x3-axis is chosen to be the global spin quantization axis.
In the effective theory, however, after the spontaneous SU(2)s symmetry breaking only
the spin orientation relative to the local staggered magnetization direction is still a good
quantum number. The label + then indicates spin parallel to the staggered magnetization,
while − indicates anti-parallel spin alignment. It should be pointed out that, in contrast to
the operators in a microscopic theory, the conjugate fields ψX†± (x) are totally independent
of ψX± (x). In order to avoid confusion with relativistic theories, we do not denote the
conjugate fields by ψ̄X± (x). For notational convenience we also introduce

ΨX†(x) =

(
ψX†+ (x) ψX†− (x)
ψX− (x) −ψX+ (x)

)
, X ∈ {A,C, F,H},

ΨX†(x) =

(
ψX†+ (x) ψX†− (x)
−ψX− (x) ψX+ (x)

)
, X ∈ {B,D,E,G}, (4.9)

which consist of the same Grassmann fields ψX± (x) and ψX†± (x) as ΨX(x). As a result,
ΨX†(x) is not independent of ΨX(x).
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Under the various symmetries, the matrix valued fermion fields transform as

SU(2)s : ΨX(x)′ = h(x)ΨX(x),

SU(2)Q :
~QΨX(x) = ΨX(x)ΩT ,

Di : DiΨX(x) = τ(x)ΨDiX(x)σ3,

D′
i : D′

iΨX(x) = (iσ2)Ψ
DiX(x)σ3,

O : OΨX(x) = ΨOX(Ox),

R : RΨX(x) = ΨRX(Rx),

T : TΨX(x) = τ(Tx)(iσ2)
[
ΨX†(Tx)T

]
σ3,

TΨX†(x) = −σ3

[
ΨX(Tx)T

]
(iσ2)

†τ(Tx)†,

T ′ : T ′ΨX(x) = −
[
ΨX†(Tx)T

]
σ3,

T ′ΨX†(x) = σ3

[
ΨX(Tx)T

]
. (4.10)

Since the Grassmann fields ΨX†(x) and ΨX(x) are defined in the continuum, under the
displacement symmetries Di and D′

i we no longer distinguish between the points x and
x + î. At the level of the Grassmann fields we now do list the transformation behavior
under the antiunitary time-reversal transformations T and T ′. The form of the time-
reversal symmetry T in the effective theory with nonlinearly realized SU(2)s symmetry
follows from the usual form of time-reversal in the path integral of a nonrelativistic theory
in which the spin symmetry is linearly realized. The fermion fields in the two formulations
just differ by a factor u(x). Note that an upper index T on the right denotes transpose,
while on the left it denotes time-reversal. In components the transformation rules take the
form

SU(2)s : ψX± (x)′ = exp
(
± iα(x)

)
ψX± (x),

U(1)Q : QψX± (x) = exp(iω)ψX± (x),

Di : DiψX± (x) = ∓ exp
(
∓ iϕ(x)

)
ψDiX∓ (x),

D′
i : D′

iψX± (x) = ±ψDiX∓ (x),

O : OψX± (x) = ψOX± (Ox),

R : RψX± (x) = ψRX± (Rx),

T : TψX± (x) = exp
(
∓ iϕ(Tx)

)
ψX†± (Tx),

TψX†± (x) = − exp
(
± iϕ(Tx)

)
ψX± (Tx),

T ′ : T ′ψX± (x) = −ψX†± (Tx),
T ′ψX†± (x) = ψX± (Tx). (4.11)

It should be noted that the components + and − are not interchanged under time-reversal.
While both the spin of the fermion and the staggered magnetization change sign under
time-reversal, the projection of one onto the other does not.
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4.4 Fermion fields with momentum index

Instead of labeling the effective fermion fields by the eight sublattice indices X ∈
{A,B, ...,H}, it is more convenient to address them by the eight corresponding lattice
momentum indices

k = (k1, k2) ∈
{(

0, 0
)
,
(π
a
,
π

a

)
,
(π
a
, 0
)
,
(
0,
π

a

)
,
(
± π

2a
,± π

2a

)}
. (4.12)

Therefore, we now introduce fermion fields labelled with the momentum indices k, built
from a linear combination of sublattice fields

ψk±(x) =
1√
8

{
ψA±(x) + e−ik1aψB±(x) + e−2ik1aψC±(x) + e−3ik1aψD± (x)

+ e−ik2a
[
ψE±(x) + e−ik1aψF±(x) + e−2ik1aψG±(x) + e−3ik1aψH± (x)

]}
. (4.13)

The fields ψk±(x) have the advantage of showing where in momentum space they live. In
particular, under the displacement symmetry Di, a phase factor indicating the correspond-
ing lattice momentum k appears. Under the various symmetries the fields with momentum
index transform as

SU(2)s : ψk±(x)′ = exp
(
± iα(x)

)
ψk±(x),

U(1)Q : Qψk±(x) = exp(iω)ψk±(x),

Di : Diψk±(x) = ∓ exp(ikia) exp
(
∓ iϕ(x)

)
ψk∓(x),

D′
i : D′

iψk±(x) = ± exp(ikia)ψ
k
∓(x),

O : Oψk±(x) = ψOk± (Ox),

R : Rψk±(x) = ψRk± (Rx),

T : Tψk±(x) = exp
(
∓ iϕ(Tx)

)
ψ−k†± (Tx),

Tψk†± (x) = − exp
(
± iϕ(Tx)

)
ψ−k± (Tx),

T ′ : T ′ψk±(x) = −ψ−k†± (Tx),
T ′ψk†± (x) = ψ−k± (Tx). (4.14)

Here Ok and Rk are the momenta obtained by rotating or reflecting the lattice momentum
k. From the component fields one can again construct matrix-valued fields

Ψk(x) =

(
ψk+(x) ψ−k

′†
− (x)

ψk−(x) −ψ−k
′†

+ (x)

)
, Ψk†(x) =

(
ψk†+ (x) ψk†− (x)

ψ−k
′

− (x) −ψ−k′+ (x)

)
, (4.15)
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where k′ is obtained by shifting the momentum k by the antiferromagnetic wave vector,
i.e. k′ = k + (π/a, π/a). The matrix-valued fields then transform as

SU(2)s : Ψk(x)′ = h(x)Ψk(x),

SU(2)Q :
~QΨk(x) = Ψk(x)ΩT ,

Di : DiΨk(x) = exp(ikia)τ(x)Ψ
k(x)σ3,

D′
i : D′

iΨk(x) = exp(ikia)(iσ2)Ψ
k(x)σ3,

O : OΨk(x) = ΨOk(Ox),

R : RΨk(x) = ΨRk(Rx),

T : TΨk(x) = τ(Tx)(iσ2)
[
Ψ−k†(Tx)T

]
σ3,

TΨk†(x) = −σ3

[
Ψ−k(Tx)T

]
(iσ2)

†τ(Tx)†,

T ′ : T ′Ψk(x) = −
[
Ψ−k†(Tx)T

]
σ3,

T ′Ψk†(x) = σ3

[
Ψ−k(Tx)T

]
. (4.16)

At this point we are almost ready to start with the construction of the systematic low-
energy effective theory for magnons and electrons or holes. Nearly all preparatory work
— such as analyzing the symmetry properties of the underlying physics and identifying
effective fields for charge carriers — has now been completed. In this section we have
introduced the effective fields ψk±(x) and ψk†± (x) labeled with the momentum index k.
With these fields we may address fermionic degrees of freedom living at the corresponding
k-values in the Brillouin zone. However, since these fields have a definite transformation
behavior under the SU(2)Q symmetry, the fermionic degrees of freedom described by these
fields may be a linear combination of both electrons and holes. Hence, before we finally
arrive at the low-energy effective fields that describe holes at k = (±π/2a,±π/2a) and
electrons at k = (π/a, 0) and k = (0, π/a) we must perform one final step: we have to
break SU(2)Q. The identification of the true low-energy fields that describe either electrons
or holes (but not a linear combination of both) can then be realized by constructing and
analyzing mass terms.

4.5 Breaking SU(2)Q and identifying fields for holes

Let us start with the identification of fields for holes and the elimination of fields for
electrons in the case of hole-doped cuprates. With the help of the effective fields ψk±(x) and

ψk†± (x) we construct all mass terms that involve the lattice momenta k = (±π/2a,±π/2a)
and which are consistent with the symmetry transformations of Eq. (4.14). We find that
due to symmetry constraints the four momenta can not mix arbitrarily but appear in a
set of two pairs, i.e., k and k′ = k + (π/a, π/a). We therefore introduce two flavor labels
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f = α, β (also known as valley indices) to address the four lattice momenta by

kα =
( π
2a
,
π

2a

)
, kα′ = −kα, kβ =

( π
2a
,− π

2a

)
, kβ

′
= −kβ. (4.17)

The most general possible mass terms then read

∑
f=α,β

1

2
Tr
[
M(Ψkf †σ3Ψ

kf
′
+ Ψkf

′†σ3Ψ
kf ) +m(Ψkf †Ψkfσ3 + Ψkf

′†Ψkf
′
σ3)
]

=
∑
f=α,β

[
M
(
ψk

f †
+ ψk

f ′

+ − ψk
f †
− ψk

f ′

− + ψk
f ′†

+ ψk
f

+ − ψk
f ′†
− ψk

f

−
)

+m
(
ψk

f †
+ ψk

f

+ + ψk
f †
− ψk

f

− + ψk
f ′†

+ ψk
f ′

+ + ψk
f ′†
− ψk

f ′

−
)]

=
∑
f=α,β

[(
ψk

f †
+ , ψk

f ′†
+

)( m M
M m

)(
ψk

f

+

ψk
f ′

+

)

+
(
ψk

f †
− , ψk

f ′†
−
)( m −M

−M m

)(
ψk

f

−
ψk

f ′

−

)]
.

The terms proportional to M are SU(2)Q invariant while the terms proportional to m are
only U(1)Q invariant and hence explicitly break the particle-hole symmetry. By diagonal-
izing the mass matrices we can now identify electron and hole fields. The eigenvalues of the
mass matrices are m±M. In the SU(2)Q-symmetric case, i.e. for m = 0, there is a perfect
particle-hole symmetry. The particles correspond to positive energy states with eigenvalue
M while the holes correspond to negative energy states with eigenvalue −M. In the pres-
ence of SU(2)Q-breaking terms these energies are shifted and particles now correspond to
states with eigenvalue m +M, while holes correspond to states with eigenvalue m −M.
The hole fields finally used in the systematic low-energy effective theory are identified from
the corresponding eigenvectors by

ψf+(x) =
1√
2

[
ψk

f

+ (x)− ψk
f ′

+ (x)
]
, ψf−(x) =

1√
2

[
ψk

f

− (x) + ψk
f ′

− (x)
]
. (4.18)

At this point we see that the holes do not carry four different labels for lattice momenta.
By the above linear combination the momenta kf and kf

′
are joined. In other words, the

two half-pockets at lattice momenta kf and kf
′
are combined to form full pockets centered

at kα and kβ, as illustrated in Fig. 4.4.

We are now in the position to finally list the transformation properties of the effective
fields describing holes in lightly doped cuprates. The hole fields ψf± (with f ∈ {α, β})
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Figure 4.4: First Brillouin zone with ~p ∈ [−π
a
, π
a
]2 together with magnetic Brillouin zone. Left:

Four half-pockets located at (±π/2a,±π/2a). Right: Two half-pockets at opposite sides of
the magnetic Brillouin zone combine to form the elliptical full pockets for the flavors f = α, β.

transform as

SU(2)s : ψf±(x)′ = exp
(
± iα(x)

)
ψf±(x),

U(1)Q : Qψf±(x) = exp(iω)ψf±(x),

Di : Diψf±(x) = ∓ exp(ikfi a) exp
(
∓ iϕ(x)

)
ψf∓(x),

D′
i : D′

iψf±(x) = ± exp(ikfi a)ψ
f
∓(x),

O : Oψα±(x) = ∓ψβ±(Ox), Oψβ±(x) = ψα±(Ox),

R : Rψα±(x) = ψβ±(Rx), Rψβ±(x) = ψα±(Rx),

T : Tψf±(x) = ∓ exp
(
∓ iϕ(Tx)

)
ψf†± (Tx),

Tψf†± (x) = ± exp
(
± iϕ(Tx)

)
ψf±(Tx),

T ′ : T ′ψf±(x) = ±ψf†± (Tx),
T ′ψf†± (x) = ∓ψf±(Tx). (4.19)

Of course, since the electrons have been removed from the theory, the SU(2)Q particle-
hole symmetry is explicitly broken and hence only the ordinary U(1)Q fermion number
symmetry appears in the above list of symmetry transformations. Note the peculiar trans-
formation behavior of the hole fields under the O symmetry.
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4.6 Breaking SU(2)Q and identifying fields for elec-

trons

Let us now identify the fields for electrons and eliminate the fields for holes in the case
of electron-doped cuprates. Again, this identification can be achieved by constructing all
possible mass terms and thereafter diagonalizing the mass matrices. For electron-doped
cuprates we have to construct all mass terms which involve the momenta k = (π/a, 0) and
k = (0, π/a). Here, since these momenta are related to each other by a shift of (π/a, π/a),
we may label them directly by

k =
(π
a
, 0
)
, k′ =

(
0,
π

a

)
. (4.20)

As a consequence, in the electron-doped case, we do not need to introduce a flavor index
f . The possible mass terms built from the fields ψk±(x) and ψk†± (x) which are consistent
with the symmetry transformations of Eq. (4.14) take the form

1

2
Tr
[
M(Ψk†σ3Ψ

k′ + Ψk′†σ3Ψ
k) +m(Ψk†Ψkσ3 + Ψk′†Ψk′σ3)

]
= M

(
ψk†+ ψ

k′

+ − ψk†− ψ
k′

− + ψk
′†

+ ψk+ − ψk
′†
− ψk−

)
+m

(
ψk†+ ψ

k
+ + ψk†− ψ

k
− + ψk

′†
+ ψk

′

+ + ψk
′†
− ψk

′

−
)

=
(
ψk†+ , ψ

k′†
+

)( m M
M m

)(
ψk+
ψk

′
+

)
+
(
ψk†− , ψ

k′†
−
)( m −M

−M m

)(
ψk−
ψk

′
−

)
. (4.21)

Again, the terms proportional toM are SU(2)Q invariant while those proportional tom are
only U(1)Q-invariant. By diagonalizing the mass matrices, electron and hole fields can be
identified. The resulting eigenvalues are again m±M. In the SU(2)Q symmetric case the
electrons correspond to positive energy states with eigenvalue M and the holes correspond
to negative energy states with eigenvalue −M. In the presence of SU(2)Q-breaking terms
these energies are shifted and electrons now correspond to states with eigenvalue m+M,
while holes correspond to states with eigenvalue m−M. The electron fields are given by
the corresponding eigenvectors

ψ+(x) =
1√
2

[
ψk+(x) + ψk

′

+ (x)
]
, ψ−(x) =

1√
2

[
ψk−(x)− ψk

′

− (x)
]
. (4.22)
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Under the various symmetries these fields transform as

SU(2)s : ψ±(x)′ = exp
(
± iα(x)

)
ψ±(x),

U(1)Q : Qψ±(x) = exp(iω)ψ±(x),

Di : Diψ±(x) = ∓ exp(ikia) exp
(
∓ iϕ(x)

)
ψ∓(x),

D′
i : D′

iψ±(x) = ± exp(ikia)ψ∓(x),

O : Oψ±(x) = ±ψ±(Ox),

R : Rψ±(x) = ψ±(Rx),

T : Tψ±(x) = exp
(
∓ iϕ(Tx)

)
ψ†±(Tx),

Tψ†±(x) = − exp
(
± iϕ(Tx)

)
ψ±(Tx),

T ′ : T ′ψ±(x) = −ψ†±(Tx),
T ′ψ†±(x) = ψ±(Tx). (4.23)

Again, since the holes have been removed from the theory, the SU(2)Q particle-hole sym-
metry is explicitly broken and hence only the ordinary U(1)Q fermion number symmetry
appears in the above list of symmetry transformations. Due to the absence of flavor in-
dices, the transformation properties of the electron fields are simpler than those of the hole
fields. As we will see, the different transformation properties imply a different structure of
the low-energy effective Lagrangians for the two cases.





Chapter 5

Effective field theory for magnons
and charge carriers

In this section we construct the leading terms in the systematic low-energy effective theory
for magnons and electrons or holes. At this point we have completed all the preparatory
work needed for the construction of the low-energy effective Lagrangian for magnons and
electrons or holes: we have identified the relevant low-energy degrees of freedom that
describe electrons or holes and we have determined their transformation behavior under
all symmetries inherent to the underlying physics. The low-energy effective Lagrangian
is constructed as a derivative expansion consisting of terms that are invariant under all
underlying symmetries. The terms in the effective Lagrangian can be organized according
to the number of fermion fields and of derivatives they consist of. The leading low-energy
physics is described by terms with as few derivatives as possible. At this point we should
consider how the number of derivatives is counted. In particular, spatial derivatives may
be counted differently than temporal ones. In the pure magnon sector, where no fermions
exist, spatial and temporal derivatives acting on the magnon field P (x) are counted on equal
terms. This comes from the fact that the antiferromagnetic magnons have a relativistic
dispersion relation1 (E ∝ p). On the other hand, the electrons and holes are heavy objects
with a non-relativistic dispersion relation (E ∝ p2). As a result, when acting on fermion
fields, one temporal derivative counts like two spatial derivatives. For the moment we limit
ourselves to the leading contributions in the effective theory. In the pure magnon sector,
we therefore allow two temporal and two spatial derivatives. On the other hand, when
electrons or holes are included we construct terms containing one temporal derivative or
two spatial derivatives only. The coupling of the magnons to the electrons or holes is
realized through the components v3

µ(x) and v±µ (x) of the composite magnon field vµ(x)
which has been constructed from the nonlinearly realized SU(2)s symmetry2. Therefore,
each of the fields v3

µ(x) and v±µ (x) contains a µ-derivative which must also be counted. The
terms in the Lagrangain can be characterized according to the number nψ of fermion fields

1This is in contrast to ferromagnetic magnons which have a non-relativistic dispersion relation.
2Remember: vµ(x) = u(x)∂µu(x)† with u(x) transforming under SU(2)s as u(x)′ = h(x)u(x)g†.

43
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they contain. The total low-energy effective action for magnons and holes can then be
written as

S[ψf†± , ψ
f
±, P ] =

∫
d2x dt

∑
nψ

Lnψ . (5.1)

5.1 Effective action for magnons and holes

As already introduced in Eq. (3.5), in the pure magnon sector the leading terms in the
effective Lagrangian take the form

L0 = ρsTr
[
∂iP∂iP +

1

c2
∂tP∂tP

]
, (5.2)

with the spin stiffness ρs and the spin-wave velocity c being the only low-energy constants.
Note that L0 contains no terms built just from magnon fields P (x) but without derivatives.
All invariant terms of this form would simply be constant and hence do not appear in the
Lagrangian. Also, there are no contributions to L0 with just one single derivative as such
terms do violate space-time symmetries.

Next we leave the pure magnon sector and construct terms that describe the low-
energy physics of holes. We therefore have to figure out all possible terms that are built
from the hole fields of Eq. (4.18) and their daggered counterparts, i.e. ψf±(x) and ψf†± (x).
Somewhat naively, we may consider to write down terms for L1, i.e. terms that contain
only one hole field ψf†± (x) or ψf±(x). However, we immediately see that such terms violate
the U(1)Q symmetry since after a U(1)Q transformation uncompensated phase factors
exp(±iω) remain. In fact, this is the case for all terms with an odd number of hole fields
and as a result, the number nψ of fermion fields must be even. Let us then turn to the
construction of L2. The leading contributions with two hole fields and with up to two
derivatives take the form

L2 =
∑
f=α,β
s=+,−

[
Mψf†s ψ

f
s + ψf†s Dtψ

f
s

+
1

2M ′Diψ
f†
s Diψ

f
s + σf

1

2M ′′

(
D1ψ

f†
s D2ψ

f
s +D2ψ

f†
s D1ψ

f
s

)
+ Λ

(
ψf†s v

s
1ψ

f
−s + σfψ

f†
s v

s
2ψ

f
−s
)

+N1ψ
f†
s v

s
i v
−s
i ψfs + σfN2

(
ψf†s v

s
1v
−s
2 ψfs + ψf†s v

s
2v
−s
1 ψfs

)]
. (5.3)

Here M is the rest mass and M ′ and M ′′ are kinetic mass parameters of a hole, Λ is a hole-
one-magnon, and N1 and N2 are hole-two-magnon couplings, which all take real values.
The sign σf is + for f = α and − for f = β. The covariant derivatives are given by

Dtψ
f
±(x) =

[
∂t ± iv3

t (x)− µ
]
ψf±(x),

Diψ
f
±(x) =

[
∂i ± iv3

i (x)
]
ψf±(x). (5.4)
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The chemical potential µ enters the covariant time-derivative like an imaginary constant
vector potential for the fermion number symmetry U(1)Q. We would like to emphasize
that even though we introduce covariant derivatives, the SU(2)s spin transformations are
not gauged. It is just due to the nonlinear realization of the global SU(2)s symmetry which
appears as a local transformation acting on the fermion fields that covariant derivatives
suggest themselves. It should also be pointed out that, through v±i (x), the term propor-
tional to Λ contains a single spatial derivative. One would perhaps expect this term to
violate the 90 degrees rotation symmetry O. However, due to the peculiar transformation
properties of the hole fields, this term actually does respect all symmetries. Since this
term comes with the least number of derivatives it is the most important contribution in
the derivative expansion and therefore dominates the low-energy dynamics. As we will see
later on, it is exactly this term that is responsible for the one-magnon exchange potential
between two holes.

The above Lagrangian leads to a single hole dispersion relation

Ef(~p ) = M +
p2
i

2M ′ + σf
p1p2

M ′′ +O(p4). (5.5)

Of course, in the effective theory the momentum ~p is defined relative to the center of the hole
pocket. For 1/M ′′ = 0 this would be the usual dispersion relation of a free nonrelativistic
particle. In that case, the hole pockets centered at (π/2a,±π/2a) would have a circular
shape. However, the 90 degrees rotation symmetry of the problem allows for 1/M ′′ 6= 0
which implies an elliptic shape of the hole pockets as illustrated in Fig. 4.4. This is indeed
observed both in ARPES experiments and in numerical simulations of t-J-type models (see
Fig. 4.1). It should be noted that stability of the minima at the center of the hole pockets
requires |M ′′| > M ′.

Next we turn to the 4-Fermi terms contained in L4 which are used to describe contact
interactions between holes. Following basic rules of combinatorics, we now have to deal
with a much larger number of potentially invariant terms. In order to systematically
construct all invariant terms we have performed the symmetry analysis with the help of
the algebraic program FORM [79]. Due to the large number of invariant terms, here we
exclusively list the contributions with at most one spatial derivative. The leading terms
are given by

L4 =
∑
s=+,−

{G1

2

(
ψα†s ψ

α
s ψ

α†
−sψ

α
−s + ψβ†s ψ

β
sψ

β†
−sψ

β
−s
)

+G2ψ
α†
s ψ

α
s ψ

β†
s ψ

β
s +G3ψ

α†
s ψ

α
s ψ

β†
−sψ

β
−s

+G4

[
ψα†s ψ

α
s

∑
s′=+,−

(
ψβ†s′ v

s′

1 ψ
β
−s′ − ψβ†s′ v

s′

2 ψ
β
−s′
)

+ ψβ†s ψ
β
s

∑
s′=+,−

(
ψα†s′ v

s′

1 ψ
α
−s′ + ψα†s′ v

s′

2 ψ
α
−s′
)]}

, (5.6)

with the real-valued 4-fermion contact interactions G1, G2, G3, and G4. Although not
listed, we have also constructed all 4-Fermi terms with one temporal or two spatial deriva-
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tives. Due to the large number of low-energy parameters they contain, such terms are
unlikely to be used in any practical investigation.

Here we also list the contributions with six or eight hole fields. For practical reasons
we have limited ourselves to terms without derivatives. We find

L6 =H
(
ψα†+ ψ

α
+ψ

α†
− ψ

α
−ψ

β†
+ ψ

β
+ + ψα†+ ψ

α
+ψ

α†
− ψ

α
−ψ

β†
− ψ

β
−

+ ψα†+ ψ
α
+ψ

β†
+ ψ

β
+ψ

β†
− ψ

β
− + ψα†− ψ

α
−ψ

β†
+ ψ

β
+ψ

β†
− ψ

β
−
)

(5.7)

and

L8 = I ψα†+ ψ
α
+ψ

α†
− ψ

α
−ψ

β†
+ ψ

β
+ψ

β†
− ψ

β
−. (5.8)

By the Pauli principle, terms with two identical fermion fields are forbidden. As a result,
without derivatives one can not construct terms with more than eight hole fields.

5.2 Effective action for magnons and electrons

Due to the absence of charge carriers, the pure magnon sector in electron-doped and hole-
doped cuprates is obviously identical. Again, with the low-energy constants ρs and c the
leading terms take the form

L0 = ρsTr
[
∂iP∂iP +

1

c2
∂tP∂tP

]
. (5.9)

Next we turn to the construction of the contributions which involve the electron fields
of Eq. (4.22) and their daggered counterparts, i.e. ψ±(x) and ψ†±(x). Again, due to U(1)Q
fermion number conservation, the number of electron fields nψ must always be even. The
leading terms of L2 take the form

L2 =
∑
s=+,−

[
Mψ†sψs + ψ†sDtψs +

1

2M ′Diψ
†
sDiψs +Nψ†sv

s
i v
−s
i ψs

+ iK
(
D1ψ

†
sv
s
1ψ−s − ψ†sv

s
1D1ψ−s −D2ψ

†
sv
s
2ψ−s + ψ†sv

s
2D2ψ−s

)]
. (5.10)

Here M is the rest mass and M ′ is the kinetic mass of an electron, K is an electron-one-
magnon, and N is an electron-two-magnon coupling, which all take real values. The factor
i in front of the K-term is needed in order to make this term Hermitian. The covariant
derivatives are defined by3

Dtψ±(x) =
[
∂t ± iv3

t (x)− µ
]
ψ±(x),

Diψ±(x) =
[
∂i ± iv3

i (x)
]
ψ±(x). (5.11)

3Up to the missing flavor indices f on the electron fields, this definition is in fact identical to what has
been introduced in Eq. (5.4) for the hole case.
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Again, µ is the chemical potential which enters the temporal derivative like an imaginary
constant vector potential for the fermion number symmetry U(1)Q. The above Lagrangian
leads to a single electron dispersion relation

E(~p ) = M +
p2
i

2M ′ +O(p4). (5.12)

Let us turn to the contributions with four electron fields. To leading order we find the
following 4-Fermi contact terms

L4 =
∑
s=+,−

[G1

2
ψ†sψsψ

†
−sψ−s +G2Diψ

†
sDiψsψ

†
sψs +G3Diψ

†
sDiψsψ

†
−sψ−s

+G4Diψ
†
sDiψ−sψ

†
−sψs +

G5

2

(
Diψ

†
sψsDiψ

†
−sψ−s + ψ†sDiψsψ

†
−sDiψ−s

)
+ iG6

(
D1ψ

†
sψsψ

†
sv
s
1ψ−s − ψ†sD1ψsψ

†
−sv

−s
1 ψs

−D2ψ
†
sψsψ

†
sv
s
2ψ−s + ψ†sD2ψsψ

†
−sv

−s
2 ψs

)
+
G7

2
ψ†sψsv

s
i v
−s
i ψ†−sψ−s

+
G8

2

(
Dtψ

†
sψsψ

†
−sψ−s − ψ†sDtψsψ

†
−sψ−s

)]
, (5.13)

with the contact couplings G1, G2,..., G8 being real-valued. Since it contains Dt, the term
proportional to G8 would imply a deviation from canonical anticommutation relations in
a Hamiltonian formulation of the theory. Fortunately, this term can be eliminated by a
field redefinition ψs → ψs + G8

2
ψsψ

†
−sψ−s. The redefined field obeys the same symmetry

transformations as the original one and is constructed such that after the field redefinition
G8 = 0. All other terms in the action are reproduced in their present form.

Since in the effective fields for electrons do not carry a flavor index f , there are only four
independent fields, namely ψ†+(x), ψ†−(x), ψ+(x), and ψ−(x). Hence, without derivatives
one can only write down terms with up to four electron fields. Terms with more electron
fields vanish due to the Pauli principle. At the end we investigate contributions with six
electron fields including up to one temporal or two spatial derivatives. The only invariant
contribution is

L6 =
∑
s=+,−

HDiψ
†
sDiψsψ

†
sψsψ

†
−sψ−s. (5.14)

Also here we have used the algebraic program FORM to verify that the terms listed above
form a complete linearly independent set.

5.3 Accidental emergent symmetries

In the cuprate materials, due to the formation of a crystal lattice, translation and Galilean
invariance is spontaneously broken. As a consequence, phonons — the Goldstone bosons
of this spontaneously broken symmetry — appear in the low-energy spectrum of cuprates.
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However, since one may expect that phonons do not play an important role for the mech-
anisms responsible for high-temperature superconductivity, we have not included phonons
in the low-energy effective theory. As a matter of fact, the Hubbard and t-J model as our
microscopic starting points do not contain the physics of phonons. In these microscopic
models the lattice structure is imposed by hand and the Galilean symmetry is thus broken
explicitly instead of spontaneously. Nevertheless, for c → ∞, the leading order terms of
the low-energy effective theory for magnons and holes feature an accidental Galilean boost
symmetry which acts on the magnon and hole fields as

G : GP (x) = P (Gx), Gx = (~x− ~v t, t),
Gψf±(x) = exp

(
~pf · ~x− ωf t

)
ψf±(Gx),

Gψf†± (x) = ψf†± (Gx) exp
(
−~pf · ~x+ ωf t

)
, (5.15)

with ~pf = (pf1 , p
f
2) and ωf given by

pf1 =
M ′

1− (M ′/M ′′)2

[
v1 − σf

M ′

M ′′ v2

]
, pf2 =

M ′

1− (M ′/M ′′)2

[
v2 − σf

M ′

M ′′ v1

]
,

ωf =
pfi

2

2M ′ + σf
pf1p

f
2

M ′′ =
M ′

1− (M ′/M ′′)2

[1
2
(v2

1 + v2
2)− σf

M ′

M ′′ v1v2

]
. (5.16)

Note that the relation between ~pf and the velocity of the Galilean boost ~v results
from the hole dispersion relation of Eq. (5.5) using vi = dEf/dpfi . The Galilean boost
symmetry is only present for the leading-order terms. It is explicitly broken at higher
orders of the derivative expansion. Hence, although the microscopic underlying models do
break Galilean invariance explicitly, in the low-energy physics Galilean boost invariance
emerges dynamically. In contrast to the hole case, the low-energy effective theory for
magnons and electrons does not show this accidental Galilean boost invariance, not even
at lowest order.

In the next part of this thesis we will work out the magnon-mediated forces between
two holes or electrons. The accidental Galilean boost invariance in the hole case will then
allow us to consider the system of two holes in their rest frame. In particular, we will find
that the magnon-mediated forces between holes do not depend on their total momentum
~P . On the other hand, in the electron case, since the accidental Galilean boost invariance
is absent, we will find that the magnon-mediated forces between two electrons depend on
the total momentum ~P .

In addition, when investigating the leading contributions of the low-energy effective
theory for magnons and holes, we find an accidental global U(1)f flavor symmetry that
acts as

U(1)F : Fψf±(x) = exp(σf iη)ψ
f
±(x). (5.17)

The flavor symmetry is explicitly broken by higher-order terms in the derivative expansion
and thus emerges only at low energies.
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Chapter 6

One-magnon exchange potentials

Using the systematic low-energy effective theory for magnons and holes or electrons one can
now start to investigate the low-energy physics of cuprates. In the effective theory frame-
work, at low energies, holes or electrons interact with each other via magnon exchange.
Since the long-range low-energy dynamics is dominated by one-magnon exchange, we will
focus on exactly this process. This is the analog of one-pion exchange which dominates
the long-range forces between nucleons. One-pion exchange is described by BχPT. In this
thesis we work out the one-magnon exchange potentials between an isolated pair of holes
or electrons in an otherwise undoped antiferromagnet. Note that, in this case, the system
is considered undoped as with just two fermions no finite density of charge carriers exists.
Recently, we have also investigated lightly doped antiferromagnets [55,64] including a finite
density of charge carriers. However, this is part of Christoph Brügger’s thesis and shall not
be discussed here. Once the one-magnon exchange potentials are derived, corresponding
Schrödinger equations can be written down. These Schrödinger equations for hole and
electron pairs will be discussed and solved in the next chapter.

6.1 One-magnon exchange potential between two holes

In section 5.1 we have listed the leading terms of the low-energy effective theory for magnons
and holes. From the contributions L0 and L2 we now extract the one-magnon physics. We
do not consider the contact terms of L4 because we focus on the long-range behavior of the
pair of holes. In the ground state of an antiferromagnet, the staggered magnetization vector
is pointing in a common direction at all points in space. One then says that the staggered
magnetization is ordered. Without loss of generality we may assume this direction to be the
x3-direction, i.e. ~e(x) = (0, 0, 1). Now, if we include magnons, we allow small fluctuations in
the local staggered magnetization direction. In order to address the one-magnon physics,
we expand in the magnon fluctuations m1(x) and m2(x) around the ordered staggered
magnetization and keep contributions linear in m1(x) and m2(x) only, i.e.

~e(x) =
(m1(x)√

ρs
,
m2(x)√
ρs

, 1
)

+O(m2). (6.1)
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At this point we like to pause and formulate things more precisely: by the term one-magnon
physics we mean physical processes in which a single magnon couples to the hole fields.
Hence, from the Lagrangian L2, which describes the coupling of magnons to single holes,
we only consider terms linear in m1(x) and m2(x). However, this does not mean that one-
magnon physics is necessarily described by terms linear in m1(x) and m2(x). For instance,
a single magnon propagating in the antiferromagnet (this is obviously one-magnon physics)
is described by L0. When expanding L0 in the magnon fluctuations, i.e.

L0 =
1

2
(∂ima∂ima +

1

c2
∂tma∂tma) +O(m4), (6.2)

one immediately finds that the leading contribution of L0 (the magnon propagator) is
quadratic in m1(x) and m2(x). Here we have implicitly assumed the indices a = 1, 2 to be
summed over. Hence, in order to describe the propagation of a single magnon, from L0 we
have to include terms of order ma(x)

2. Let us now work out how the magnon fluctuations
appear in L2. Since the magnons are coupled to the holes via v±µ (x) and v3

µ(x), we expand
these fields in m1(x) and m2(x). The leading order contributions take the form

v±µ (x) =
1

2
√
ρs
∂µ
[
m2(x)± im1(x)

]
+O(m3),

v3
µ(x) =

1

4ρs

[
m1(x)∂µm2(x)−m2(x)∂µm1(x)

]
+O(m4). (6.3)

We now immediately see that v±µ (x) is linear in the fluctuations while v3
µ(x) is quadratic.

Instead of working with m1(x) and m2(x), it turns out to be more convenient to employ
the linear combination

m(x) = m1(x) + im2(x). (6.4)

Then, obviously m∗(x) = m1(x) − im2(x). With this definition one can write v±µ (x) in a
more compact form, namely

v+
µ (x) =

i

2
√
ρs
∂µm

∗(x), v−µ (x) = − i

2
√
ρs
∂µm(x). (6.5)
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It is then straightforward to write down the low-energy effective action relevant for one-
magnon exchange1, i.e.

S[ψf†± , ψ
f
±,m] =

∫
d2x dt

{ 1

2
(∂im

∗∂im+
1

c2
∂tm

∗∂tm)

+
∑
f=α,β
s=+,−

[
Mψf†s ψ

f
s + ψf†s ∂tψ

f
s

+
1

2M ′∂iψ
f†
s ∂iψ

f
s + σf

1

2M ′′

(
∂1ψ

f†
s ∂2ψ

f
s + ∂2ψ

f†
s ∂1ψ

f
s

)]
+ i

Λ

2
√
ρs

∑
f=α,β

(
ψf†+ ∂1m

∗ψf− + ψf†− ∂1mψf+ + σf (ψ
f†
+ ∂2m

∗ψf− + ψf†− ∂2mψf+)
)}

+O(m2)L2 +O(m4)L0 . (6.6)

As already mentioned above, the first contribution is the magnon propagator. Then, the
first four contributions involving fermion fields describe the propagation of free holes. At
last, we see that solely the terms proportional to Λ are responsible for the coupling of single
magnons to holes. Looking at the spin labels of the fermion fields in these terms, it becomes
clear that, by emitting or absorbing a single magnon, a hole flips its spin from + to − (or
the other way around). As a consequence, two holes can exchange a single magnon only if
they have antiparallel spins. Note that in the above action the covariant derivatives have
reduced to ordinary ones since in L2 the fields v3

µ(x) correspond to two-magnon physics.

We now focus on the kinematics of one-magnon exchange between holes. The incoming
or outgoing holes are asymptotically free particles with the dispersion relation introduced
in Eq. (5.5), i.e.

Ef(~p ) = M +
p2
i

2M ′ + σf
p1p2

M ′′ +O(p4). (6.7)

The momenta of the incoming holes are denoted by ~p±, while those of the outgoing holes
are denoted by ~p±

′. The momentum carried by the exchanged magnon is denoted by ~q. We
also introduce the total momentum ~P , which is given by

~P = ~p+ + ~p− = ~p+
′ + ~p−

′ . (6.8)

The process of one-magnon exchange between two holes of antiparallel spins is represented
by the Feynman diagram shown in Fig. 6.1. Note that f = α, β and f̃ = α, β indicate the
flavor of the incoming spin + and − hole, respectively. Therefore, one potentially has to
deal with four different Feynman diagrams, which — after some preparations — are easy
to evaluate. The procedure works as follows. First of all, it is convenient to transform the
action for one-magnon physics of Eq. (6.6) into momentum space. Second, we minimize
the obtained action with respect to the magnon fluctuations in momentum space m∗(q)
and m(q). Since one-magnon exchange is a tree level process, the corresponding physics is

1Note that here we have made use of Eq. (3.31) for the representation of the pure magnon part.
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f+

f̃
−

f
−

f̃+

~p+

~q

~p
′

−

~p
−

~p
′

+

Figure 6.1: Feynman diagram for one-magnon exchange between two holes with antiparallel
spins undergoing a spin-flip.

classical, that is to say of non-quantum nature. In that case, the realized physics obeys the
principle of stationary action. Third, by plugging the obtained expressions for m∗(q) and
m(q) back into the action, the magnon fields are integrated out. The minimized action is
then just a functional of the hole fields. In appendix A, these steps are performed in detail.
From the finally obtained minimized action one can read off the resulting potentials for
the various combinations of flavors. In momentum space they take the form

〈~p+
′ ~p−

′|V ff̃ |~p+~p−〉 = V ff̃ (~q ) δ(~p+ + ~p− − ~p+
′ − ~p−

′), (6.9)

with

V αα(~q ) = −γπ (q1 + q2)
2

q2
, V ββ(~q ) = −γπ (q1 − q2)

2

q2
,

V αβ(~q ) = V βα(~q ) = −γπq
2
1 − q2

2

q2
, (6.10)

where γ = Λ2/(2πρs). For the transformation of these potentials into coordinate space one
uses the following integrals:∫

d2~q
q2
j

q2
exp(i~q · ~x) = 2π(

1

x2
− 2

x2
j

x4
), with j = 1, 2,∫

d2~q
q1q2
q2

exp(i~q · ~x) = −4π
x1x2

x4
, (6.11)

which can be solved by making use of

1

~q 2
=

∫ ∞

0

dλ exp(−λ~q 2).

In coordinate space the four one-magnon exchange potentials are then given by

〈~r+′~r−′|V ff̃ |~r+~r−〉 = V ff̃ (~r ) δ(~r+ − ~r−′) δ(~r− − ~r+′), (6.12)
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with

V αα(~r ) = γ
sin(2ϕ)

r2
, V ββ(~r ) = −γ sin(2ϕ)

r2
,

V αβ(~r ) = V βα(~r ) = γ
cos(2ϕ)

r2
. (6.13)

Here ~r = ~r+ − ~r− is the distance vector between the two holes and ϕ is the angle between
~r and the x1-axis. It should be noted that the one-magnon exchange potentials are in-
stantaneous although magnons travel with the finite speed c. Retardation effects occur
only at higher orders. The one-magnon exchange potentials also contain short-distance
δ-function contributions which we have not listed above. These contributions add to the
4-fermion contact interactions. Since we will model the short-distance repulsion by a hard
core radius, the δ-function contributions are not needed in the following.

It should be pointed out, that the one-magnon exchange potentials between holes do
not depend on the total momentum ~P of the fermions. This is due to the fact that the
leading order terms of the low-energy effective action for magnons and holes do show an
accidental Galilean boost invariance, although the underlying physics takes place on a
lattice (compare with section 5.3).

6.2 One-magnon exchange potential between two elec-

trons

The derivation of the one-magnon exchange potential between two electrons proceeds along
the lines of the analysis performed in the hole case. Again, one first expands in the
magnon fluctuations around the ordered staggered magnetization in order to extract the
one-magnon physics from L0 and L2. When employing the linear combination of magnon
fluctuations m(x) introduced in Eq. (6.4), the low-energy effective action describing one-
magnon exchange takes the form

S[ψ†±, ψ±,m] =

∫
d2x dt

[ 1

2
(∂im

∗∂im+
1

c2
∂tm

∗∂tm)

+
∑
s=+,−

(
Mψ†sψs + ψ†s∂tψs +

1

2M ′∂iψ
†
s∂iψs

)
− K

2
√
ρs

(
∂1ψ

†
+∂1m

∗ψ− − ψ†+∂1m
∗∂1ψ− − ∂1ψ

†
−∂1mψ+ + ψ†−∂1m∂1ψ+

− ∂2ψ
†
+∂2m

∗ψ− + ψ†+∂2m
∗∂2ψ− + ∂2ψ

†
−∂2mψ+ − ψ†−∂2m∂2ψ+

)]
+O(m2)L2 +O(m4)L0 . (6.14)

Here we see that single magnons couple to electrons solely through contributions propor-
tional to K. Hence, like in the hole case, two electrons can exchange a magnon only if
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Figure 6.2: Feynman diagram for one-magnon exchange between two electrons with antiparallel
spins undergoing a spin-flip.

they have antiparallel spins, which are both flipped in the exchange process. It should be
pointed out that the structure of the Λ-terms (in the hole case) differs from that of the
K-terms (in the electron case). In particular, the K-terms involve two spatial derivatives
(two powers of momenta) while the Λ-terms involve only one. Obviously, this difference
leads to different one-magnon exchange potentials between either electrons or holes.

In Fig. 6.2 we show the Feynman diagram for magnon exchange between two electrons
with opposite spin. The kinematical labels are similar to those used in the hole case. The
only difference is the now missing flavor index f . As a reminder: The momenta of the
incoming electrons are denoted by ~p±, while those of the outgoing particles are denoted
by ~p±

′ . The momentum carried by the exchanged magnon is denoted by ~q and the total
momentum ~P is given by

~P = ~p+ + ~p− = ~p+
′ + ~p−

′ . (6.15)

After going through the same steps as in the previous case with the two holes, the resulting
one-magnon exchange potential can be extracted. In momentum space it takes the form

〈~p+
′ ~p−

′|V |~p+~p−〉 =
K2

2ρs

1

q2

[
q2
1 − q2

2 + 2(q1p−1 − q2p−2)
] [
q2
1 − q2

2 − 2(q1p+1 − q2p+2)
]
×

× δ(~p+ + ~p− − ~p+
′ − ~p−

′). (6.16)

Transforming the potential into coordinate space is not entirely trivial and is thus discussed
in appendix B. In coordinate space the resulting potential is given by

〈~r+′~r−′|V |~r+~r−〉 =
K2

2πρs

[
12

cos(4ϕ)

r4
+
P 2

2

cos
(
2(ϕ+ χ)

)
r2

]
δ(~r+ − ~r−′) δ(~r− − ~r+′). (6.17)

Here ϕ is the angle between the distance vector ~r = ~r+ − ~r− of the two electrons and the
x1-axis. In contrast to the hole case, the potential depends on the magnitude P of the
total momentum ~P as well as on the angle χ between ~P and the x1-axis. For ~P = 0 the
one-magnon exchange potential between two electrons falls off as 1/r4, while in the hole
case it is proportional to 1/r2. Retardation effects enter at higher orders only and thus
the potential is instantaneous. We have omitted short-distance δ-function contributions to
the potential which add to the 4-fermion contact interactions. Again, since we will model
the short-distance repulsion by a hard-core radius, the δ-function contributions will not be
needed in the following.



Chapter 7

Boundstates of holes and electrons

In this chapter the Schrödinger equation for the relative motion of two holes or two electrons
is investigated. Interestingly for the case of two holes of different flavor interacting via
magnon exchange, the corresponding Schrödinger equation can even be solved analytically.
We find that the magnon-mediated forces lead to bound states of electrons or holes.

7.1 Two holes of different flavor

We start with the investigation of the Schrödinger equation for the relative motion of two
holes with flavors α and β. Due to the accidental Galilean boost invariance in the low-
energy physics of magnons and holes, it is sufficient to consider the hole pair in its rest
frame. The total kinetic energy of the two holes is then given by

T =
∑
f=α,β

(
p2
i

2M ′ + σf
p1p2

M ′′

)
=

p2
i

M ′ . (7.1)

In particular, the parameter 1/M ′′ that measures the deviation from a circular shape of
the hole pockets drops out of the problem. For this reason, a pair consisting of one α and
one β hole is the simplest case to deal with.

As argued earlier, two holes exchanging a magnon must be of opposite spin orientation.
Hence, it makes sense to introduce the two probability amplitudes Ψ1(~r ) and Ψ2(~r ) which
represent the two flavor-spin combinations α+β− and α−β+, respectively. The vector ~r
denotes the relative distance of the two holes. Here, we arbitrarily chose it to point
from the β hole to the α hole. In the process of magnon exchange, the holes flip their
spin. As a consequence, the two channels Ψ1(~r ) and Ψ2(~r ) are coupled through the one-
magnon exchange potential V αβ(~r ) and the Schrödinger equation describing the pair of
holes necessarily is a two component equation. The resulting Schrödinger equation for the
pair’s relative motion then takes the form(

− 1
M ′∆ V αβ(~r )

V αβ(~r ) − 1
M ′∆

)(
Ψ1(~r )
Ψ2(~r )

)
= E

(
Ψ1(~r )
Ψ2(~r )

)
. (7.2)
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Here we have not yet included the short-distance forces between the holes arising from
4-fermion interactions. Their effect will be incorporated later by an appropriate boundary
condition on the wave function near the origin. By introducing

Ψ±(~r ) = Ψ1(~r )±Ψ2(~r ) (7.3)

and by making use of the explicit form of the potential, i.e. V αβ(~r ) = γ cos(2ϕ)/r2, the
two-component Schrödinger equation from above can also be written in the form

− 1

M ′∆Ψ±(~r )± γ
cos(2ϕ)

r2
Ψ±(~r ) = EΨ±(~r ). (7.4)

Interestingly, thanks to the 1/r2 dependence of the potential, the angular and radial
part of the wave function can be separated. Making the ansatz

Ψ±(~r ) = R(r)χ±(ϕ) (7.5)

and writing the Laplacian in polar coordinates, i.e.

∆Ψ±(~r ) =
d2Ψ±(~r )

dr2
+

1

r

dΨ±(~r )

dr
+

1

r2

d2Ψ±(~r )

dϕ2
, (7.6)

after multiplication by M ′, Eq. (7.4) changes to

−χ±(ϕ)

[
d2R(r)

dr2
+

1

r

dR(r)

dr

]
+
R(r)

r2

[
−d

2χ±(ϕ)

dϕ2
±M ′γ cos(2ϕ)χ±(ϕ)

]
︸ ︷︷ ︸

=⇒Mathieu equation

= M ′ER(r)χ±(ϕ).

(7.7)
The second term on the left hand side corresponds to the differential operator of a Mathieu
equation for the angular part, namely,

−d
2χ±(ϕ)

dϕ2
±M ′γ cos(2ϕ)χ±(ϕ) = −λχ±(ϕ). (7.8)

According to Ref. [80] the solutions of this Mathieu equation with the lowest eigenvalue
−λ are

χ±(ϕ) =
1√
π

ce0(ϕ, ±
1

2
M ′γ), λ =

1

8
(M ′γ)2 +O(γ4). (7.9)

The two angular wave functions χ+(ϕ) and χ−(ϕ) are thus degenerate in energy. As
an illustration, the periodic Mathieu function ce0(ϕ,

1
2
M ′γ) is plotted together with the

angular dependence of the potential cos(2ϕ) in Fig. 7.1.
Inserting Eq. (7.8) into Eq. (7.7) yields the following differential equation for the radial

part

−
[
d2R(r)

dr2
+

1

r

dR(r)

dr

]
− λ

r2
R(r) = M ′ER(r). (7.10)
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Figure 7.1: Angular wave function ce0(ϕ,
1
2
M ′γ) (solid curve) and angle-dependence cos(2ϕ)

of the potential (dotted curve) for a pair of holes with flavors α and β (M ′γ = 2.5).

As it stands, this equation is ill-defined because an attractive 1/r2 potential is too singular
at the origin. However, we should not forget that the 4-fermion contact interactions have
not yet been included. In order to be able to perform a completely analytic calculation,
here we choose to model the short-distance repulsion by a hard core of radius r0, i.e. we
require R(r) = 0 for r ≤ r0. As a consequence, the singularity at the origin is removed from
the problem by hand. A more proper incorporation of the 4-fermion couplings G3 and G4

(only these two couplings play a role for αβ-pairs with opposite spin orientation) requires
ultraviolet regularization and subsequent renormalization of the Schrödinger equation as
discussed in Ref. [81]. Multiplying the above equation by −r2 and writing E = −|E| (we
are now focussing on bound states for which E < 0), one arrives at

r2 d
2R(r)

dr2
+ r

dR(r)

dr
+
(
λ− r2M ′|E|

)
R(r) = 0. (7.11)

Finally, introducing the (dimensionless) parameters z =
√
M ′|E|r and ν = i

√
λ, the radial

problem takes the form of a Bessel differential equation [80], i.e.

z2 d
2R(z)

dz2
+ z

dR(z)

dz
−
(
z2 + ν2

)
R(z) = 0. (7.12)

This equation is solved by the modified Bessel function Kν(z), such that the radial part of
the wave function for the bound state is given by

R(r) = AKν

(√
M ′|E|r

)
, ν = i

√
λ, (7.13)

with A being a normalization constant. Demanding that the radial wave function vanishes
at the hard core, i.e. Kν

(√
M ′|En|r0

)
= 0, serves as a quantization condition for the bound

state energy. The quantum number n then labels the n-th excited state of the radial mode,
while the angular mode remains in the ground state at all times. For large n, the binding
energy is given by

En ∼ − 1

M ′r2
0

exp(−2πn/
√
λ). (7.14)
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Interestingly, although the binding energy is exponentially small in n, we find an infinite
number of bound states. As every physical quantity calculated by means of a low-energy
effective theory, also the binding energy depends on the values of the low-energy constants.
In particular it is a function of the kinetic mass M ′, the magnon-hole coupling constant
Λ, and the spin stiffness ρs. Although the binding may be weak (exponentially in n), for
very small r0 the ground state could have a small size and could be strongly bound. In
that case, the result of the effective theory should not be trusted quantitatively, because
short-distance details and not the universal magnon-dominated long-distance physics de-
termine the structure of the bound state. However, even if the bound pairs in the actual
cuprate materials were strongly bound and of small size, a systematic low-energy effective
theory approach would still be feasible. In that case, one would just have to extend the
present effective theory and include the tightly bound pairs as explicit low-energy degrees
of freedom. On the other hand, in the case that the actual cuprates feature bound pairs of
holes which are not of very small size, i.e. for larger values of r0 (a few lattice spacings),
the low-energy effective theory in the present form is reliable. The obtained results show
the leading dynamics at low-energies and receive only small corrections from higher-order
effects such as two magnon-exchange.

As mentioned earlier, the wave functions with angular part χ+(ϕ) and χ−(ϕ) have the
same energy. A general linear combination of the two states takes the form

Ψ(~r ) = R(r)

(
aχ+(ϕ) + bχ−(ϕ)
aχ+(ϕ)− bχ−(ϕ)

)
. (7.15)

Applying the 90 degrees rotation O and using the transformation rules of Eq. (4.19) one
obtains

OΨ(~r ) = R(r)

(
aχ+(ϕ+ π

2
)− bχ−(ϕ+ π

2
)

−aχ+(ϕ+ π
2
)− bχ−(ϕ+ π

2
)

)
= R(r)

(
aχ−(ϕ)− bχ+(ϕ)
−aχ−(ϕ)− bχ+(ϕ)

)
. (7.16)

Demanding that Ψ(~r ) is an eigenstate of the rotation O with eigenvalue o, i.e. OΨ(~r ) =
oΨ(~r ), thus implies

o a = −b, o b = a ⇒ o = ±i, (7.17)

with the corresponding eigenfunctions given by

Ψ±(~r ) = R(r)

(
χ+(ϕ)∓ iχ−(ϕ)
χ+(ϕ)± iχ−(ϕ)

)
. (7.18)

This leads to the probability distribution illustrated in Fig. 7.2, which resembles dx2−y2

symmetry. However, unlike for a true d-wave, the wave function is suppressed, but not
equal to zero, along the lattice diagonals. This is different for the first angular-excited state,
whose wave function indeed has a node along the diagonals. Since the problem only has
a 90 degrees and not a continuous rotation symmetry, the continuum classification scheme
of angular momentum eigenstates does not apply here. In fact, the 2-fold degenerate
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Figure 7.2: Probability distribution as a function of position in the x1-x2-plane for the ground
state of two holes with flavors α and β.

ground state belongs to the 2-dimensional irreducible representation of the group of discrete
rotations and reflections. The corresponding eigenvalues of the 90 degrees rotation O are
o = ±i.

It is also interesting to investigate the transformation properties under the reflection
symmetry R and the unbroken shift symmetries D′

i. Under the reflection R one obtains

RΨ±(~r ) = R(r)

(
χ+(−ϕ)± iχ−(−ϕ)
χ+(−ϕ)∓ iχ−(−ϕ)

)
= R(r)

(
χ+(ϕ)± iχ−(ϕ)
χ−(ϕ)∓ iχ+(ϕ)

)
= Ψ∓(~r ). (7.19)

Similarly, under the composed displacement symmetries one finds

D′
1Ψ±(~r ) = R(r)

(
χ+(ϕ)± iχ−(ϕ)
χ+(ϕ)∓ iχ−(ϕ)

)
= Ψ∓(~r ),

D′
2Ψ±(~r ) = −R(r)

(
χ+(ϕ)± iχ−(ϕ)
χ+(ϕ)∓ iχ−(ϕ)

)
= −Ψ∓(~r ). (7.20)

7.2 Two holes of the same flavor

We now turn to the case of two holes with the same flavor. As discussed in the foregoing
section, in the αβ case, the total kinetic energy of the pair is independent of M ′′, which
lead to a particularly simple case. Now, for an αα or ββ pair, the total kinetic energy in
the rest frame is given by

T =
p2
i

M ′ + 2σf
p1p2

M ′′ , (7.21)
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which makes the analysis slightly more complicated. In order to keep things simple, we first
discuss the special case of circular hole pockets, i.e. M ′′ → ∞. This case is very similar
to the αβ case and can also be solved analytically. In a second step, we then consider the
more realistic case of elliptically shaped hole pockets for general values of M ′′.

7.2.1 Circular hole pockets

We consider two holes with flavor α, i.e. an αα pair. We need not consider a ββ pair
separately because it does behave in exactly the same way as an αα pair. The two holes
must be of opposite spin orientation such that single magnons can be exchanged. Other
than in the αβ case, here it is sufficient to consider one single probability amplitude Ψ(~r )
which describes the combination α+α−. In the rest frame the wave function Ψ(~r ) depends
on the relative distance vector ~r between the two holes. We arbitrarily choose the vector to
point from the spin − hole to the spin + hole. Since by one-magnon exchange the spins of
the involved fermions are flipped, also the direction of the distance vector ~r is reflected in
this process. The resulting Schrödinger equation for an αα pair with circular hole pockets
takes the form

− 1

M ′∆Ψ(~r ) + V αα(~r )Ψ(−~r ) = EΨ(~r ). (7.22)

Note that the wave function Ψ(−~r ) which multiplies the potential comes with a reflected
argument. This is due to the fact that the combination V αα(~r )Ψ(−~r ) corresponds to a
wave function with the ordinary argument ~r.

As before, we make a separation ansatz

Ψ(~r ) = R(r)χ(ϕ). (7.23)

Since the Hamilton operator of the above Schrödinger equation is invariant under reflection
of ~r to −~r, we may consider even and odd solutions separately. However, since the ground
state is even under reflection, we concentrate on solutions with1

χ(ϕ+ π) = χ(ϕ). (7.24)

As in the case of an αβ pair, also here we get a Mathieu type differential equation for the
angular part of the wave function, namely,

−d
2χ(ϕ)

dϕ2
+M ′γ sin(2ϕ)χ(ϕ) = −λχ(ϕ). (7.25)

The ground state with eigenvalue −λ takes the form

χ(ϕ) =
1√
π

ce0

(
ϕ− π

4
,

1

2
M ′γ

)
, λ =

1

8
(M ′γ)2 +O(γ4). (7.26)

The angular wave function for the ground state together with the angular dependence of
the one-magnon exchange potential are shown in Fig. 7.3.

1One finds that the odd solutions, i.e. those with χ(ϕ + π) = −χ(ϕ), come with a larger Mathieu
eigenvalue λ than the even ones.
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Figure 7.3: Angular wave function ce0(ϕ−π
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M ′γ) (solid curve) and angle-dependence sin(2ϕ)

of the potential (dotted curve) for two holes of flavor α residing in a circular hole pocket
(M ′γ = 2.5).

The radial part of the Schrödinger equation takes the same form as in the αβ case
and is given in Eq. (7.10). Again, the resulting radial equation is ill-defined due to the
singularity of the attractive 1/r2 potential at the origin. As before, we model the short-
distance repulsion between two holes by a hard core of radius r′0, i.e. we require R(r) = 0
for r ≤ r′0. It should be noted that r′0 does not necessarily take the same value as r0 in
the αβ case. This is not only because there is an additional δ-function contribution to the
one-magnon exchange potential, but also because the 4-fermion coupling G1 in the αα case
is in general different from the couplings G3 and G4 in the αβ case. The radial part of the
wave function for the bound state is again a modified Bessel function given in Eq. (7.13).
The constraint, that the wave function vanishes at the hard core, i.e. Kν

(√
M ′|En|r′0

)
= 0,

quantizes the bound state energy En. For large n, the binding energy obeys

En ∼ − 1

M ′r′0
2 exp(−2πn/

√
λ). (7.27)

In the αβ case we found that the wave functions with angular part χ+(ϕ) and χ−(ϕ)
have the same energy. We thus combined them to a linear combination. Also the case with
two holes of equal flavor shows some degeneracy. In particular, each αα pair is related
to a ββ pair by a 90 degrees rotation O. Each of these states is an eigenstate of flavor
corresponding to the accidental U(1)F symmetry. However, since the U(1)F symmetry is
present only in the leading terms of the low-energy expansion while the rotation symmetry
is exact, it is again natural to combine the two degenerate states to eigenstates of the
rotation symmetry O. The resulting probability distribution which resembles dxy symmetry
is illustrated in Fig. 7.4. As for αβ pairs, the symmetry is not truly d-wave, but just
given by the 2-dimensional irreducible representation of the group of discrete rotations
and reflections. Again, the corresponding eigenvalues of the 90 degrees rotation O are
o = ±i.
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Figure 7.4: Probability density as a function of position in the x1-x2-plane for the ground state
of two holes with flavors αα or ββ, combined to an eigenstate of the 90 degrees rotation
symmetry O, for the case of circular hole pockets.

7.2.2 Elliptic hole pockets

We now move to the realistic case of elliptically shaped hole pockets. The total kinetic
energy of an αα pair in the restframe is given by

T =
p2
i

M ′ + 2
p1p2

M ′′ . (7.28)

As in the previous case with circular pockets, also here we may describe the relative motion
of the two holes by the single component probability amplitude Ψ(~r ). Again, the vector ~r
points from the spin − hole to the spin + hole. The corresponding Schrödinger equation
now takes the form

− 1

M ′∆Ψ(~r )− 2

M ′′
d2

dx1dx2

Ψ(~r ) + V αα(~r )Ψ(−~r ) = EΨ(~r ). (7.29)

It is convenient to rotate the coordinate system by 45 degrees such that the mayor axes of
the ellipse are aligned with the rotated coordinate axes, i.e.

p′1 =
1√
2
(p1 + p2), p′2 =

1√
2
(p1 − p2). (7.30)

In the rotated reference frame, the kinetic energy takes the form

T = p′1
2( 1

M ′ +
1

M ′′

)
+ p′2

2( 1

M ′ −
1

M ′′

)
. (7.31)
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In order to write the above result in a simpler way, we introduce

1

M1

=
1

M ′ +
1

M ′′ ,
1

M2

=
1

M ′ −
1

M ′′ , (7.32)

such that the kinetic energy in the rotated reference frame simplifies to

T =
p′1

2

M1

+
p′2

2

M2

. (7.33)

It is advisable to rescale the rotated axes such that the hole pocket again assumes a circular
shape. This is achieved by defining

p̃1 =

√
M ′

M1

p′1, p̃2 =

√
M ′

M2

p′2, (7.34)

which indeed implies

T =
p̃2

1

M ′ +
p̃2

2

M ′ =
p̃2
i

M ′ , (7.35)

just as for the circular hole pocket. Of course, the rotation and rescaling must also be
applied to the coordinates, i.e.

x̃1 =

√
M1

2M ′ (x1 + x2) = r̃ cos ϕ̃, x̃2 =

√
M2

2M ′ (x1 − x2) = r̃ sin ϕ̃. (7.36)

Expressing the original coordinates in terms of the rotated and rescaled ones, i.e.

x1 =
1√
2

(√M ′

M1

x̃1 +

√
M ′

M2

x̃2

)
, x2 =

1√
2

(√M ′

M1

x̃1 −
√
M ′

M2

x̃2

)
, (7.37)

the rotated and rescaled one-magnon exchange potential then takes the form2

V αα(~̃r ) = γ
sin(2ϕ)

r2
= γ

2x1x2

(x2
1 + x2

2)
2

= γ
x̃2

1M
′/M1 − x̃2

2M
′/M2

(x̃2
1M

′/M1 + x̃2
2M

′/M2)2

= γ
cos(2ϕ̃) +M ′/M ′′

r̃2(1 + cos(2ϕ̃)M ′/M ′′)2
. (7.38)

The corresponding Schrödinger equation reads

− 1

M ′ ∆̃Ψ(~̃r ) + V αα(~̃r )Ψ(−~̃r ) = EΨ(~̃r ). (7.39)

Once again, we make the separation ansatz

Ψ(~̃r ) = R(r̃)χ(ϕ̃), (7.40)

such that the angular part of the Schrödinger equation now takes the form

−d
2χ(ϕ̃)

dϕ̃2
+M ′γ

cos(2ϕ̃) +M ′/M ′′

(1 + cos(2ϕ̃)M ′/M ′′)2
χ(ϕ̃) = −λχ(ϕ̃). (7.41)
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Figure 7.5: Angular wave function (solid curve) and angle-dependence of the rotated and
rescaled one-magnon exchange potential (dotted curve) for two holes of flavor α in an elliptic
hole pocket (for M ′/M ′′ = 0.5 and M ′γ = 2.5).

This is a differential equation in the class of Hill equations [82] which we have solved
numerically. Fig. 7.5 shows the angular wave function for the ground state together with
the angular dependence of the rotated and rescaled one-magnon exchange potential.

The radial Schrödinger equation takes exactly the same form as for circular hole pockets
and will therefore not be discussed again. There are two degenerate states corresponding
to αα and ββ pairs, which are related to each other by a 90 degrees rotation. Combining
the two degenerate states to an eigenstate of the rotation O, one obtains the probability
distribution of Fig. 7.6 which again resembles dxy symmetry. Similar results for hole pairs
from the same hole pocket were obtained in [18] directly from the t-J model. In particu-
lar, a two-hole potential with the same distance-dependence and thus again with infinitely
many bound states has been obtained. The derivation of these results in the framework of
the effective field theory is particularly transparent and conceptually simple, and comple-
ments the earlier approaches in an interesting way. In particular, the effective field theory
allows us to improve the results, order by order in a systematic low-energy expansion. In
addition, the results obtained with the effective theory apply to all systems which share its
symmetries, while microscopic calculations based on a certain model provide results that
are valid only for this specific model.

7.3 Two electrons

We now turn to a pair of two electrons interacting through magnon exchange. Again,
the two electrons must be of opposite spin. The wave function of the pair depends on the
relative distance vector ~r which points from the spin− electron to the spin + electron. Once
again, since by one-magnon exchange the spins of the involved fermions are flipped, also

2Here one uses sin(2ϕ) = 2 sin ϕ cos ϕ = x1x2/r2 and cos(2ϕ) = cos2 ϕ − sin2 ϕ = (x2
1 − x2

2)/r2, with
x1 = r cos ϕ and x2 = r sinϕ.
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Figure 7.6: Probability distribution as a function of position in the x1-x2-plane for the ground
state of two holes with flavors αα or ββ in elliptic hole pockets, linearly combined to an
eigenstate of the 90 degrees rotation O.

the direction of the distance vector ~r is reflected in this process. The resulting Schrödinger
equation then takes the form

− 1

M ′∆Ψ(~r ) +
K2

2πρs

[
12

cos(4ϕ)

r4
+
P 2

2

cos
(
2(ϕ+ χ)

)
r2

]
Ψ(−~r ) =

[
E − P 2

2M ′

]
Ψ(~r ). (7.42)

Remember that χ denotes the angle between the direction of the total momentum ~P and
x1. Clearly, due to the fact that the low-energy effective theory for magnons and electrons
does not show an accidental Galilean boost invariance, this Schrödinger equation depends
on the total momentum ~P of the pair. In particular, the center of mass motion costs
the additional energy P 2/2M ′. As in the case of the Schrödinger equation for a pair of
holes, also the above equation does not account for the contact interactions between two
electrons. Once more, instead of incorporating the 4-fermion couplings G1, G2, ..., G8, and
H explicitly, we choose to model the short distance repulsion by a hard core of radius r′′0 ,
i.e. we require Ψ(~r ) = 0 for |~r | ≤ r′′0 .

In contrast to the hole case, we have not been able to solve the above Schrödinger equa-
tion analytically. Instead, we have solved it numerically. A typical probability distribution
for the ground state is illustrated in Fig. 7.7 for ~P = 0. The probability distribution re-
sembles dxy symmetry. However, due to the 90 degrees rotation symmetry the continuum
classification scheme of angular momenta is inappropriate. Under the group of discrete
rotations and reflections the ground state wave function transforms in the trivial represen-
tation.
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Figure 7.7: Probability distribution as a function of position in the x1-x2-plane for the ground

state of two electrons with total momentum ~P = (0, 0).

For ~P = 0, as a result of the cos(4ϕ)-dependence of the potential, the probability distri-
bution has maxima along the two lattice diagonals. Now, when allowing the electron pair
to travel with total momentum ~P 6= 0, this structure will be changed. When solely con-
sidering the cos

(
2(ϕ+χ)

)
-dependence of the potential proportional to ~P , one expects the

probability density to be maximal along points with ϕ = π/2−χ and minimal along points
with ϕ = −χ. For χ = ±π/4, i.e. for total momenta pointing along a lattice diagonal, two
of the maxima from the cos(4ϕ)-term come to lie on the maxima of the cos

(
2(ϕ+χ)

)
-term.

As was checked numerically this is the situation in which the strongest binding arises. We
have plotted the probability distribution for the case with ~P = (P, P )/

√
2 in Fig. 7.8.

Of course, also here, the exact values of the binding energy of the electron bound states
depend crucially on the specific values of the low-energy constants M ′, K, and ρs. At the
moment, we can not estimate realistic values of these constants for a real physical system
such as electron doped cuprates. For this reason the performed numerical analysis just
provides qualitative insight in the shape of the probability distribution of a bound pair.
Nevertheless, this first analysis shows that electrons indeed form bound pairs mediated by
magnon exchange.

In order to gain at least some approximate analytic insight in the bound state problem,
let us also consider the semi-classical Bohr-Sommerfeld quantization. First, we consider a
pair of electrons with total momentum ~P = 0 moving relative to each other along a lattice
diagonal. The classical energy of the periodic relative motion is given by

E = M ′
(
dr

dt

)2

− 6K2

πρsr4
. (7.43)
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Figure 7.8: Probability distribution as a function of position in the x1-x2-plane for the ground

state of two electrons with total momentum ~P = 1√
2
(P, P ) along a lattice diagonal.

The Bohr-Sommerfeld quantization condition implies

S + ET =

∫ T

0

dt

[
M ′
(
dr

dt

)2

+
6K2

πρsr4
+ E

]
= 2

∫ T

0

dt M ′
(
dr

dt

)2

= 4

∫ R

r′′0

dr M ′ dr

dt
= 4

∫ R

r′′0

dr

√
EM ′ +

6K2M ′

πρsr4
= 2πn, (7.44)

where S is the action, T is the period of the motion, and n is a positive integer. The
hard-core radius r′′0 is a classical turning point and R is the other classical turning point
determined by

E = − 6K2

πρsR4
. (7.45)

The above equations lead to a relatively complicated expression for the energy in terms of
elliptic integrals. Instead of investigating these expressions, we limit ourselves to estimating
the number of bound states. For this purpose, we set E = 0 which implies R = ∞, and
we then obtain

n =

[ ∫ ∞

r′′0

dr

√
24K2M ′

π3ρsr4

]
=

[ √
24K2M ′

π3ρsr′′0
2

]
. (7.46)

The brackets denote the nearest integer smaller than the expression enclosed in the brack-
ets. In particular, Bohr-Sommerfeld quantization suggests that a bound state exists only
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if
24K2M ′

π3ρsr′′0
2 ≥ 1. (7.47)

Of course, one should be aware of the fact that this is at best a semi-quantitative es-
timate because Bohr-Sommerfeld quantization should not be trusted quantitatively for
small quantum numbers. Let us also repeat these considerations for ~P 6= 0. Again, we
consider ~P = 1√

2
(P, P ) such that the diagonal motion of an electron-pair has the energy

E = M ′
(
dr

dt

)2

− K2

2πρs

(
12

r4
+
P 2

2r2

)
. (7.48)

In complete analogy to the ~P = 0 case one then obtains

n =

[ ∫ ∞

r′′0

dr

√
2K2M ′

π3ρs

(
12

r4
+
P 2

2r2

) ]
→∞, (7.49)

which suggests that infinitely many two-electron bound states exist for ~P 6= 0. As discussed
above, this is similar to the two-hole problem which has a 1/r2 potential with infinitely

many bound states already for ~P = 0.
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Chapter 8

Low-energy effective theory for
doped antiferromagnets versus BχPT
for QCD

In the introduction of this thesis we have argued that the constructed low-energy effective
field theory for magnons and charge carriers in an antiferromagnet is a condensed matter
analog of baryon chiral perturbation theory (BχPT) for QCD. In this chapter the relation
between these two low-energy effective theories is pointed out.

8.1 The fundamental theory: QCD

Being part of the Standard Model of particle physics, Quantum Chromodynamics is the
fundamental microscopic theory which describes the physics of strong interactions between
quarks and gluons. Quarks carry a quantum number associated with “color”. For some
deep reason presently not understood, this quantum number can take only three distinct
values, typically denoted by “red”, “green”, and “blue”. QCD is the non-Abelian SU(3)c
gauge theory of color. The quantum of the color gauge field is the gluon, which is described
by the field

Gµ(x) = igsG
a
µ(x)λa, a ∈ {1, 2, ..., 8}. (8.1)

Here gs is the gauge coupling constant of Quantum Chromodynamics, λa are the generators
of the SU(3)c algebra, and Ga

µ(x) ∈ R are the vector potentials of the gluon field. In the
following, let x = (x1, x2, x3, t) denote a point in Euclidean space-time. Under a local
SU(3)c rotation the gluon field transforms as

Gµ(x)
′ = g(x)

(
Gµ(x) + ∂µ

)
g(x)†. (8.2)

The field strength of the gluon field is the usual one of a non-Abelian gauge theory, i.e.

Gµν(x) = ∂µGν(x)− ∂νGµ(x) + [Gµ(x), Gν(x)] . (8.3)

73
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Under local SU(3)c gauge transformations the field strength behaves as

Gµν(x)
′ = g(x)Gµν(x)g(x)

† (8.4)

and hence is not gauge invariant. We are now in the position to write down the Euclidean
Yang-Mills action

SYM[G] =

∫
d3x dt

1

4g2
s

Tr[GµνGµν ], (8.5)

which describes purely gluonic self-interactions.
In order to write down the fermionic part of the QCD action we introduce Ψf (x), a

Grassmann-valued field for the quark degrees of freedom. The field carries the quantum
number f which denotes the flavor of the quark. From experiments there is strong evi-
dence that Nature provides us with six different flavors, namely “up”, “down”, “strange”,
“charm”, “bottom”, and “top”. However, for the following formulation of QCD we will
assume an arbitrary number Nf of flavors. In order to also address antiquarks one needs
to introduce the field Ψ̄f (x) which is independent of Ψf (x). Note that for each flavor f the
quark field consists of a color triplet. Under g(x) ∈ SU(3)c color gauge transformations
the quark fields transform as

Ψ̄(x)′ = Ψ̄(x)g(x)†, Ψ(x)′ = g(x)Ψ(x). (8.6)

Finally, we introduce the Euclidean Dirac matrices γµ, with µ ∈ {1, 2, 3, 4}, which are
Hermitian and obey the anticommutation relations

{γµ, γν} = 2δµν , {γµ, γ5} = 0, γ5 = γ1γ2γ3γ4. (8.7)

The fermionic part of the Euclidean QCD action then takes the form

SF[Ψ̄,Ψ, G] =

∫
d3x dt

∑
f

Ψ̄f

(
γµ(∂µ +Gµ) +mf

)
Ψf . (8.8)

The contributions proportional to mf are mass terms — quarks with different flavors may
have different masses. The contributions proportional to γµ on the one hand describe
the free propagation of quarks and, on the other hand, through Gµ(x) they describe the
interaction of quarks and gluons. The full Euclidean action for QCD is then given by

SQCD = SF + SYM. (8.9)

This action is invariant under SU(3)c gauge transformations. The quantum field theory is
then defined by the path integral

Z =

∫
DΨ̄DΨDG exp(−SQCD[Ψ̄,Ψ, G]), (8.10)

which is a formal and divergent expression. It can be regularized for example by putting
it on a lattice.
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8.1.1 Chiral symmetry and its explicit breaking

In a world with massless quarks, i.e. for mf = 0, the Euclidean action of QCD has an
exact global symmetry which is known as chiral symmetry. It has the property that the
action is invariant under global flavor transformations performed independently on left-
and right-handed quark fields. Using chiral projectors

PL =
1

2
(1− γ5), PR =

1

2
(1 + γ5), (8.11)

which obey

P 2
L = PL, P 2

R = PR, PLPR = PRPL = 0, PL + PR = 1, (8.12)

the left- and right-handed components of the quark fields are defined by1

ΨL(x) = PLΨ(x), ΨR(x) = PRΨ(x). (8.13)

In a consistent way one defines the adjoint left- and right-handed quark spinors as

Ψ̄L(x) = Ψ̄(x)PR, Ψ̄R(x) = Ψ̄(x)PL, (8.14)

such that Ψ(x) = ΨL(x)+ΨR(x) and Ψ̄(x) = Ψ̄L(x)+ Ψ̄R(x). In a theory with Nf flavors,
U(Nf )L ⊗ U(Nf )R chiral transformations are defined by

ΨL(x)′ = LΨL(x), Ψ̄L(x)′ = Ψ̄L(x)L†, L ∈ U(Nf )L,

ΨR(x)′ = RΨR(x), Ψ̄R(x)′ = Ψ̄R(x)R†, R ∈ U(Nf )R. (8.15)

It should be noted, that these transformations mix the different quark flavors but do not
act in color space. In order to see that the fermionic part of the QCD action for massless
quarks is indeed invariant under these transformations it is advantageous to explicitly
express its content in terms of left- and right-handed components, i.e.

SF[Ψ̄,Ψ, G] |mf=0 =

∫
d3x dt

[
Ψ̄Lγµ(∂µ +Gµ)ΨL + Ψ̄Rγµ(∂µ +Gµ)ΨR

]
. (8.16)

Note that no terms which mix left- and right-handed spinors appear. These mixed contri-
butions cancel as is shown here for one of the two cases

Ψ̄Lγµ(∂µ +Gµ)ΨR =
1

4
Ψ̄(1 + γ5)γµ(1 + γ5)(∂µ +Gµ)Ψ

=
1

4
Ψ̄ (1 + γ5)(1− γ5)︸ ︷︷ ︸

=0

γµ(∂µ +Gµ)Ψ = 0. (8.17)

Obviously, the action of Eq. (8.16) is invariant under chiral transformations defined in
Eq. (8.15) since the gluon field Gµ(x) and the matrix γµ do not act in flavor space and

1Note that from here on we suppres the index f for flavor at the quark fields.
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hence commute with the flavor transformations. This chiral symmetry is usually denoted
by U(Nf )L ⊗ U(Nf )R which is equivalent to SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)L ⊗ U(1)R. The
U(1)L ⊗ U(1)R symmetry further decomposes into a U(1)L=R vector part and a U(1)L=R†

axial part denoted by U(1)A. Due to quantum effects there is an anomalous explicit
breaking of the U(1)A symmetry2. The U(1)L=R vector symmetry corresponds to the
baryon number symmetry U(1)B, and hence at the quantum level the symmetry reduces
to SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)B.

After having addressed the somewhat artificial case of QCD with massless quarks, let
us now turn to the realistic case in which quarks are objects with a small but finite mass.
In Nature, the six observed quarks are associated with the following masses3 [83]

mu = ( 1.5− 4.5 ) MeV, mc = ( 1.0− 1.4 ) GeV,

md = ( 5.0− 8.5 ) MeV, mb = ( 4.0− 4.5 ) GeV,

ms = ( 80.0− 155.0 ) MeV, mt = ( 169.2− 179.4 ) GeV. (8.18)

Writing the mass term from Eq. (8.8) in left- and right-handed component notation one
obtains

SM[Ψ̄,Ψ] =

∫
d3x dt

[
Ψ̄LMΨR + Ψ̄RMΨL

]
, (8.19)

with the mass matrix M = diag(mu,md, ...,mNf ). Note that the mass term mixes left-
and right-handed components while separated contributions from left- and right-handed
quarks now cancel. For a general mass matrix this mixing of left-and right-handed fields
explicitly breaks the chiral SU(Nf )L ⊗ SU(Nf )R symmetry as M does not commute with
L and R. However, if all quark masses were equal, i.e. if M = m1, the transformed mass
part would yield

Ψ̄L(x)′MΨR(x)′ = Ψ̄L(x)L†RMΨR(x). (8.20)

In that special case, the action thus remains unchanged if simultaneous transformations are
applied on left- and on right-handed fields, that means L = R and thus L†R = L†L = 1.
Chiral symmetry is then explicitly broken down to

U(Nf )L=R
∼= SU(Nf )L=R ⊗ U(1)L=R = SU(Nf )F ⊗ U(1)B, (8.21)

which corresponds to the flavor and baryon number symmetries.

2The corresponding axial current is not conserved after quantization.
3Note that due to confinement, quarks can not occur as free particles. Unlike for ordinary particles

the definition of their masses is therefore a subtle issue. The actual values of the quark masses only make
sense in a theoretical framework. For example, the above masses for the u, d and s quarks are estimates
of so-called “current-quark masses” in a mass-independent subtraction scheme such as MS at a scale
µ ≈ 2GeV. The c and b quark masses are estimated from charmonium, bottomonium, D, and B masses.
The t quark masses are extracted from direct observations of top events.
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In Nature, as evident from the list in (8.18), the quarks have different masses. For this
reason, chiral symmetry is, in fact, explicitly broken down to

Nf∏
f=1

U(1)f = U(1)u ⊗ U(1)d ⊗ · · · ⊗ U(1)Nf . (8.22)

However, the masses of the two lightest quarks, the u and d quarks, are very small compared
to typical energy scales of QCD. For example, the lightest baryon in the QCD spectrum, the
proton, has a mass of mp = 938 MeV. As a result, in Nature the explicit chiral symmetry
breaking due to the u and d quark is only very weak and the

SU(2)L ⊗ SU(2)R ⊗ U(1)B (8.23)

part of the global chiral symmetry is almost exact. Since also the mass of the s quark is
much smaller than the mass of the proton, in Nature even the

SU(3)L ⊗ SU(3)R ⊗ U(1)B (8.24)

symmetry is a good approximate global symmetry. However, as the s quark is much heavier
than the u and d quarks, this symmetry is broken more strongly than SU(2)L⊗SU(2)R⊗
U(1)B.

8.1.2 Spontaneous chiral symmetry breaking

It is an experimental fact that neither the SU(3)L ⊗ SU(3)R ⊗ U(1)B nor the SU(2)L ⊗
SU(2)R ⊗ U(1)B approximate chiral symmetries are present in the spectrum of QCD. If
they were, one would observe mass-degenerate parity doublets of hadrons. Since this is
not the case, one concludes that chiral symmetry must be broken spontaneously. In fact,
the hadrons can be classified as multiplets according to simultaneous chiral transforma-
tions L = R. The approximate chiral symmetries of Eqs. (8.23) and (8.24) are manifest
in the spectrum only as SU(2)L=R ⊗ U(1)B = SU(2)F ⊗ U(1)B and SU(3)L=R ⊗ U(1)B =
SU(3)F ⊗ U(1)B flavor symmetries, respectively.

For every spontaneously broken global symmetry, according to Goldstone’s theorem,
there is a certain number of massless Goldstone bosons. How many Goldstone bosons do
we expect from spontaneous global chiral symmetry breaking? At the quantum level, QCD
is invariant under transformations in

G = SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)B, (8.25)

with Nf = 2 if only the u and d quarks are considered, and with Nf = 3 if also the s
quark is involved. The vacuum, however, due to spontaneous chiral symmetry breaking is
invariant only under the group of flavor symmetry transformations

H = SU(Nf )L=R ⊗ U(1)B. (8.26)
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As a consequence, the number of Goldstone bosons is equal to N2
f − 1. Let us first con-

centrate on the case Nf = 2 where one expects three Goldstone bosons. As a matter of
fact, in the spectrum of QCD one does not see massless particles, however, one finds the
three pions π0, π+, and π− which are very light in comparison to all other particles in the
spectrum. Despite the fact that the pions come with the following masses [83],

mπ0 = 135.0 MeV, mπ+ = mπ− = 139.6 MeV, (8.27)

they are the (pseudo) Goldstone bosons of the spontaneously broken chiral symmetry.
The reason for them to have a small mass is the small explicit symmetry breaking due to
the non-vanishing quark masses. Since the u and the d quarks are almost massless, the
subgroup of flavor symmetry transformations SU(2)L=R is almost unbroken.

In the case of Nf = 3, one expects eight Goldstone bosons. Indeed, in addition to the
three pions, the QCD spectrum also contains the four kaons K+, K−, K0, K̄0, and the
eta-meson η which have the following masses [83]

mK+ = mK− = 493.7 MeV, mK0 = mK̄0 = 497.7 MeV, mη = 547.3 MeV. (8.28)

It is not only the stronger explicit chiral symmetry breaking in the presence of the s quark,
but also the less accurate SU(3)L=R flavor symmetry due to the mass difference between
the s and the two lighter u and d quarks which lead to the relatively large masses of the
Goldstone bosons in this case. Due to the non-vanishing masses of the π0, π+, π−, K+,
K−, K0, K̄0, and η these particles are also addressed as pseudo-Goldstone bosons. Nev-
ertheless, in particular the pions remain the lightest particles in the spectrum and hence
dominate the low-energy physics of QCD.

The order parameter associated with spontaneous chiral symmetry breaking is the chiral
condensate

〈Ψ̄Ψ〉 = 〈0|Ψ̄(x)Ψ(x)|0〉 = 〈0|Ψ̄R(x)ΨL(x) + Ψ̄L(x)ΨR(x)|0〉. (8.29)

Obviously, 〈Ψ̄Ψ〉 is invariant only under simultaneous flavor transformations L = R but
not under general independent ones. It can be shown that in the chiral limit, where all
quarks are massless, a non-vanishing chiral condensate is a sufficient (but not necessary)
condition for a spontaneous symmetry breaking in QCD [84].

8.2 Low-energy effective theory for QCD

The low-energy physics of QCD is governed by the Goldstone bosons of the spontaneously
broken chiral symmetry. When describing the low-energy behavior of QCD it is therefore
possible — and in fact advisable — to construct a low-energy effective theory which is
formulated in terms of the Goldstone boson degrees of freedom.
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8.2.1 Chiral perturbation theory

The most general low-energy effective theory for QCD describing the dynamics of the
Goldstone modes associated with the spontaneously broken chiral symmetry is called chiral
perturbation theory (χPT). The Goldstone bosons are described by fields which live in the
coset space

G/H = SU(Nf )L ⊗ SU(Nf )R ⊗ U(1)B
/
[SU(Nf )L=R ⊗ U(1)B] = SU(Nf ). (8.30)

Since the pions are the lightest Goldstone bosons, let us concentrate here only on these
degrees of freedom and hence put Nf = 2. The pions are then described by special unitary
matrices

U(x) = exp
( i
Fπ
πa(x)σa

)
∈ SU(2), (8.31)

where σa are the Pauli matrices generating SU(2) and Fπ is the pion decay constant. The
three pions π+, π−, and π0 can be identified as follows [84]

π(x) =
∑
a

πa(x)σa ≡
(

π0
√

2π+
√

2π− π0

)
. (8.32)

Note that in the effective theory for an antiferromagnet the magnon field P (x) ∈ CP (1)
defined in Eq. (3.3) is the analog of the pion field U(x). Chiral perturbation theory is a
systematic low-energy expansion around the classical vacuum given by U(x) = 1, i.e.

U(x) = 1+
i

Fπ
π(x) +O(π2). (8.33)

Under chiral transformations the pion field transforms as

U(x)′ = LU(x)R†. (8.34)

Note that the vacuum field configuration is not invariant under general chiral rotations, it
is only invariant under transformations in the unbroken subgroup H, i.e. if L = R. This
reflects the fact that the QCD vacuum breaks chiral symmetry spontaneously.

The effective action of χPT is a systematic low-energy derivative expansion containing
all terms that respect Lorentz invariance and chiral symmetry together with a number of
discrete symmetries. At each order in the derivative expansion the effective action provides
exact results about the pion dynamics. The leading order contributions are given by

S[U ] =

∫
d3x dt

{
F 2
π

4
Tr
[
∂µU

†∂µU
]
− 〈Ψ̄Ψ〉

2
Tr
[
MU † + UM†]} . (8.35)

The first term describes the propagation of pions and their interactions. This term is
invariant under chiral transformations defined in Eq. (8.34). The second term, a mass
term with the mass matrix M = diag(mu,md), accounts for the fact that the quarks have
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non-vanishing masses. As in the underlying microscopic QCD, this mass term explicitly
breaks chiral symmetry as

Tr
[
MU ′† + U ′M†] = Tr

[
MRU †L† + LUR†M†]. (8.36)

Once the two low-energy constants Fπ and 〈Ψ̄Ψ〉 are determined from experiments, the
above leading order effective action completely captures the lowest-energy pion dynamics.
Higher order terms in the effective action have also been constructed in a systematic way
but will not be discussed here. Such terms are only needed if processes at higher energies
are investigated. Each of the higher-order terms is multiplied by an independent low-energy
constant, which again has to be determined from experiments or numerical simulations.

8.2.2 Baryon chiral perturbation theory

Baryon chiral perturbation theory (BχPT) is the systematic low-energy effective field the-
ory that describes the dynamics of baryons and pions at low energies [56–60]. In other
words, while ordinary χPT describes the low-energy physics in the baryon number B = 0
sector, BχPT is an extension which allows to address also the sectors with B 6= 0. It is
very essential for the effective theory that baryon number B is a conserved quantity in
QCD. This implies that the low-energy physics can be examined separately in each baryon
number sector. For example in the B = 1 sector there is a single nucleon interacting with
soft pions. We have encountered the same argument in the effective theory for antiferro-
magnets. There it was essential that the fermion number Q is a conserved quantity and,
as a consequence, each fermion number sector can be treated independently.

Like in the low-energy effective theory for magnons and charge carriers in an antiferro-
magnet, also in BχPT the spontaneously broken symmetry is realized on the matter fields
(the nucleon fields) in a nonlinear manner. Let us then construct the nonlinear realization
of the chiral symmetry. One therefore first constructs the auxiliary field u(x) from the pion
field U(x), i.e.

u(x) = U(x)1/2 ∈ SU(2). (8.37)

One has to define explicitly what is meant by the square-root of U(x): First one diagonalizes
the pion field by a unitary transformation W (x). This defines the diagonal matrix

D(x) = W (x)†U(x)W (x) = diag
(
exp [iϕ(x)] , exp [−iϕ(x)]

)
, ϕ(x) ∈ [0, π]. (8.38)

The square-root of the diagonal matrix is then defined by

D(x)1/2 = diag
(
exp
[
i
ϕ(x)

2

]
, exp

[
− i

ϕ(x)

2

])
, (8.39)

which leads to the field4

u(x) = W (x)D(x)1/2W (x)†. (8.40)

4Since u2 = (WD1/2W †)2 = WD1/2W †WD1/2W † = WDW † = U .
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Under chiral rotations it transforms as

u(x)′ = Lu(x)V (x)† = V (x)u(x)R†. (8.41)

The matrix V (x) ∈ SU(2) which is constructed from the chiral transformations L and R,
as well as from the pion field U(x) — this makes the transformation nonlinear — is given
by

V (x) = R
[
R†LU(x)

]1/2 [
U(x)1/2

]†
= L

[
L†RU(x)†

]1/2
U(x)1/2. (8.42)

It should be pointed out that, even though V (x) has the form of a local SU(2)L=R trans-
formation, it implements the full global SU(2)L⊗SU(2)R chiral symmetry. Also note that
for chiral transformations in the unbroken subgroup H = SU(2)L=R, the matrix V (x) sim-
plifies to a global flavor transformation V (x) = V = L = R. Note that the analog of V (x)
in the effective theory for magnons and charge carriers is the nonlinear transformation h(x)
defined in Eq. (3.18). Also h(x) has the form of a local transformation in the unbroken
subgroup but it implements the full SU(2)s spin symmetry. Also in the QCD case, it is
easy to see that under two subsequent chiral rotations with L = L2L1 and R = R2R1, the
field V (x) shows the correct group structure, i.e.

V (x) = V2(x)V1(x). (8.43)

This can be proven by making use of the fact that for two matrices A,B ∈ SU(2) one has
AB1/2A† = (ABA†)1/2.

We now introduce Dirac spinor fields for nucleons and anti-nucleons, Ψ(x) and Ψ̄(x).
Again, the flavor index is suppressed in this notation. Like in the case of the effective theory
for electrons and holes in an antiferromagnet, also here Ψ(x) and Ψ̄(x) are independent
anti-commuting spinors. Global chiral rotations L ⊗ R ∈ SU(2)L ⊗ SU(2)R are realized
nonlinearly on these spinors and the transformation law reads

Ψ(x)′ = V (x)Ψ(x), Ψ̄(x)′ = Ψ̄(x)V (x)†. (8.44)

Note that this transformation behavior is in one-to-one correspondence with that of the
fermion fields in the effective theory for antiferromagnets (compare Eq. (4.2)). Even though
chiral symmetry is not gauged, on the fermion fields global chiral transformations take the
form of a SU(2) gauge transformation. It is thus natural to construct the anti-Hermitian
flavor “gauge” field

vµ(x) =
1

2

[
u(x)†∂µu(x) + u(x)∂µu(x)

†] . (8.45)

Indeed, under chiral transformations it behaves like a non-Abelian gauge field, i.e.

vµ(x)
′ =

1

2

{
V (x)u(x)†L†∂µ

[
Lu(x)V (x)†

]
+ V (x)u(x)R†∂µ

[
Ru(x)†V (x)†

]}
= V (x) [vµ(x) + ∂µ]V (x)†. (8.46)
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In addition, one can construct a Hermitian field

aµ(x) =
i

2

[
u(x)†∂µu(x)− u(x)∂µu(x)

†] , (8.47)

whose transformation properties are different from those of vµ(x). It transforms as a
charged vector field, i.e.

aµ(x)
′ =

i

2

{
V (x)u(x)†L†∂µ

[
Lu(x)V (x)†

]
− V (x)u(x)R†∂µ

[
Ru(x)†V (x)†

]}
= V (x)aµ(x)V (x)†. (8.48)

Looking for analogies between the magnet case and the QCD case, one finds that the
U(1)s spin “gauge” field v3

µ(x) corresponds to the SU(2) flavor “gauge” field vµ(x), while
the charged vector fields v±µ (x) correspond to aµ(x).

Before we write down the leading order terms in the effective action for pions and
nucleons, we first review the transformation behavior of the involved fields under the various
symmetry transformations of the underlying QCD. In addition to the chiral symmetry, of
which we already know how it acts, QCD also shows a parity P , charge conjugation C,
and time-reversal symmetry T . Under a parity transformation P the Goldstone boson field
U(x) transforms as

PU(~x, t) = U(−~x, t)†. (8.49)

The same behavior is inherited by the field u(x), since it is closely related to U(x), i.e.

Pu(~x, t) =
[
PU(~x, t)

]1/2
=
[
U(−~x, t)†

]1/2
=
[
U(−~x, t)1/2

]†
= u(−~x, t)†. (8.50)

Using this last equation it is easy to derive the transformation properties of the fields vµ(x)
and aµ(x). One finds

Pvi(~x, t) = −vi(−~x, t), Pvt(~x, t) = vt(−~x, t), (8.51)

and
Pai(~x, t) = ai(−~x, t), Pat(~x, t) = −at(−~x, t). (8.52)

Finally, the Dirac spinors Ψ(x) and Ψ̄(x) transform as

PΨ(~x, t) = γ4Ψ(−~x, t), P Ψ̄(~x, t) = Ψ̄(−~x, t)γ4, (8.53)

where the index 4 denotes the Euclidean time direction.
Charge conjugation C acts on the Goldstone boson field U(x) as

CU(x) = U(x)T , (8.54)

where T denotes transpose. Also this transformation behavior is directly inherited by the
field u(x), i.e.

Cu(x) =
[
CU(x)

]1/2
=
[
U(x)T

]1/2
=
[
U(x)1/2

]T
= u(x)T . (8.55)
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As a result, the composite fields vµ(x) and aµ(x) transform identically, namely

Cvµ(x) = vµ(x)
∗, Caµ(x) = aµ(x)

∗. (8.56)

Acting on the Dirac spinors, charge conjugation has the interesting property that nucleon
and antinucleon fields are linked by

CΨ(x) = CΨ̄(x)T , CΨ̄(x) = −Ψ(x)TC−1, (8.57)

where the complex matrix C is defined by C = iγ2γ4. It fulfills the relation C−1γµC = −γTµ .
Since QCD (just like any relativistic field theory) is invariant under CPT , after having

discussed P and C we will not go into the details of time-reversal transformations T .

Once the symmetry transformation behavior of all involved fields is known, it is straight-
forward to construct the most general effective action which is invariant under the various
symmetries. The leading order terms which describe QCD at low energies are given by

S[Ψ, Ψ̄, U ] =

∫
d3x dt

{
MΨ̄Ψ + Ψ̄γµ(∂µ + vµ)Ψ + igAΨ̄γµγ5aµΨ

+
F 2
π

4
Tr
[
∂µU

†∂µU
]
−
〈
Ψ̄Ψ
〉

2
Tr
[
MU † +M†U

]}
. (8.58)

Without the last term, this Euclidean action is invariant under chiral rotations, parity,
charge conjugation and time-reversal transformations as well as under Lorentz transfor-
mations. The last term, being a mass term, explicitly breaks chiral symmetry. However,
aside from that, it is invariant under all other symmetries mentioned before. Here, M is
the rest mass of a nucleon and M is the diagonal matrix containing the masses of the u
and d quark, M = diag(mu,md). The first term in the action is a mass term for nucleons.
It should be pointed out that, as a result of the nonlinear realization of chiral rotations,
this term is chirally invariant. The second and third term have their origin in the Dirac
equation. These two terms describe the propagation of massive nucleons. The fourth and
fifth term are just the familiar leading order contributions from ordinary χPT. Once the
low-energy constants M , Fπ, gA (coupling to the isovector axial current), and

〈
Ψ̄Ψ
〉

are
fixed, the above action completely determines the leading order dynamics of pions and
nucleons at low energies.

Finally, we summarize the correspondences between QCD and antiferromagnets in ta-
ble 8.1.
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QCD (for Nf = 2) Antiferromagnets

broken phase hadronic vacuum antiferromagnetic phase
global symmetry chiral symmetry spin rotations

symmetry group G SU(2)L ⊗ SU(2)R SU(2)s
unbroken subgroup H SU(2)L=R U(1)s

Goldstone boson pion magnon
Goldstone field in G/H U(x) ∈ SU(2) ~e(x) ∈ S2

order parameter chiral condensate staggered magnetization
coupling strength pion decay constant Fπ spin stiffness ρs
propagation speed velocity of light spin-wave velocity
conserved charge baryon number U(1)B electric charge U(1)Q
charged particle nucleon or antinucleon electron or hole
long-range force pion exchange magnon exchange

weak probes electroweak fields electromagnetic fields
local symmetry of electroweak local

weak probes SU(2)L ⊗ U(1)Y SU(2)s ⊗ U(1)Q
dense phase nuclear or quark matter high-Tc superconductor

microscopic description lattice QCD Hubbard-type models
effective description chiral perturbation magnon effective
of Goldstone bosons theory theory
effective description baryon chiral effective theory

of charged fields perturbation theory presented in this thesis

Table 8.1: Correspondences between QCD and antiferromagnets. Table taken from our pa-
per [66].



Chapter 9

Conclusions and outlook

We have constructed a systematic low-energy effective theory that describes the interac-
tion of magnons and doped fermions in cuprates. The construction is based on a clean
theoretical framework and is conceptually simple. In particular, besides fundamental prin-
ciples of field theory such as locality, symmetry, and unitarity it relies only an a few basic
assumptions and facts, namely

• that the Hubbard or t-J model indeed serve as valid microscopic starting points

• on the fact that the global SU(2)s spin symmetry is spontaneously broken down to
U(1)s

• on the fact that in cuprates the doped holes reside in momentum space pockets cen-
tered around (±π/2a,±π/2a), while the electrons reside in pockets centered around
(π/a, 0) and (0, π/a).

Once these assumptions and facts are agreed upon, the construction of the low-energy
effective theory is straightforward and analogous to what is known from BχPT for QCD.
A subtle point is the identification of the low-energy degrees of freedom that describe the
doped electrons or holes. This is due to the fact that the Grassmann fields of the effective
theory can not be rigorously derived from the microscopic operators of the Hubbard or
t-J model. We have constructed the resulting effective Grassmann fields and their symme-
try transformation properties by employing several intermediate steps. For two reasons,
the introduction of the fermion operators with sublattice indices, i.e. ΨX

x = u(x)Cx, is
a very important step. First of all, it serves the purpose of enabling the effective theory
to address the eight distinct lattice momenta in the reduced Brillouin zone. Second, and
equally important, it guarantees that the spontaneously broken SU(2)s spin symmetry is
implemented on the effective fields for charge carriers in a nonlinear and local manner
in the unbroken subgroup U(1)s. Another important step — which is missing in other
approaches to the construction of a low-energy effective theory — is the identification of
the specific linear combination of fields for electrons or holes. This identification is real-
ized by the diagonalization of the most general mass matrix which contains both SU(2)Q

85
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invariant and SU(2)Q breaking terms. Without the identification of these linear combina-
tions, the effective theory would correctly describe fermions living at (±π/2a,±π/2a) or
(π/a, 0) and (0, π/a), however it would always involve a mixture of electrons and holes.
Here it becomes clear why the somewhat artificial SU(2)Q symmetry is essential for the
identification of the correct low-energy degrees of freedom. Once the fields for electrons or
holes are identified and their transformation behavior is understood, the construction of
the leading order terms in the low-energy expansion is straightforward. We have presented
the resulting effective actions for magnons and electrons or magnons and holes in chapter 5.

It is interesting to note that the different positions in momentum space at which elec-
trons and holes appear, have a strong influence on the field content and the symmetry
transformation properties. As a result, the structure of the leading order terms in the
low-energy effective action is different in the two cases. In particular, the terms which are
responsible for one-magnon exchange are of different order in the low-energy expansion.
While the Λ-term in the hole case comes with a single uncontracted spatial derivative, the
K-term in the electron case involves two spatial derivatives. Consequently, for low ener-
gies, i.e. for low momenta, magnons are more strongly coupled to holes than to electrons.
Such a difference between electrons and holes on the level of the effective theory is not
surprising since — as discussed briefly in section 4.1 — also the cuprate materials do make
a difference between electron and hole doping.

In its present form the effective theory provides a reliable tool for the examination of
low-energy processes involving magnons and electrons or holes. A big advantage is that it
makes model-independent predictions since it applies to all systems that share the sym-
metries of the Hubbard or t-J model. It not only captures magnon-magnon, magnon-hole,
and magnon-electron scattering but it also determines the long-range magnon-mediated
forces between electrons or holes. In the Hubbard or t-J model such processes are of
nonperturbative nature and hence any calculation based directly on these microscopic sys-
tems is highly non-trivial if not practically impossible. However, when employing the
effective theory framework, since the magnons are derivatively coupled to the electrons
or holes, these questions can be understood quantitatively and can be tackled by pertur-
bative analytic calculations. In particular, the accuracy of the obtained predictions can
be improved order by order in the low-energy expansion. Material-specific details of the
underlying microscopic systems enter the effective theory through a finite number of low-
energy constants whose values can be determined by experiments or numerical simulations.

Using the effective theory, in the second part of this thesis we have derived the one-
magnon exchange potentials between electrons or holes. Due to the accidental Galilean
boost invariance in the low-energy physics of magnons and holes, the exchange potential
between holes is independent of the total momentum ~P of the pair. In coordinate space
we find a 1/r2 dependence, where r denotes the distance between the fermions. In the
electron case, where the accidental Galilean boost invariance is missing, the potential be-
comes ~P -dependent. We found a contribution which is proportional to P 2/r2. In addition,
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the potential also contains a ~P -independent contribution, which however, falls off as 1/r4.
Hence, for a pair of electrons in their rest frame, the one-magnon exchange potential is
weaker than it is between holes. In both the electron and the hole case, one-magnon ex-
change can only happen between two fermions with opposite spin orientation. Solving the
corresponding two-particle Schrödinger equations for pairs of electrons or holes, we have
shown that one-magnon exchange mediates forces which lead to bound pairs of electrons
or holes. Interestingly, in some cases even analytic solutions can be obtained. In both
the electron- or hole-doped case, we find an infinite number of weakly bound states. Ana-
lyzing the angular dependence of the pair’s wave function we find d-wave like probability
distributions. In particular, for a pair of holes with mixed flavor, i.e. for an αβ pair, the
symmetry of the wave function resembles dx2−y2 . For a pair of holes with equal flavors, i.e.
for an αα or for a ββ pair, the symmetry resembles dxy. However, it should be stressed
that, since the problem only has a 90 degrees and not a continuous rotation symmetry, the
continuum classification scheme of angular momentum eigenstates does not apply here.
The symmetries are therefore not truly d-wave, but just given by the 2-dimensional ir-
reducible representation of the group of discrete rotations and reflections. For a pair of
electrons with vanishing total momentum the symmetry resembles dxy. Again, also here,
the continuum classification scheme of angular momentum is inappropriate. Under the
group of discrete rotations and reflections the ground state wave function transforms in
the trivial representation.

The finding that one-magnon exchange between fermions leads to bound states is not
new. In fact, Kuchiev and Sushkov have obtained similar results for a pair of holes with
equal flavor directly from the t-J model [18]. They also find a 1/r2-dependent one-magnon
exchange potential and therefore also a infinite number of bound states. However, their
findings rely on several approximations and their derivation has the disadvantage of be-
ing t-J model specific. Also, with their method, the authors come to the conclusion that
for all combinations of flavors the potential is just the same. It is remarkable that in the
framework of the low-energy effective theory, the existence of bound pairs of fermions in an
antiferromagnet can be derived in a transparent and most especially model-independent
way. In particular, the derivation is based only on the few well-justifiable assumptions
listed at the beginning of this chapter.

It should be stressed that in the present work we have only considered a single pair of
electrons or holes. After having established that magnon-mediated forces lead to bound
pairs of fermions, it is interesting to ask what happens if a finite density of electrons or
holes is added to the system. Let us assume for the moment that the antiferromagnet is
stable against the formation of inhomogeneities. In that case, for very low doping and
temperatures, the doped pairs form a dilute system of bosons. At sufficiently low temper-
atures, the bound pairs may undergo Bose-Einstein condensation. At larger densities the
wave functions overlap and a momentum space description is more appropriate. Magnon
exchange between electrons or holes near the Fermi surface may then produce an instability
against Cooper pair formation in the d-wave channel. If these mechanisms could lead to
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the onset of a small tail of the superconducting phase reaching into the antiferromagnetic
phase must be investigated elsewhere.

The systematic low-energy effective theory provides unambiguous predictions about the
low-energy physics of all systems which share the symmetries of the Hubbard or t-J-type
models. In particular, it captures all physical mechanisms that are inherent to the under-
lying microscopic models. However, these microscopic models — and hence the present
low-energy effective theory — are just minimal models for cuprate materials. Real materi-
als do contain effects which are not captured by these minimal models. As an example, in
real compounds the various cuprate layers may be weakly coupled and the actual physics
may thus be 3-dimensional. Also, the underlying microscopic models and the effective the-
ory do not contain the physics of phonons, which are present in real crystals. In addition,
actual materials do contain impurities on which the doped electrons or holes get localized.
Such effects are not included in the present low-energy effective theory. However, it would
be possible to incorporate such effects in a systematic manner.

In the future, it would be interesting to examine the effects of impurities in the frame-
work of the systematic low-energy effective theory. Also, it would be important to test the
effective theory in the one-hole or one-electron sector by numerical simulations. From such
simulations one could extract the involved low-energy constants. Until now we have con-
sidered an underlying lattice with a quadratic lattice structure. It would be exciting to also
construct an effective theory for magnons and charge carriers with an underlying hexagonal
lattice structure. In addition, it would be interesting to ask whether the present effective
theory could also be used to investigate the physics in the high-temperature supercon-
ducting phase. In real materials, superconductivity arises only after antiferromagnetism
has been destroyed and hence the SU(2)s spin symmetry is no longer broken sponta-
neously. Since the effective theory relies on the spontaneously broken SU(2)s symmetry,
its systematic treatment then breaks down. However, as long as spin fluctuations (now
with a finite correlation length) and the fermions with the index structure of the anti-
ferromangetic phase are still the relevant degrees of freedom, the effective theory can be
applied to the high-temperature superconductors themselves. By investigating the way
how the systematic treatment of the low-energy effective theory breaks down, one could
probably learn something about new relevant degrees of freedom that govern the physics
beyond the antiferromagnetic phase. After all, the effective theory could also be considered
beyond perturbation theory, for example, by regularizing it on a lattice and simulating it
numerically.

To conclude, the systematically constructed low-energy effective field theory for magnons
and charge carriers is a powerful tool for the investigation of the low-energy physics of
doped antiferromagnets. In contrast to the direct use of microscopic models, the effective
theory has a number of advantages. Most important, the electrons and holes in the effec-
tive theory are derivatively coupled to the magnons and, as a result, the long-range forces
between charge carriers can be calculated using perturbation theory. Consequently, the
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effective theory is more easily solvable than the underlying strongly coupled microscopic
models. Also, the effective theory has the advantage of providing model-independent pre-
dictions since it contains the low-energy physics of all systems that share the symmetries of
the Hubbard model. The low-energy effective field theory has a high predictive power, as
material-specific properties of concrete underlying microscopic systems are captured simply
by a number of low-energy constants. For all these reasons, it seems clear that the effective
theory framework provides a very useful and reliable tool for the further investigation of
interesting physics in doped antiferromagnets.
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work in close collaboration. Even though our working style regarding physics is quite
complementary, we enjoyed a very fruitful teamwork. It is perhaps the shared passion for
cooking and appreciating good wine and tea that has provided the basis for the success of
our collaboration.

Special thanks are dedicated to Professor Christoph Hofmann for inviting me to a sci-
entific stay at the Universidad de Colima in Mexico. It was a very good experience to work
in the friendly environment of the Facultad de Ciencias. I will always remember the vivid
discussions with various faculty members at “Cronos”. I enjoyed very much the hospitality
of Christoph and his wife Lila when staying at their home. Their kids Rebeca Iztakyolohtl
and Juliana deserve many thanks for their patience as I learned Spanish only slowly. I
would like to thank Lila for introducing me to real Mexican life by teaching me how to
dance “un baile Durangeño” and by sharing a plate of “chapulines”. ¡Muchas gracias!

Many thanks go to Markus Moser and Michele Pepe who made important contributions
to our collaboration at the beginning of this PhD thesis. Further, I want to say that it
was always a pleasure to work with Fu-Jiung Jiang, the postdoc in our group. I would also
like to thank Andreas Fuhrer, Moritz Bissegger, Reto von Almen, Christoph Häfeli, and
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Appendix A

Derivation of one-magnon exchange
potentials between holes

In this appendix the derivation of the one-magnon exchange potentials between two holes
in momentum space is worked out in detail.

A.1 Kinematics

The incoming or outgoing holes are asymptotically free particles with the dispersion relation
given in Eq. (5.5), i.e.

Ef(~p ) = M +
p2
i

2M ′ + σf
p1p2

M ′′ +O(p4). (A.1)

The tree level Feynman diagram for magnon exchange between holes is drawn in Fig. 6.1.
At each vertex momentum and energy is conserved. For the momenta this implies

~p+ = ~q + ~p−
′ and ~p− = ~p+

′ − ~q =⇒ ~p+ + ~p− = ~p+
′ + ~p−

′ . (A.2)

Obviously, the last identity can be associated with the total momentum ~P of the pair, i.e.

~P = ~p+ + ~p− = ~p+
′ + ~p−

′ . (A.3)

Energy conservation implies

Ef (~p+) = q0 + Ef (~p−
′) and E f̃ (~p−) = E f̃ (~p+

′)− q0, (A.4)

where q0 denotes the energy of the magnon. Solving these two equations for q0 results in

q0 =
1

2M ′ (p
2
+ − p′2−) + σf

1

M ′′ (p+1p+2 − p′−1
p′−2

)

=
1

2M ′ (p
′2
+ − p2

−) + σf
1

M ′′ (p
′
+1
p′+2

− p−1p−2). (A.5)
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For the following calculations we will never use the actual form of q0. From these two
last equations it is only important to note that q0 ∝ ~p 2. At this point we introduce the
quantity q which combines the energy q0 and the momentum ~q of the magnon to

q = (q0, ~q ). (A.6)

As we will see, the upcoming calculation always involves q2, never just q. However, since
q2
0 ∝ ~p 4 and since we work only up to order ~p 2, we will approximate q2 ≈ ~q 2. Hence,

whenever we write q2, we mean ~q 2.

A.2 Going to momentum space

It turns out to be most convenient to work in momentum space. The Fourier transform of
the magnon fluctuations takes the form

m(x) =
1

(2π)3

∫
d3q m(q) exp(iqx),

m∗(x) =
1

(2π)3

∫
d3q m∗(q) exp(−iqx), (A.7)

where x is a point in Euclidean space-time. Also note that
∫
d3q =

∫
d2~q dq0. For the hole

fields the Fourier transform is given by

ψf±(x) =
1

(2π)3

∫
d3p ψf±(p) exp(−ipx),

ψf†± (x) =
1

(2π)3

∫
d3p ψf†± (p) exp(ipx), (A.8)

with p =
(
Ef (~p ), ~p

)
.

In Eq. (6.6) we have written down the effective action relevant for one-magnon physics.
We now transform all contributions which involve magnon fields into momentum space.
These contributions are the magnon propagator and the terms proportional to Λ which
couple single magnons to holes. For the magnon propagator we write1∫

d3x ∂µm
∗(x)∂µm(x) =

1

(2π)3

∫
d3q q2m(q)m∗(q). (A.9)

The vertices from the Λ-term come in two variants: one at which a spin − hole flips its
spin to + by coupling to m∗ and the other at which a spin + hole flips its spin to − by
coupling to m. Using the Fourier transforms from above, one can express these two kinds
of vertices in momentum space. For the first case one finds∫

d3xψf†+ (x)∂jm
∗(x)ψf−(x) =

−i
(2π)6

∫
d3p− d

3q ψf†+ (p− + q) qjm
∗(q)ψf−(p−), (A.10)

1Note that we mean
∫

d2x dt =
∫

d3x.
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while for the second case one has∫
d3xψf†− (x)∂jm(x)ψf+(x) =

i

(2π)6

∫
d3p+ d

3q ψf†− (p+ − q) qjm(q)ψf+(p+). (A.11)

After having transformed these three objects, one can write down the one-magnon action
in momentum space. By omitting all terms that do not contain any magnon fields this
results in

S[ψf†± , ψ
f
±,m] =

1

(2π)3

∫
d3q

1

2
q2m∗m

+
1

(2π)6

Λ

2
√
ρs

∑
f=α,β

∫
d3q
[ ∫

d3p− (q1 + σfq2)ψ
f†
+ m∗ ψf−

+

∫
d3p+ (q1 + σfq2)ψ

f†
− mψf+

]
. (A.12)

A.3 Principle of stationary action and resulting po-

tentials

The Feynman diagram for one-magnon exchange is a tree level diagram. Hence, the cor-
responding physics is classical, that is to say of non-quantum nature. In that case, the
realized physics obeys the principle of stationary action. We therefore minimize the above
action with respect to m∗(q) and m(q). This implies

m(q) = − 1

(2π)3

Λ
√
ρs

1

q2

∑
f=α,β

∫
d3p− (q1 + σfq2)ψ

f†
+ (p− + q)ψf−(p−) (A.13)

and

m∗(q) = − 1

(2π)3

Λ
√
ρs

1

q2

∑
f=α,β

∫
d3p+ (q1 + σfq2)ψ

f†
− (p+ − q)ψf+(p+). (A.14)

Plugging these two results back into the action of Eq. (A.12), one ends up with

S[ψf†± , ψ
f
±]min = − 1

(2π)9

Λ2

2ρs

∫
d3q d3p+ d

3p−
∑
f=α,β

f̃=α,β

ψf̃†+ ψ
f̃
−ψ

f†
− ψ

f
+

1

q2
(q1 + σfq2)(q1 + σf̃q2).

(A.15)

The one-magnon exchange potentials for the four combinations of flavors can now be read
off. After introducing γ = Λ2/(2πρs), one finds

〈~p+
′ ~p−

′|V ff̃ |~p+~p−〉 = V ff̃ (~q ) δ(~p+ + ~p− − ~p+
′ − ~p−

′), (A.16)
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with

V αα(~q ) = −γπ (q1 + q2)
2

q2
, V ββ(~q ) = −γπ (q1 − q2)

2

q2
,

V αβ(~q ) = V βα(~q ) = −γπq
2
1 − q2

2

q2
. (A.17)

It should be pointed out that the ordering of the fermion fields in Eq. (A.15) is crucial for
the over-all sign of the exchange potentials. We have verified that the above ordering, i.e.

ψf̃†+ ψ
f̃
−ψ

f†
− ψ

f
+ leads to the correct over-all sign.



Appendix B

Derivation of one-magnon exchange
potential between electrons

In this appendix the derivation of the one-magnon exchange potential between two electrons
is worked out in detail. In particular, the transformation of the potential from momentum
to coordinate space is discussed at length.

B.1 Kinematics

In Fig. 6.2, the Feynman diagram for one-magnon exchange between two electrons is given.
The incoming or outgoing electrons are asymptotically free particles with the dispersion
relation given in Eq. (5.12), i.e.

E(~p ) = M +
p2
i

2M ′ . (B.1)

For the kinematics we have introduced the following labelling of involved momenta: the
momenta of the incoming electrons are denoted by ~p±, while those of the outgoing particles
are denoted by ~p±

′ . The momentum carried by the exchanged magnon is denoted by ~q.
The total momentum ~P is given by

~P = ~p+ + ~p− = ~p+
′ + ~p−

′ . (B.2)

B.2 Going to momentum space

As in the hole case, we transform the relevant terms that describe the interaction of single
magnons with electrons into momentum space. Again, we use

m(x) =
1

(2π)3

∫
d3q m(q) exp(iqx),

m∗(x) =
1

(2π)3

∫
d3q m∗(q) exp(−iqx), (B.3)
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where x is a point in Euclidean space-time. Also note that
∫
d3q =

∫
d2~q dq0. For the

electron fields the Fourier transform is given by

ψ±(x) =
1

(2π)3

∫
d3p ψ±(p) exp(−ipx),

ψ†±(x) =
1

(2π)3

∫
d3p ψ†±(p) exp(ipx), (B.4)

with p =
(
E(~p ), ~p

)
.

From appendix A, Eq. (A.9), we already know the momentum space representation of
the magnon propagator, i.e.∫

d3x ∂µm
∗(x)∂µm(x) =

1

(2π)3

∫
d3q q2m(q)m∗(q). (B.5)

Next one has to transform the various vertices from the K-terms into momentum space.
The four contributions are given by1

∫
d3x ∂jψ

†
+(x)∂jm

∗(x)ψ−(x) =
1

(2π)6

∫
d3p− d

3q ψ†+(p− + q)m∗(q)ψ−(p−) qj(qj + p−j),∫
d3xψ†+(x)∂jm

∗(x)∂jψ−(x) = − 1

(2π)6

∫
d3p− d

3q ψ†+(p− + q)m∗(q)ψ−(p−) qjp−j ,∫
d3x ∂jψ

†
−(x)∂jm(x)ψ+(x) = − 1

(2π)6

∫
d3p+ d

3q ψ†−(p+ − q)m(q)ψ+(p+) qj(p+j − qj),∫
d3xψ†−(x)∂jm(x)∂jψ+(x) =

1

(2π)6

∫
d3p+ d

3q ψ†−(p+ − q)m(q)ψ+(p+) qjp+j . (B.6)

With these objects one can now write down the one-magnon action in momentum space.
By omitting terms that do not contain any magnon fields, this results in

S[ψ†±, ψ±,m] =
1

(2π)3

∫
d3q

1

2
q2m∗m

− 1

(2π)6

K

2
√
ρs

∫
d3q
[ ∫

d3p− ψ
†
+m

∗ ψ−
(
q2
1 − q2

2 + 2(q1p−1 − q2p−2)
)

−
∫
d3p+ ψ

†
−mψ+

(
q2
1 − q2

2 − 2(q1p+1 − q2p+2)
)]
.

(B.7)

1Note that the spatial index j = 1, 2 is not summed over.
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B.3 Principle of stationary action and resulting po-

tentials

As in the hole case, we again minimize the obtained one-magnon action with respect to
m∗(q) and m(q). This implies

m(q) =
1

(2π)3

K
√
ρs

1

q2

∫
d3p−ψ

†
+(p− + q)ψ−(p−)

(
q2
1 − q2

2 + 2(q1p−1 − q2p−2)
)

(B.8)

and

m∗(q) = − 1

(2π)3

K
√
ρs

1

q2

∫
d3p−ψ

†
−(p+ − q)ψ+(p+)

(
q2
1 − q2

2 − 2(q1p+1 − q2p+2)
)
. (B.9)

Note that also here q2 ≈ ~q2. Plugging these two results back into the action of Eq. (B.7),
one ends up with

S[ψ†±, ψ±]min =
1

(2π)9

K2

2ρs

∫
d3q d3p+ d

3p− ψ
†
+ψ−ψ

†
−ψ+×

× 1

q2

[
q2
1 − q2

2 + 2(q1p−1 − q2p−2)
] [
q2
1 − q2

2 − 2(q1p+1 − q2p+2)
]
. (B.10)

The one-magnon exchange potential between electrons can now be read off. One finds

〈~p+
′ ~p−

′|V |~p+~p−〉 =
K2

2ρs

1

q2

[
q2
1 − q2

2 + 2(q1p−1 − q2p−2)
] [
q2
1 − q2

2 − 2(q1p+1 − q2p+2)
]

× δ(~p+ + ~p− − ~p+
′ − ~p−

′). (B.11)

B.4 Transforming back to coordinate space

In addition to the total momentum ~P introduced above, it is useful to define the incoming
and outgoing relative momenta ~p and ~p ′,

~p =
1

2
(~p+ − ~p−), ~p ′ =

1

2
(~p+

′ − ~p−
′). (B.12)

Momentum conservation then implies

~q = ~p+ ~p ′. (B.13)

Writing the potential in momentum space as

〈~p+
′ ~p−

′|V |~p+~p−〉 = V (~p, ~p ′)δ(~p+ + ~p− − ~p+
′ − ~p−

′), (B.14)

it is easy to show that
V (~p, ~p ′) = V0(~p, ~p

′) + V~P (~p, ~p ′), (B.15)
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with the rest-frame potential

V0(~p, ~p
′) =

K2

2ρs

p2
1 − p′1

2 − p2
2 + p′2

2

(p1 + p′1)
2 + (p2 + p′2)

2
, (B.16)

and the momentum-dependent contribution

V~P (~p, ~p ′) = −K
2

2ρs

[P1(p1 + p′1)− P2(p2 + p′2)]

(p1 + p′1)
2 + (p2 + p′2)

2
. (B.17)

The potential in coordinate space is the Fourier transform of the potential in momentum
space

V (~x, ~x ′) =
1

(2π)4

∫
d2p d2p′ V (~p, ~p ′) exp(i~p · ~x− i~p ′ · ~x ′). (B.18)

Introducing

~k =
1

2
(~p− ~p ′), ~r =

1

2
(~x− ~x ′), ~y = ~x+ ~x ′, (B.19)

one obtains
~p · ~x− ~p ′ · ~x ′ = ~q · ~r + ~k · ~y, (B.20)

such that the momentum-dependent contribution takes the form

V~P (~x, ~x ′) = −K
2

2ρs

1

(2π)2

∫
d2q

(P1q1 − P2q2)
2

q2
1 + q2

2

exp(i~q · ~r ) δ(~y ). (B.21)

The δ-function arises from the k-integration and implies ~x ′ = −~x as well as ~r = ~x, which
just means that the potential is local in coordinate space. Using

1

(2π)2

∫
d2q

q2
1 − q2

2

q2
1 + q2

2

= − 1

π

cos(2ϕ)

r2
,

1

(2π)2

∫
d2q

2q1q2
q2
1 + q2

2

= − 1

π

sin(2ϕ)

r2
, (B.22)

with ~r = r(cosϕ, sinϕ) the q-integration results in

V~P (~x, ~x ′) =
K2

2πρs

[
1

2
(P 2

1 − P 2
2 )

cos(2ϕ)

r2
− P1P2

sin(2ϕ)

r2

]
δ(~y )

=
K2P 2

4πρs

cos
(
2(ϕ+ χ)

)
r2

δ(~y ). (B.23)

In the last step we have introduced ~P = P (cosχ, sinχ).
Similarly, the rest-frame potential takes the form

V0(~x, ~x
′) =

K2

2ρs

1

(2π)4

∫
d2q d2k

(2q1k1 − 2q2k2)
2

q2
1 + q2

2

exp(i~q · ~r ) exp(i~k · ~y ). (B.24)

The k-integration results in the second derivative of a δ-function which again implies ~x ′ =
−~x as well as ~r = ~x. Hence, also the rest-frame potential is local and one can write

V0(~x, ~x
′) = Vij(~r )∂yi∂yjδ(~y ), (B.25)
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with Vij(~r) implicitly defined through eq.(B.24). In order to figure out how V0(~x, ~x
′) acts

on a wave function we calculate

〈Φ|V0|Ψ〉 =

∫
d2x d2x′ 〈Φ|~x〉V0(~x, ~x

′)〈~x ′|Ψ〉

=

∫
d2x d2x′ 〈Φ|~x〉Vij(~r )∂yi∂yjδ(~y )〈~x ′|Ψ〉

=

∫
d2r d2y 〈Φ|~y

2
+ ~r〉Vij(~r )∂yi∂yjδ(~y )〈~y

2
− ~r|Ψ〉

=
1

4

∫
d2r Vij(~r )∂ri∂rj(〈Φ|~r〉〈−~r|Ψ〉)

=
1

4

∫
d2r 〈Φ|~r〉

[
∂ri∂rjVij(~r )

]
〈−~r|Ψ〉. (B.26)

It is now straightforward to convince oneself that

1

4
∂ri∂rjVij(~r ) =

6K2

πρs

r4
1 − 6r2

1r
2
2 + r4

2

r8
=

6K2

πρs

cos(4ϕ)

r4
. (B.27)

Altogether, in coordinate space the resulting potential is hence given by

〈~r+′~r−′|V |~r+~r−〉 =
K2

2πρs

[
12

cos(4ϕ)

r4
+
P 2

2

cos
(
2(ϕ+ χ)

)
r2

]
δ(~r+ − ~r−′) δ(~r− − ~r+′). (B.28)
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