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Abstract
Experiments with electron- and hole-doped antiferromagnetic materials show interesting

properties at low temperatures, such as high temperature superconductivity (high Tc) and
quantum antiferromagnetism. The understanding of the dynamical mechanics behind high
Tc is very limited and numerical simulations of such systems may suffer from a severe sign
problem. One approach to simulate quantum antiferromagnets are cluster algorithms. In this
thesis, a loop cluster algorithm is constructed for the spin 1

2 Heisenberg model on a kagome
lattice and its efficiency is investigated. Winding numbers are used as observables, since they
are topological quantities and their efficient update is a challenge for any numerical simulation.
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1 Introduction

In 1986 Bednorz and Müller discovered high-temperature superconductivity [1]. Until then,
only low temperature superconductivity up to 30K was known and is explained by the theory
of Bardeen, Cooper, and Schrieffer (BCS) [2]. The BCS theory explains these low-temperature
phenomena by the formation of the so-called Cooper pairs, two electrons forming a bound state
held together by phonon exchange. The effect responsible for the formation of these Cooper
pairs is limited to very low temperatures, the upper limit is around 30K. In 1986, however,
Bednorz and Müller discovered the superconductivity of a BaLaCuO-compound at 35K and
shortly thereafter, by replacing Lanthanum with Yttrium, the critical temperature was raised
to 92K. This was an important discovery since this temperature is above the boiling point of
liquid nitrogen, which is a very attractive cooling agent for both, practical and economical
reasons. Until today, the critical temperature of high Tc superconductors was raised up to
138K [3]. This temperature lies far outside the bounds of the BCS theory. Another dynamical
mechanism must be responsible for high temperature superconductivity.
All materials showing superconductivity at higher temperatures are very complicated com-

posites, direct analytic calculations seem to be impossible. What simplifications can be made?
Analyzing the geometries, it turned out that many of these materials are quasi 2-dimensional.
This means that the coupling strength between the different layers is small compared to the
couplings in individual planes. Therefore, the study of 2-dimensional model systems might
give an insight in the theoretical background of high Tc. Different techniques are used to
gain insight such as low-energy effective field theory or exact diagonalization. Another ap-
proach is the numerical simulation of microscopic models such as the Hubbard, the t-J , or the
Heisenberg model. They contain the physics of spin 1

2 fermions on a lattice. Although the
Hamiltonians look simple and contain mainly nearest neighbour interactions, such strongly
correlated systems can be very useful to study collective phenomena, for example, phase tran-
sitions. Imitating the geometry of the different materials, these models are setup on square,
honeycomb, triangle, or kagome lattices. The kagome geometry consists of a triangular lattice
with every fourth lattice site removed, leaving an arrangement of hexagons and triangles.
In this thesis we will focus on antiferromagnetic systems, they are interesting for different

reasons. E.g. their ground state is non-trivial: what one may naively expect as ground state,
namely antiparallel arrangement of the spins, is not an eigenstate of the Hamiltonian. For
some lattice geometries the behavior at zero temperature is known. In the quantum Heisenberg
model on the honeycomb and the square lattice the SU(2) spin symmetry is spontaneously
broken at zero temperature. On the kagome lattice this is a debated issue, there might be
spontaneous symmetry breaking but there are experts expecting a new state of matter as well
[4, 5]. This state is called the quantum spin liquid, the spin symmetry is not broken at zero
temperature and there is no ordering at all.
Numerical simulations of the antiferromagnetic quantum models may suffer from a severe

sign problem if setup on a frustrated lattice geometry. Based on the cluster algorithm for the
Ising model presented by Swendsen and Wang [6], a cluster algorithm can be constructed for
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8 1 Introduction

the Heisenberg 1
2 model, first done in [7]. While this algorithm works well in 1 dimension,

the loop cluster algorithm, as constructed in [8] can as well be applied to higher dimensions.
In [9], the algorithm was first set up on a 2-dimensional square lattice for the Heisenberg 1

2
model. There is as well a variation in continuous time [10], eliminating the errors coming
with the Suzuki-Trotter discretization of time. The loop algorithm was further developed to a
nested cluster algorithm by [11] and the sign problem can be solved at moderate temperatures
and large spatial volume. However, very low temperatures can still not be reached. In this
thesis, the nested algorithm is adapted to the kagome lattice and its efficiency is tested. We
investigate winding numbers in order to examine the efficiency of the algorithm.
This thesis consists of 3 major parts. The first part is an introduction to the quantum

Heisenberg model and the kagome lattice. Definitions are given and the main properties are
investigated. In the second part a loop cluster algorithm is constructed to simulate this system
numerically. In the third part the algorithm is tested and the results are discussed.
Throughout the whole thesis natural units will be used, i.e. ~ = 1.



2 Quantum Heisenberg Model

The spin 1
2 quantum Heisenberg model is a microscopic model to describe magnetism in spin

systems. The Hamilton operator is given by

H = J
∑
〈x,y〉

~Sx · ~Sy , (2.1)

where ~S is the quantum mechanical spin operator ~S = 1
2~σ and ~σ are the Pauli matrices. The

sum in eq.(2.1) runs over the nearest neighbour pairs 〈x, y〉 with ~Sx being the spin operator
at the lattice point x. For J < 0 parallel alignment of the spins is favored, it describes
ferromagnetism. In this thesis, the focus will lie on the case where J > 0 and the system is
antiferromagnetic.

2.1 Commutation Relations for Quantum Spin Models

The spin operators ~Sx obey the standard commutation relations[
Sax, S

b
y

]
= iεabcδxyS

c
x . (2.2)

It is important to notice that any component of Sax commutes with Sby, given they are at
different sites x 6= y. The total spin operator is defined as

~S =
∑
x

~Sx . (2.3)

Using eq.(2.2), it is straightforward to show that the total spin is conserved, i.e.[
~S, H

]
= 0. (2.4)

Since ~S consists of the Pauli matrices, the generators of the SU(2)s symmetry, eq.(2.4)
reflects the SU(2)s symmetry of the Heisenberg Hamiltonian. In 2 dimensions on the square
and on the honeycomb lattice the SU(2)S symmetry is spontaneously broken at zero temper-
ature. While the order parameter of a ferromagnet is the uniform magnetization ~S, for an
antiferromagnet, the related order parameter is the staggered magnetization

~Ms =
∑
x

(−1)x~Sx , (2.5)

with the property

〈0 | ~Ms | 0〉 6= 0 (2.6)

9



10 2 Quantum Heisenberg Model

at infinite volume. Contrary to the magnetization of a ferromagnet, the staggered magnetiza-
tion does not commute with the Hamiltonian, i.e.

[
~Ms, H

]
6= 0. (2.7)

Therefore, the classical Néel state, i.e. the staggered arrangement of the spins as shown in
figure 2.1, is not an energy eigenstate of the Hamiltonian. This property raises the question
on the ground states of such systems.

Figure 2.1: The classical Néel state on a quadratic lattice. The spins on sublattice A point up,
while all spins on sublattice B point down.

The behaviour of a quantum system on the kagome lattice at zero temperature is not known.
At this point, it is not known whether there is any symmetry breaking at zero temperature.
The ground state might as well not order at all. This possibility of a quantum spin liquid has
attracted a lot of interest lately and intense research from different directions is in progress
[5, 12, 13].

2.2 The Kagome Lattice

The kagome lattice is a mixture of a honeycomb and a triangular lattice. There are several
different possibilities to define a unit cell, one is shown in figure 2.2.



2.2 The Kagome Lattice 11

Figure 2.2: The kagome lattice and its unit cell.

In crystallography the lattices are usually classified into Bravais and non-Bravais lattices.
In a Bravais lattice all lattice points are equivalent; arrangement and orientation appear the
same for any of the lattice points (definition according to [14, 15]). The kagome lattice is a
non-Bravais lattice since the nearest neighbours do not lie in the same direction for all lattice
points.
It is possible to split the original kagome lattice into 3 sub-lattices A, B and C as shown in

figure 2.3.

Figure 2.3: The kagome lattice with one choice of sublattices A, B and C

Every member of a given sublattice has only neighbours from other sublattices. This division
can be helpful to investigate the ground state of the system. For the triangular lattice the
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choice of sublattices is unique and the classical ground state has a coplanar order with spins
enclosing an angle of 2π

3 , see figure 2.4.

Figure 2.4: The coplanar ordering of the triangular lattice, A, B and C belonging to the 3
different sublattices.

For the quantum system on the triangular lattice results from exact diagonalization indicate
a coplanar ordering as well [16].
In the case of the kagome lattice, there is a variety of possibilities to choose the sublattices.

The choice shown in figure 2.3 has the advantage that all three of them are Bravais-lattices
(made of regular triangles), therefore sharing the same Wigner-Seitz cell. This ambiguity has
further consequences: the classical ground state is highly degenerate. As stated in section 2.1
the properties of the ground state of the quantum model on the kagome lattice is unknown.
There are various ideas, how the ground state state may look like. One candidate ground

state is the state which maximizes the number of hexagons with perfect antiferromagnetic
order. Another approach is to maximize the number of ‘perfect’ stars, i.e. arranging antifer-
romagnetic order on as many hexagons and its 6 bordering triangles as possible. However,
identifying and using the preserved symmetries, [13] has calculated the corresponding quan-
tum numbers and the related energies do not seem to be the lowest ones. Determining the
ground state of the Heisenberg model on the kagome lattice is still an open problem.

2.2.1 Symmetries of the kagome lattice

There are several discrete symmetries.

• Translation symmetry by the two vectors spanning the elementary cell

• Rotation symmetry by π
3 around a rotation axis located at the center of the hexagon as

well as a 2π
3 rotation symmetry around an axis centered in the triangles. Additionally

every lattice point is the origin of a rotation symmetry by the angle π.

• Reflection symmetry: The kagome lattice has 6 reflection symmetry axes, 3 of them
perpendicular to the edge, and 3 more through the corners of the hexagon.

2.2.2 Frustration

A very important property of the kagome lattice is its frustration. An antiferromagnet prefers
anti-parallel alignment of the spins. For some lattice geometries a perfect anti-parallel order
is not possible, see figure 2.5.
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Figure 2.5: Non-frustrated quadratic lattice and a frustrated triangular lattice. The third spin
of the triangle will get in conflict with one of its neighbours.

The quadratic lattice is not frustrated, the spins can form a perfect antiferromagnet. On
the other hand, the last spin on the triangular lattice in figure 2.5 can not complete the
antiferromagnetic order, the triangular lattice is frustrated. The kagome lattice consists of
honeycombs, which are not frustrated, but features also triangles. Therefore the kagome
geometry forms a frustrated lattice.



3 Path Integral

3.1 Setting up the Path Integral

For the numerical simulation of the system we need a path integral representation. The
Hamilton operator of the Heisenberg model is

H = J
∑
〈x,y〉

~Sx · ~Sy , (3.1)

where ~S and H are quantum operators which obey the usual commutation relations of section
2.1. The partition function is given by

Z = Tr{e−βH} , (3.2)

where β is the inverse temperature.
For definiteness and to visualize the further decomposition, we consider now the 1-dimensional

spin chain.
The euclidean time is sliced into N pieces of length ε and β = εN . The Hamilton operator

is divided into an odd and an even part

H = H1 +H2 , (3.3)

where H1 and H2, are are defined as

H1 =
∑
xodd

hx, x+1 , H2 =
∑
xeven

hx, x+1 (3.4)

with

hxy = J ~Sx · ~Sy . (3.5)

They obey [huv, hxy] = 0 if both h operators are part of the same Hamiltonian, H1 or H2.
The decomposition is shown in figure 3.1.

Figure 3.1: The decomposition of a 1-dimensional spin chain of N spins. The black pair
interactions, e.g. the interaction of sx and sy, belong to H1 while the grey pair
interactions belong to H2.

Using the Suzuki-Trotter decomposition, the partition function can be rewritten as

Z = Tr{e−βH} = Tr{e−β(H1+H2)} = lim
ε→0

Tr{e−εH1e−εH2}N . (3.6)

14



3.1 Setting up the Path Integral 15

The trace operation in eq.(3.6) is independent of the basis. Introducing a basis it can be
rewritten as a sum over all states | n0〉

Z =
∑
n0

〈n0 |
(
e−εH1e−εH2

)N | n0〉+O(ε2) . (3.7)

Inserting complete sets of eigenstates
∑

n |n〉〈n| = 1 between the factors of e−εHi , we arrive
at

Z =
∑
n0

∑
n1

..
∑
n2N−1

〈n0 | e−εH1 | n1〉〈n1 | e−εH2 | n2〉..〈n2N−1 | e−εH2 | n0〉+O(ε2) . (3.8)

Every factor of 〈nj |exp(−εHi)|nk〉 is a product of 2-spin interactions, dictated by the hxy.
These space-time contributions are called plaquettes. The evolution of two interacting spins
from t to t + 1 is given by 〈sx,tsy,t | exp(−εhx,y) | sx,t+1sy,t+1〉. Choosing a basis in Hilbert
space, these transfer matrices can be calculated. In the basis | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉 the
transfer matrix T is given by

T = exp(−εhx,y) = exp
(
eJ

4

)
A 0 0 0
0 A+B −B 0
0 −B A+B 0
0 0 0 A

 , (3.9)

where A = exp(−εJ2 ) and B = sinh( εJ2 ). We have J > 0 for an antiferromagnet and therefore
B > 0 and the off-diagonal elements of the transfer matrix are negative. This gives rise to the
sign problem, discussed in section 4.1.
The path integral related to the spin chain and the decomposition of the Hamiltonian are

shown in figure 3.2.

Figure 3.2: The decomposition of the original Hamiltonian. H1 is the sum of the dark interac-
tions of the form hxy and H2 consists of the light parts. The light hxy are mutually
commuting since they never share the same spin at site x, t. For the same reason,
H1 and H2 do not commute.
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The path integral representation of the partition function in terms of the euclidean action S
can as well be rewritten shorter and more formally by summing over all possible configurations
[s]

Z =
∑
[s]

e−S[s] . (3.10)

We want to adapt the decomposition of H to the kagome lattice. Instead of considering
2-spin interactions and hxy, it is as well possible to consider the interaction of 3 spins at a
time. The kagome lattice with H1 and H2 is shown in figure 3.3.

The formal term for the partition function still looks like eq.(3.8). The hxy become hxyz
and link 3 spins in t and t+ 1. The path integral is visualized in figure 3.4.

The transfer matrices T are now 8× 8 matrices. Since they are a crucial ingredient for the
algorithm used later on, they will be calculated now,

T = exp(−εhxyz) = exp{−εJ(~Sx · ~Sy + ~Sy · ~Sz + ~Sz · ~Sx)} (3.11)

The explicit form of the spin matrices can be constructed as Sax = I ⊗ I...I ⊗ σa

2 ⊗ I...I ⊗ I
with the Pauli matrix σa at position x and ⊗ denoting the Kronecker product. In the basis
| ↑↑↑〉, | ↑↑↓〉, | ↑↓↑〉, | ↑↓↓〉, | ↓↑↑〉, | ↓↑↓〉, | ↓↓↑〉, | ↓↓↓〉, the transfer matrix is then given by

T =



A 0 0 0 0 0 0 0
0 B −C 0 −C 0 0 0
0 −C B 0 −C 0 0 0
0 0 0 B 0 −C −C 0
0 −C −C 0 B 0 0 0
0 0 0 −C 0 B −C 0
0 0 0 −C 0 −C B 0
0 0 0 0 0 0 0 A


, (3.12)

with

A = exp
(
−3εJ

4

)
, C =

2
3
sinh

(
3εJ
4

)
, B = A+ 2C .

The structure of T is similar to the case of the spin-chain: the off-diagonal elements describ-
ing the hop of a spin are as well negative.
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Figure 3.3: The kagome lattice with the 3 spin decomposition. The black triangles belong to
H1 and the grey ones to H2.

Figure 3.4: An elementary cell of the kagome lattice, the prisms represent e−εhxyz . The cell
evolves in euclidean time, plotted in the t-direction. In one time-slice of length ε
there are two prisms, one belonging to H1 and one to H2, and only one of them
acts at a given time.
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Figure 3.5: The possibilities for the evolution of 3 spins. Euclidean time is plotted in the
z-direction. The first prism shows the evolution of 3 equal spins. Spin flips are
forbidden by spin conservation. In the other case, where only 2 spins are the same,
the spins can either propagate as they are as shown in the middle, or two different
spins can change site as shown on the right.

As shown in figure 3.5, the configuration |↑↑↑〉 has no other choice than to propagate as
it is, |↑↑↑〉⇒|↑↑↑〉 as demanded by total spin conservation. It occurs with weight A. The
configuration |↑↑↓〉 can either stay |↑↑↓〉 with weight A or flip to either |↑↓↑〉 or |↓↑↑〉, each
possibility with weight C.



4 Quantum Monte Carlo Simulation

4.1 The Sign Problem

In order to apply importance sampling in a simulation, a weight function is needed. The
probabilities of the different configurations are then given by their weight. The sign problem
arises when this function is not positive definite. The simulation can not be done with negative
probabilities.
This problem can be addressed by splitting the original Boltzmann weight into its absolute

value and its sign:

Z =
∑
[s]

Sign[s] exp(−S[s]) . (4.1)

A new partition function Z+ is a sum over positive Boltzmann weights and is given by

Z+ =
∑
[s]

exp(−S[s]) . (4.2)

In general, the expectation value of an observable is given by

〈O〉 =
1
Z

∑
[s]

O[s]exp(−S[s]) . (4.3)

Therefore, the sign can be treated as an observable in the Z+ ensemble as

〈Sign〉+ =
1
Z+

∑
[s]

Sign[s] exp(−S[s]) (4.4)

and

Z = 〈Sign〉+Z+ . (4.5)

The expectation value 〈O〉 of any observable can now be rewritten as

〈O〉 =
1
Z

∑
[s]

O[s]Sign[s]exp(−S[s]) =
〈OSign〉+Z+

Z
=
〈OSign〉+
〈Sign〉+

. (4.6)

This expectation value is given by quantities in the Z+ ensemble. The simulation can
be done with a positive definite weight function. The problem seems solved: looking up
the transfer matrix eq.(3.12) shows that the spin flips are responsible for the minus signs.
Therefore Sign(s) is determined by the number of C prisms in the configuration, they contain
the spin flips. Counting the C prisms it is possible to measure Sign(s) and calculate the
average 〈Sign〉+.

19



20 4 Quantum Monte Carlo Simulation

The problem is the accurate measurement of 〈Sign〉+. The severity of the sign problem can
be estimated by writing Z and Z+ in terms of a free energy density f and f+ respectively:

Z = exp(−β V f), Z+ = exp(−β V f+) , (4.7)

where V is the spatial volume of the system.
The expectation value 〈Sign〉+ is then given by the ratio

〈Sign〉+ =
Z

Z+
∝ exp(−β V (f − f+)), (4.8)

and therefore this expectation value is exponentially suppressed by the space-time volume βV .
This small signal should now be measured with an observable that takes values ±1. The sign
problem can not be solved by brute force, since there are exponentially large statistics needed
to measure 〈Sign〉+ or any other observable. This can be estimated by writing the relative
error for 〈Sign〉+ of N independent configurations as

σSign+

〈Sign〉+
=

√
〈Sign2〉+ − 〈Sign〉2+
√
N − 1〈Sign〉+

∼=
exp(β V (f − f+))√

N − 1
. (4.9)

To get an acceptable relative error, N should be of the order exp(2β V (f − f+)) which is
impossible to reach for larger volumes. Brute force does not work, improved algorithms are
needed.

4.2 Loop Cluster Algorithm

As usual in numerical simulations, the system is put into a box of finite volume V at a finite
inverse temperature β. In this thesis, periodic boundary conditions are imposed for all the
numerical calculations. The idea of the loop cluster algorithm is to split the system into
independent sub-systems and update them. These sub-systems are the clusters. In addition,
it is possible for some observables to measure an improved estimator in terms of these clusters.
The rules for the construction of the clusters are described now.
In section 3.1 the path integral representation of the partition function as well as the transfer

matrix eq.(3.12) were derived. In the transfer matrix it is manifest that there are basically
three different allowed configurations: 3 equal spins propagating with weight A, 2 equal and
one different spin propagating with weight B or 2 different spins changing sites and one spin
propagating with weight C, see figure 3.5.
We introduce new variables, the bonds. The bonds link two spins on a prism. The weights

in the transfer matrix eq.(3.12), A, C and B = A + 2C represent the weights of the bond
configuration. A links the 3 spins with their neighbour in time si,t with si,t+1, while C tells
us to link two spins in space sx,t with sy,t, sx,t+1 with sy,t+1 and the remaining one in time,
i.e. sz,t with sz,t+1, see the figures 4.1 and 4.2. The last spin constellation, coming up with
weight B = A+ 2C can be decorated either way, see figure 4.3.
The bonds are therefore set according to the following rules:

• A prism with equal spins has to be decorated time-like, henceforth called type A, see
figure 4.1
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Figure 4.1: A type A decorated prism.

• A prism with a spin-flip has to be decorated space-like, henceforth called type C, see
figure 4.2

Figure 4.2: A type C decorated prism.

• The last possibility is the configuration with different spins propagating without spin-flip.
It can be decorated time-like or two different spins can be linked space-like. The bond
configurations have to be chosen according to their relative weights: A is chosen with the
probability p(A) = A

A+2C while either of the two C-options is selected with p(C) = C
A+2C .
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Figure 4.3: The 3 possibilities to decorate a B prism, a time-like (type A) and two space-like
(type C) options.

Since every spin is a member of one prism in its future and one prism in its past, and in every
prism all the spins are linked to exactly one other spin, these links form closed loops. These
loops are called clusters.
The cluster algorithm works in two steps.

• The spins are kept fix and the bonds are updated.

• The bonds are kept fixed and the spins are updated. There is only one possibility to
realize this, namely to flip clusters. A cluster flip is the flip of all spins on one cluster.
Cluster flips are the only possibilities since the bonds represent constraints: they link
either parallel spins in time or antiparallel spins in space. Thus flipping only one spin
and keeping the bond is not possible.

This cluster algorithm has to obey two elementary principles: detailed balance and ergodicity.
The details are worked out in the next section.

4.2.1 Detailed Balance and Ergodicity

Detailed balance and ergodicity are both very important concepts in the simulation of every
statistical mechanics system. Detailed balance is a property of the transition rates between the
configurations. The probabilities of the configurations produced by a Monte Carlo algorithm
obeying detailed balance converge to the Boltzmann distribution of the system. Ergodicity is
an even more fundamental need: an ergodic algorithm is able to reach any allowed configuration
from any given allowed configuration in a finite number of steps. These 2 properties are now
checked for the loop cluster algorithm.
Setting the bonds on the prisms according to the rules is nothing but reexpressing the

problem in terms of new variables. The flip of a cluster does not change the weight of the
configuration in terms of the bonds, detailed balance is therefore automatically fulfilled.
But what about ergodicity? As it turns out, the cluster algorithm as constructed up to now

is not ergodic. It is not able to switch between the plus- and the minus-sector: i.e. Sign(s)
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remains constant during the Monte Carlo simulation. This can be seen by stating that on
a cluster up-spins travel forward in time while down-spins travel backward. Every sideways
move of the cluster is related to a change of spin and therefore to a change of direction. To
close the cluster it is necessary to have an even number of sideways moves, otherwise spin and
direction do not fit. Since the sideways moves are responsible for the minus signs, their even
number means that flipping a cluster does not change the sign of the configuration. Therefore
the cluster algorithm is not ergodic in its present form.

4.3 Construction of an ergodic algorithm

In the last section we have seen that the loop cluster algorithm is not able to change the sign
of the configuration by standard cluster updates. What is introduced now is the so-called
rewiring step, first introduced in [11]. After the normal cluster update, which consists of
setting the bonds and flipping the clusters, the clusters are rewired. Describing this rewiring
process it is more natural to speak in terms of the 2-spin interaction plaquettes, not the prisms.
The reason is that only 2 of the 3 spins of the prism are involved, the last one is a spectator
and does not play any role at all. The plaquettes are named the same as the related prism, the
definitions of section 4.2 hold, but with the advantage that the spectator spin is suppressed.

The rewiring is only possible on clusters, which pass somewhere along their path the same
plaquette twice. An arbitrary cluster with an internal plaquette is shown in figure 4.4. This
plaquette can then be rewired, by flipping one branch of the cluster, see figure 4.5.

Figure 4.4: An arbitrary cluster with an internal plaquette.
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Figure 4.5: One branch of the original cluster is flipped and the internal plaquette changes its
brake-up. In this example a type A plaquette with a positive weight got rewired
into a type C plaquette with negative sign.

What happens to the sign? The total sign of the configuration is the product of the signs
of the plaquettes where the weights A and B are positive while only C is negative. Since each
cluster contains an even number of sideways moves this statement is also true for the two
branches. On the cluster’s spacial moves, flipping the spins change a B- into a C-plaquette
and vice versa. This changes the sign as well but since it happens an even number of times
the overall sign of the configuration remains the same. On the time-like moves the plaquettes
change from A to B and vice versa which anyway does not affect the sign. The only thing
that remains is the rewired plaquette itself. If we rewire an A into a C as shown in figure 4.6
the sign of the plaquette changes from plus to minus. The overall sign of the configuration
changes. The same can be reached by rewiring a C-plaquette with a minus-sign into an A
plaquette, see figure 4.7.

Figure 4.6: The rewiring possibilities for an A-type plaquette (left). One branch of the cluster
is flipped, leaving us with a C-plaquette.
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Figure 4.7: One branch of the C plaquette is flipped, changing a C into a A plaquette.

Would it not be possible to rewire the B plaquettes as well? Rewiring a B-plaquette does
not produce a legal configuration, spin conservation is violated on the rewired plaquette.
Now the probabilities for this Monte Carlo step have to be worked out. Given a cluster

internal plaquette, we make an unbiased choice to set up A or C according to their relative
weights. This can lead to a rewiring, if the chosen setup differs from the original. The
probabilities to end up with A or C are given by

pA,rewire =
A

A+ C
,

pC,rewire =
C

A+ C
. (4.10)

The construction of an ergodic algorithm obeying detailed balance is now completed. A
complete update of the configuration consists now of the regular cluster update of section
4.2 and a sequence of rewiring trials which can be accepted or rejected according to the
probabilities pA and pC .
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5.1 Observables

This thesis mainly focuses on winding numbers as observables. In the spin-system simulation
winding numbers in time and space can be defined and measured. The winding curves are the
world lines of the spins and their winding numbers take only integer values. The orientation
is given by the value of the spin and due to the periodic boundary conditions these curves are
always closed, see figure 5.1. The winding number of a configuration is then given by the sum
of the windings of the individual spins.

Figure 5.1: An up-spin of a one-dimensional spin chain winding in space (x-direction) and time
(y-direction). The grey areas are the interaction plaquettes.

Formally the winding number in x-direction can be written as

Wx =
1
Lx

∑
p

αx(Sp) , (5.1)

where Lx is the lattice dimension in x-direction. The function αx(Sp) is +1 (or −1) if a
worldline passes the prism p in positive (negative) x-direction and 0 otherwise [17]. The
winding number in y-, and time-direction can be defined similarly.
These winding numbers are of interest for different reasons. Winding numbers are topologi-

cal quantities and updating them efficiently is a challenge for any algorithm. The algorithm can

26
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be tested and the autocorrelation times of this winding measurements may be used to evaluate
its efficiency. Furthermore it is possible to derive improved estimators for the susceptibilities
in terms of the winding numbers of the cluster [11, 18].

As a further observable, the sign has to be measured. It is needed to calculate any expec-
tation value, see section 4.1.

5.2 Simulation of the modified system

The algorithm without the rewiring step is not ergodic in the original system as seen in section
4.2.1: the algorithm is not able to update the sign of the configuration. This was checked and
is shown in the plot of figure 5.2.

Figure 5.2: The sign of the configuration as a function of the Monte Carlo time t. The al-
gorithm is not able to change the sign and since the starting configuration has
Sign = +1, the sign remains 1 for all times.

Without the right expectation value of the sign, 〈Sign〉+, the winding numbers of the original
spin 1

2 Heisenberg system can not be measured. Neither is it possible to measure the winding
number in the Z+ ensemble, because the algorithm is not ergodic. But still, the algorithm
simulates a statistical mechanics system (the plus or minus-sector of Z+) and the corresponding
winding numbers can be used to evaluate its efficiency. A typical signal for Wx is shown in
figure 5.3 and 5.4.
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Figure 5.3: Wx as a function of Monte Carlo time t. The values used are Lx = Ly = 8, β = 10
and ε = 0.05.

Figure 5.4: The parameters are Lx = Ly = 32, β = 10 and ε = 0.05. The winding numbers
are the same as in the smaller system.
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For the two setups of figure 5.3 and figure 5.4 the autocorrelation time τ is calculated. The
autocorrelation time is given by

c(t) =
1

N − t

N−t∑
t′=1

W (t′)W (t′ + t) ∝ exp
(
− t
τ

)
. (5.2)

It is an indicator how efficiently the algorithm works. Here t is the Monte Carlo time. Small
autocorrelation times mean that the configurations are independent, large autocorrelation time
indicates a large correlation between the configurations and the algorithm is not efficient.
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Figure 5.5: The autocorrelation function c(t) of the winding number Wx. The parameters are
Lx = Ly = 8, β = 10 and ε = 0.05.

In figure 5.5 c(t) is plotted, its values are compatible with being zero. In addition, there
is c(0) which is several orders of magnitude larger than the range of the plot. Although an
exponential fit is not possible, the autocorrelation time has to be small in order for c(t) to
drop immediately to zero. A similar plot results for the larger system.

5.3 Results

In this section, similar measurements as in section 5.2 are performed with the ergodic algo-
rithm. In figure 5.6 its ability to update the sign is shown.
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Figure 5.6: The ergodic algorithm is able to update the sign of the configuration. In this
simulation, 10 rewiring trials were executed between the standard cluster updates.

In figure 5.6 we see that the sign has the tendency to stay constant over several Monte Carlo
steps. A correlation between the configurations is visible and can be evaluated, see figure 5.7.
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Figure 5.7: The system with Lx = Ly = 8 and β = 10. The points on the dashed line belong
to 10 rewiring trials, the ones on the dotted line to 20 rewiring trials and the last
was produced with 40 rewiring trials.
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The points can be fitted with an exponential and the autocorrelation time can be deter-
mined. For 10 rewiring trials we get τ10 = 3.656(10) while τ20 = 1.800(3) and τ40 = 0.907(3).
As expected, the correlation can be lowered by increasing the number of rewiring trials. In-
terestingly, the larger system with Lx = Ly = 32 behaves similarly, as shown in figure 5.8.
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Figure 5.8: The same setup for the system with Lx = Ly = 32. Again, 10 rewiring trials
(dashed line), 20 (dotted line) and 40 (continuous line) are plotted.

The measured autocorrelation time for the larger system are τ10 = 3.61(2), τ20 = 1.75(2)
and τ40 = 0.88(2). The spacial volume of this system is much larger and therefore the same
number of rewiring trials result in a much lower rewiring density. But still, the decrease of
the autocorrelation time is similar to the smaller system. How can this be understood? One
has to keep in mind that we are looking at the sign as observable. Therefore, one successful
rewiring trial already leads to the maximal change in the considered observable independent of
the system size. Further, at this low temperature of β = 10, there is basically one big cluster
of the order of half the system size and a couple of much smaller clusters. Most of the internal
plaquettes and therefore most of the rewiring takes place on the big cluster, independent of the
system size. For this reasons, the efficiency of the update of the sign is only weakly depending
on the system size.

As checked, this algorithm is ergodic and able to simulate the full spin 1
2 Heisenberg model

and expectation values of observables O can be calculated according to section 4.1 using

〈O〉 =
〈OSign〉+
〈Sign〉+

. (5.3)

Since the sign problem is not solved using this algorithm, these expectation values have
huge relative errors. In this thesis, we ignore the sign problem, test the algorithm and focus
on the simulation of the Z+ ensemble. The measured winding numbers are therefore Wx,+

and Wy,+. A sequence of 1000 updates is shown for 2 system sizes in the figures 5.9 and 5.10.
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Figure 5.9: Wx,+, simulated with the ergodic algorithm. The parameters are again Lx = Ly =
32, β = 10, ε = 0.05 and the rewiring trials were set to be 10.

Figure 5.10: Wx,+ for the smaller system, Lx = Ly = 8 with β = 10, ε = 0.05 and 10 rewirings.

The autocorrelation function for Wx,+ can be calculated. It is plotted for the small system
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in figure 5.11 but the plot of the big system looks likewise.
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Figure 5.11: The autocorrelation function c(t), used parameters are Lx = Ly = 8, β = 10,
ε = 0.05 and 10 rewirings. There is no need to increase the number of rewiring
trials: the values of c(t) are compatible with zero.

Note that figure 5.11 was produced with the same amount of statistics as the correlation
plots of the sign, figures 5.7 and 5.8. In contrast to those the values of the correlation function
of the winding numbers are compatible with zero and no exponential can be fit. As it was the
case for the unergodic algorithm, c(0) is several orders of magnitude larger than the rest of
the function implying a small value of τ .
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We have set up a cluster algorithm for the spin 1
2 Heisenberg model on a kagome lattice.

Difficulties arose when trying to interpret the Boltzmann weights of the partition function as
probabilities for the Monte Carlo simulation, they are not positive definite. This gives rise to
the sign problem. By splitting the original Boltzmann factors into their absolute value and
their sign, measurements can be done. The sign as well as the observable are measured in the
Z+ ensemble and the value in the original system can be calculated. The standard cluster
algorithm, which only identifies and flips the clusters, is not able to change the sign of the
configuration and is thus not ergodic. To obtain an ergodic algorithm, a second Monte Carlo
step, the so-called rewiring, was introduced. The rewiring updates one cluster and changes
the sign of the configuration. The efficiency of this cluster algorithm was then evaluated by
studying the autocorrelation function of an observable. As observables we considered winding
numbers in the Z+ ensemble, the sign problem was put aside. Since winding numbers are
topological quantities they are difficult to sample efficiently performing local updates. These
winding numbers turned out to be very efficiently simulated by the cluster algorithm, the
autocorrelation time τ ∼= 0. This raised interest in the system we simulated, the Z+ ensemble.
In order to understand its efficient update the related Hamiltonian can be constructed and
the quantization axis is chosen in x-direction. The system is then ferromagnetic and therefore
not frustrated. The adapted cluster rules demand that the linked spins have to be parallel
in any case. The fact that the clusters solely contain parallel spins has further consequences:
every configuration can be brought directly into a reference configuration, say all spins +1,
by flipping the other clusters. Vice versa, any configuration can be reached from the reference
configuration. Together this means that any arbitrary transition from configuration s1 to s2
can be done in two Monte Carlo steps, namely by going through the reference configuration.
This guarantees an efficient update of the system.
Measurements of the squared of the winding numbers 〈W 2

x 〉+ in Z+ showed indications of
a phase transition, maybe a Kosterlitz-Thouless transition [19]. For 2-dimensional quantum
XY -models on a square lattice this transition is well studied [17] but we deal with a slightly
different Hamiltonian on a kagome lattice. As possible next steps, a finite size scaling analysis
has to be performed and the possible transition temperature has to be calculated. Research
in this direction is in progress.

34



Acknowledgments

First of all, I would like to thank Professor Uwe-Jens Wiese for the support. The door to his
office is always open and he patiently explained twice if necessary, contributing essentially to
this thesis. I always felt very comfortable working with him and his group.
Special thank goes to Urs Gerber. When I got stuck on a big or a small problem, I could

always call Urs for help. He spent hours in explaining to me a whole variety of aspects
in programming, methodology and physics. I will not forget the tension when running our
programs next to each other and comparing the upcoming results.
I would also like to thank Dr. Matthias Nyfeler for the support, especially in the early days

of this thesis. He helped me getting started with the cluster algorithms and the programming
thereof.
Further thank goes to all the members of the office B97: Michèle Lötscher, Stefanie Marti,

Philipp Germann, Kyle Steinhauer and Manuel Unternährer. They were crucial for the great
every day working atmosphere. The physics studies and especially the time in the master
program would not have been the same without them.

35



36 6 Conclusion and Outlook



Bibliography

[1] J.G. Bednorz and K.A. Müller. Possible High Tc Superconductivity in the Ba-La-Cu-O
System. Z. Phys. B, 64(189), 1986.

[2] J. Bardeen, L. N. Cooper, and J. R. Schrieffer. Microscopic Theory of Superconductivity.
Phys. Rev., 106(1):162–164, Apr 1957.

[3] P. Dai, B.C. Chakoumakos, G.F. Sun, K.W. Wong, Y. Xin, and D.F. Lu. Synthesis
and neutron powder diffraction study of the superconductor HgBa2Ca2Cu3O8+δ by Tl
substitution. Physica C, 243(3-4), March 1995.

[4] J.S. Helton, K. Matan, M.P. Shores, E.A. Nytko, B.M. Bartlett, Y. Qiu, D.G. Nocera,
and Y. S. Lee. Dynamic scaling in the susceptibility of the spin-1/2 kagome lattice
antiferromagnet herbertsmithite. arXiv:1002.1091v1, 2010.

[5] S.-H. Lee, H. Kikuchi, Y. Qiu, B. Lake, Q. Huang, K. Habicht, and K. Kiefer. Quantum-
spin-liquid states in the two-dimensional kagome antiferromagnets ZnxCu4−x(OD)6Cl2.
Nat. Mater., 6(853-857), 2007.

[6] R. H. Swendsen and J.-S. Wang. Nonuniversal critical dynamics in Monte Carlo simula-
tions. Phys. Rev. Lett., 58(2):86–88, Jan 1987.

[7] U.-J. Wiese and H.-P. Ying. Blockspin cluster algorithms for quantum spin systems.
Phys. Lett. A, 168:143–150, Aug 1992.

[8] H. G. Evertz, G. Lana, and M. Marcu. Cluster algorithm for vertex models. Phys. Rev.
Lett., 70(7):875–879, Feb 1993.

[9] U.-J. Wiese and H.-P. Ying. A determination of the low energy parameters of the 2-d
heisenberg antiferromagnet. Z. Phys. B, 93(2):147–150, Jun 1994.

[10] B. B. Beard and U.-J. Wiese. Simulations of discrete quantum systems in continuous
euclidean time. Phys. Rev. Lett., 77(25):5130–5133, Dec 1996.

[11] M. Nyfeler, F.-J. Jiang, F. Kämpfer, and U.-J. Wiese. Nested Cluster Algorithm for
Frustrated Quantum Antiferromagnets. Phys. Rev. Lett., 100(247206), 2008.

[12] R. R. P. Singh and D. A. Huse. Ground state of the spin-1/2 kagome-lattice Heisenberg
antiferromagnet. Phys. Rev. B, 76(18):180407, Nov 2007.

[13] G. Misguich and P. Sindzingre. Detecting spontaneous symmetry breaking in finite-size
spectra of frustrated quantum antiferromagnets. J. Phys., 19(145202), 2007.

[14] P.M Chaikin and T.C. Lubensky. Principles of condensed matter physics. Cambridge
University Press, 1995.

37



38 6 Bibliography

[15] L.-F. Lou. Introduction to Phonons and Electrons. World Scientific Publishing, 2003.

[16] B. Bernu, C. Lhuillier, and L. Pierre. Signature of Néel Order in Exact Spectra of
Quantum Antiferromagnets on Finite Lattices. Phys. Rev. Lett., 69(2590), 1992.

[17] K. Harada and N. Kawashima. Universal Jump in the Helicity Modulus of the Two-
Dimensional Quantum XY Model. Phys. Rev. B, 55:R11949, 1997.

[18] M. Nyfeler. Numerical Simulations of Strongly Correlated Electron Systems on Bipartite
and on Frustrated Lattices. PhD thesis, University of Bern, 2009.

[19] J.M. Kosterlitz and D.J. Thouless. Ordering, metastability and phase transitions in two-
dimensional systems . J. Phys. C, 6(7), 1973.



E r k l ä r u n g

gemäss Art. 28 Abs. 2 RSL 05

Name/Vorname: Marti Lukas

Matrikelnummer: 05-111-851

Studiengang: Theoretische Physik

Bachelor  [  ] Master  [X] Dissertation  [  ]
 

 

Titel der Arbeit: The Efficiency of a Cluster Algorithm for the Quantum 
Heisenberg Model on a Kagome Lattice

Leiter der Arbeit: Prof. Dr. U.-J. Wiese

Ich erkläre hiermit, dass ich diese Arbeit selbständig verfasst und keine anderen als die

angegebenen  Quellen  benutzt  habe.  Alle  Stellen,  die  wörtlich  oder  sinngemäss  aus 

Quellen entnommen wurden, habe ich als solche gekennzeichnet. Mir ist bekannt, dass 

andernfalls der Senat gemäss Artikel  36 Absatz 1 Buchstabe o des Gesetztes vom 5.  

September 1996 über die Universität zum Entzug des auf Grund dieser Arbeit verliehenen 

Titels berechtigt ist.

Bern, 11.04.2010

Ort/Datum

Unterschrift


