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Abstract

D-theory is an alternative non-perturbative approach to quantum field theory formulated
in terms of discrete quantized variables instead of classical fields. Classical scalar fields are
replaced by generalized quantum spins and classical gauge fields are replaced by quantum
links. The classical fields of a d-dimensional quantum field theory reappear as low-energy
effective degrees of freedom of the discrete variables, provided the (d + 1)-dimensional D-
theory is massless. When the extent of the extra Euclidean dimension becomes small in
units of the correlation length, an ordinary d-dimensional quantum field theory emerges
by dimensional reduction. The D-theory formulation of scalar field theories with various
global symmetries and of gauge theories with various gauge groups is constructed explic-
itly and the mechanism of dimensional reduction is investigated. In particular, D-theory
provides an alternative lattice regularization of the 2-d CP (N − 1) quantum field theory.
In this formulation the continuous classical CP (N − 1) fields emerge from the dimensional
reduction of discrete SU(N) quantum spins. In analogy to Haldane’s conjecture, ladders
consisting of an even number of transversely coupled spin chains lead to a CP (N − 1)
model with vacuum angle θ = 0, while an odd number of chains yields θ = π. In contrast
to Wilson’s formulation of lattice field theory, in D-theory no sign problem arises at θ = π,
and an efficient cluster algorithm is used to investigate the θ-vacuum effects. At θ = π
there is a first order phase transition with spontaneous breaking of charge conjugation sym-
metry for CP (N − 1) models with N > 2. Despite several attempts, no efficient cluster
algorithm has been constructed for CP (N −1) models in the standard Wilson formulation
of lattice field theory. In fact, there is a no-go theorem that prevents the construction of an
efficient Wolff-type embedding algorithm. In this thesis, we construct an efficient cluster
algorithm for ferromagnetic SU(N)-symmetric quantum spin systems, which provides a
regularization for CP (N − 1) models at θ = 0 in the framework of D-theory. We present
detailed studies of the autocorrelations and find a dynamical critical exponent that is con-
sistent with z = 0. Cluster rules for antiferromagnetic spin chains, which also provide a
regularization for CP (N − 1) models at θ = 0 and π, are investigated in detail as well.
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Chapter 1

Introduction

At a fundamental level, nature is governed by four different interactions. Gravity and elec-
tromagnetism which have long range effects and two nuclear forces which act only at short
distances. The weak force is implied in all disintegration processes while the strong inter-
action is responsible for the cohesion of matter. The most successful theories to describe
natural phenomena are nowadays general relativity and the standard model of particle
physics. They have both been tested intensively and none of them has been ruled out at
the moment. However, they are not compatible since a theory of quantum gravity has not
yet been formulated. Hence, gravity cannot be included naturally in the standard model
of particle physics, which describes all what we know about the three other fundamental
forces. The standard model has been investigated in great detail up to energies of about
100 GeV. In particle accelerators, it has so far passed all the tests very well. However, it is
almost certain that this model must be replaced at some higher energy scale, where “new
physics” may appear. Supersymmetric models, string theories, or grand unification scenar-
ios are among many propositions for describing the ultra-high energy phenomena where
unification of forces ultimately occurs. Hopefully, the new LHC experiments at CERN will
provide new insights into the next deeper layer of fundamental physics.

The standard model of particle physics is an effective quantum field theory, which is
invariant under Lorentz transformations and has an internal gauge symmetry with the
corresponding non-abelian gauge group SU(3)C ⊗ SU(2)L ⊗ U(1)Y . One can separate the
model into two parts, the electroweak and the strong sectors. In the late 60’s, Glashow,
Salam, and Weinberg proposed a way to describe electromagnetism and the weak interac-
tion in a common framework. The so-called electroweak theory is a chiral SU(2)L ⊗U(1)Y

symmetric gauge theory and exists in a Higgs-phase, in which the gauge symmetry breaks
down spontaneously to the subgroup U(1)em of electromagnetism. As a result, one obtains
massive gauge bosons (the W - and Z-particles), while the photon remains massless. One
cannot strictly speak about unification since two coupling constants still describe the inter-
action strengths, nevertheless it is a weakly coupled theory where a perturbative approach
is well adapted. Therefore, one has been able to make very precise theoretical predictions,
which agree with experiments to a great precision. The last piece of the puzzle (the Higgs
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particle) is hoped to be found with the next generations of particle accelerators — the
large hadron collider (LHC) at CERN.

The strong sector of the standard model describes the interactions between quarks
via gluons exchange. The fundamental theory believed to describe such interactions is
quantum chromodynamics (QCD), a relativistic quantum field theory with a non-Abelian
gauge symmetry SU(3)C , where the interacting particles carry a color charge. At high
energy, due to asymptotic freedom, the quarks and gluons behave almost like free particles
and form a plasma. The coupling constant is then small and a perturbative approach is
therefore adapted. On the other hand, at low energy the theory exists in a confined phase;
the gauge bosons do not appear in the spectrum. QCD is hence strongly coupled and a
perturbative expansion in term of the coupling constant is senseless. Therefore, at low
energies, a number of essential questions such as the structure of hadrons, spontaneous
chiral symmetry breaking, the non-trivial topology of the vacuum, or the mechanism of
confinement (the reason why we never see free quarks), are not accessible to perturbative
approaches. In fact, one needs to attack these problems with non-perturbative techniques,
the most commonly used nowadays being lattice gauge theory. Let us now briefly review
the standard non-perturbative approach to QCD, before turning to an introduction of
the alternative D-theory formulation of quantum field theories, which will be presented in
detail in this thesis.

1.1 Wilson’s Approach to Quantum Field Theory

The standard approach to quantum field theory is to define an action whose degrees of
freedom are the field variables. One quantizes the theory by exponentiating the action
and obtains a partition function which represents a functional integral over the field con-
figurations. Such generating functional is used to compute observables of the quantum
theory. This formal integral is a divergent expression. The theory therefore needs to be
regularized and renormalized in order to absorb the infinities. In the perturbative ap-
proach, one deals with ultra-violet divergences at any order of the perturbative expansion.
In 1974, K. Wilson proposed to define quantum field theory on a space-time lattice [1].
He used the lattice spacing a as a cut-off in the regularization procedure. The theory is
thus finite and completely well-defined, because no infinities are present in the reguralized
theory. One important technical ingredient in this formulation is the Wick-rotation of the
time variable to imaginary values (Euclidean time). This is a well-justified procedure since
physical observables in Minkowski or Euclidean space-time can be easily related. As a con-
sequence, Euclidean quantum field theory regularized on a lattice offers a clear equivalence
with statistical mechanics. This opens wide new perspectives, since it becomes possible to
study quantum field theory with techniques developed in condensed matter physics such as
Monte Carlo simulations (for the numerical evaluation of the partition function). Eventu-
ally, in order to recover the continuum physics, the lattice spacing a must be sent to zero.
The Lorentz-invariance is then restored without fine-tuning of the coupling constant. For
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example, in lattice QCD, one reaches the continuum limit by sending the coupling constant
g to zero, thus approaching a second order phase transition of the corresponding statistical
system with a diverging factor ξ/a, where ξ is the correlation length. In condensed matter
problems, the lattice spacing is kept fixed and the correlation length diverges. Here, one
reaches a vanishing lattice spacing a → 0, while keeping ξ fixed. Since ξ = 1/m, one can
hence obtain particles with finite mass. Near their critical points, statistical systems have
the remarkable property of universality. Indeed the long range physics of such extreme
systems does not depend on the underlying microscopic details. The systems hence fall in
a small number of universality classes, distinguished by the symmetries and the number
of space dimensions. The members of a class show identical critical exponents. This is of
central importance in lattice field theory. The lattice spacing a becomes negligible when
the correlation function is large. According to the scaling hypothesis the correlation length
is the only relevant length scale near criticality.

Not entering in any details, let us briefly sketch how one can define field theories non-
pertubatively from first principles. First, the continuous scalar fields are replaced by lattice
fields, which are restricted to the points x of the Euclidean lattice. In the continuum, the
gauge fields are given in terms of vector potential (i.e. parallel transporters along infinites-
imal distances). Due to the discrete nature of the lattice, the parallel transporters are
now associated with the links connected neighboring lattice points. The introduction of
fermions implies non-trivial problems and needs special care. The most straightforward
way to define fermion fields on a lattice is to replace the continuum Grassmann fields by
Grassmann variables that live on the lattice points x. These variables define the so-called
Grassmann algebra, which is characterized by anticommutation relations. Considering the
naive lattice version of the Dirac action for free fermions and the corresponding fermion
propagator, one observes extra states in the spectrum which remain when one takes the
continuum limit. This naive lattice regularization does not lead to the correct continuum
theory. The single derivative in the action is at the origin of the problem. Modes appear in
the fermion propagator at each corner of the Brillouin zone, with the same dispersion rela-
tion. This problem is known as fermion doubling and leads to a multiplication of fermion
species. The problem is severe since Nielsen and Ninomiya [2] have proven that all chiral
invariant free fermion lattice actions, which are local, hermitean and translation invariant
imply non-physical copies of fermions. In four dimensions, the naive free fermion lattice
action hence describes 16 free fermions in the continuum limit. It is possible to reduce
that number to 4 by assigning to each lattice site only a single fermion field component.
The remaining species can be interpreted as physical flavors in the continuum. Indeed, the
so-called staggered fermions [3] represent 4 flavors of 4 mass-degenerate fermions. It’s a
good framework to study chiral symmetry breaking for 4 fermion flavors.

To cure the fermion doubling problem, Wilson has proposed to introduce extra terms
in the action which decouple the unwanted modes by giving them a mass at the order
of the cut-off. These terms vanish in the continuum limit but have the inconvenience to
break explicitly the chiral symmetry [4]. Implementing chiral symmetry on a lattice is a
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non-trivial task and was for a long time an unsolved problem. In the early 90’s, Kaplan
realized that it is possible to localize fermionic zero-modes on a four-dimensional domain-
wall embedded in a five-dimensional world [5]. This is of central importance for this thesis
since an extra dimension naturally arises in the D-theory formulation of quantum field
theory described below. In Kaplan’s formulation, the doubling problem disappears and
the Wilson terms in five dimension do not break the chiral invariance of the 4-d domain
wall fermions. At the same time, Narayanan and Neuberger developed another approach
which solves the problem by considering an infinite number of flavors [6]. The so-called
overlap fermions are closely related to domain-wall fermions since the flavor-space can be
considered as an extra dimension. These formulations satisfy the so-called Ginsparg-Wilson
relation [7] which guarantees that the lattice action has good chiral properties. In order
to do so, the Dirac operator in the action has to anticommute with the generators of the
chiral symmetry up to a factor proportional to the lattice spacing. Another approach has
been developed by Hasenfratz and Niedermayer, who have constructed a class of actions
completely free of cut-off effect. They observed that the fixed points of non-perturbative
renormalization group blocking transformations on a lattice correspond to so-called perfect
actions [8]. Classical perfect actions for QCD can be approximated in order to satisfy the
Ginsparg-Wilson relation with a high accuracy. However, one needs a lot of fine-tuning of
the action in order to obtain massless perfect fermions. This poses great challenges in the
practical implementation of this formulation.

Recently, Lüscher has finally been able to construct the full standard model beyond
perturbation theory [9, 10]. This was a major breakthrough since besides the global chiral
symmetry of QCD, the local chiral invariance of the electroweak sector rests now on a solid
non-perturbative ground. Of course, it will take many more years before any accurate nu-
merical simulation of the full theory can be performed, but nevertheless the standard model
is now defined beyond perturbation theory and that is already a great achievement. In the
case of QCD only, the situation is much simpler but still highly non-trivial. The domain
wall, overlap, or perfect fermions are dynamically very difficult to treat. They demand a
huge amount of computer power. Wilson or staggered fermions are a lot easier to simulate.
In order to deal with fermions in the path integral, one has to integrate them out. This
results in a non-local action with a large quark matrix which has to be inverted. Comput-
ing the determinant of such matrices is computationally very demanding, especially when
one wants to simulate small quark masses. In the quenched approximation, one simply
puts the determinant of the quark matrix to one, and the simulations can be performed
efficiently. However, this is an unphysical situation where the virtual quark loops effects
are ignored. Nevertheless, some phenomenological facts in the low energy hadron physics
suggest that these loops may have small effects. In the partially quenched approximation,
it is possible to include such effects by allowing the quark in the loops to be heavier. These
two approximations are mostly used to compute physical quantities for light quarks.

As emphasized earlier, the great advantage of the lattice formulation is the analogy with
statistical mechanics where powerful numerical techniques were developed. The Monte
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Carlo methods are among them and offer a natural environment to answer the most in-
teresting questions in lattice QCD, which are most of the time not accessible analytically.
The idea is to evaluate the partition function numerically. However the path integral is
an extremely high dimensional integral, therefore a direct evaluation is hopeless. The so-
lution is to treat the problem statistically. In the partition function, the Boltzmann factor
exp(−βS[s, u, ψ]) is interpreted as the probability to generate the corresponding field con-
figuration. Here, β is the inverse temperature and S[s, u, ψ] is the lattice action with s, u
and ψ the scalar, link, and Grassmann lattice field variables. In a Monte Carlo simula-
tion, the field configurations which give the largest contributions to the path integral are
dominant. In order to obtain a new configuration from an initial one, we use an iterative
algorithm and thus generate a sequence of configurations, a so-called Markow chain. For
example the Metropolis algorithm [11] is a local algorithm which performs local changes
in the configuration. After each Monte Carlo step, the new Boltzmann weight is evalu-
ated and the new configuration can be accepted or rejected according to its probability.
Usually, local changes of the degrees of freedom imply small fluctuations in the action.
Therefore, the step can be accepted and one gets a new field configuration. Due to these
small changes in the successive sweeps, we need a large number of iterations in order to get
a new statistically independent configuration. The number of sweeps can be determined
by considering the autocorrelation time τ , which is obtained from the exponential fall-off
of the autocorrelation function.

In lattice field theory, the continuum limit is reached by adjusting the coupling con-
stant to a value at which the theory approaches a second order phase transition where the
correlation length ξ diverges. Near such a transition, the autocorrelation time depends on
ξ as τ ≈ aξz, where z is the dynamical critical exponent. We then face large fluctuations in
the physical system and the algorithm has to generate large-scale effects. Being local, the
Metropolis algorithm is not efficient in that limit and have a critical exponent z ≈ 2, which
means an increasing number of iterations to get a statistically independent configuration
when one approaches the continuum limit. This phenomenon is known as critical slowing
down and reflects an impossibility to simulate critical systems. A class of algorithms, for
example the Swendsen-Wang cluster algorithm [12], are able to suppress almost completely
the critical slowing down in a number of field theory models. These algorithms work with
global updates of the system and will be described in more details later in this thesis. How-
ever, those techniques are, at the moment, not applicable to gauge theories and critical
slowing down occurs in all attempts to simulate QCD on a lattice. Another problem is, of
course, the finite nature of the lattice. This implies finite volume effects. Nowadays, the
related problems are well-known and can be controlled completely with finite size scaling
techniques which allow correspondences with the infinite volume values. Nevertheless, one
will have to deal with a simulation cost proportional to (L/a)4. Therefore, one still has
to work with sufficiently large lattices to get rid of the finite volume effects, and with
sufficiently small lattice spacing a in order to be close to the continuum limit. Together
with the critical slowing down, the total simulation cost is hence proportional to L4/a4+z.
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As sketched above, simulation of fermions is a hard problem due to the evaluation
of the Dirac operator on the lattice. Moreover, independent from the continuum limit,
critical slowing down appears as well for small pion mass — in the chiral limit. At present,
most of the simulations use the quenched approximation but algorithmic improvements
are required to fully simulate QCD on a lattice, steps in this direction have already been
performed [13, 14]. For good textbooks and reviews on lattice field theory and chiral
symmetry on a lattice, one can refer to [15, 16, 17, 18, 19].

1.2 The D-theory Approach

In this thesis, we will attack quantization of field theory from a completely different point
of view. Indeed, the D-theory formulation is an alternative regularization for quantum
field theory which offers a wide new framework for non-perturbative studies. D-theory
is formulated in terms of discrete quantum variables which undergo dimensional reduc-
tion. D-theory was originally developed in the mid 90’s as a discrete approach to U(1)
and SU(2) gauge theory [20]. This work was developed independently of earlier studies
by Horn [21] and later by Orland and Rohrlich [22], in which was discussed the gauge
theory of discrete quantum variables — the so-called quantum links. It was also inspired
from quantum statistical mechanics where fundamental degrees of freedom are described
by quantum variables acting in a Hilbert space. D-theory was extended to SU(N) gauge
theories and full QCD in [23, 24] as well as to a variety of other models in [25, 26, 27, 28].

As emphasized before, a quantum field theory (QFT) is quantized by performing a path
integral over configurations of classical fields. However, there is another form of quantiza-
tion which is well known from quantum mechanics: a classical angular momentum can be
replaced by a vector of Pauli matrices. This is a well-known procedure [29]. The angular
momentum represents a continuous degree of freedom, while the resulting quantum spin
is described by a discrete variable ±1/2. In our alternative formulation, the same kind of
quantization will be applied to field theories. It is, of course, far from obvious that such
a procedure is equivalent to the usual one in QFT. Indeed, how can the full Hilbert space
of a quantum field theory be recovered when one replaces the classical variables in the
partition function by discrete variables? For example, the spin 1/2 has the same symme-
try properties as a classical angular momentum, but it operates in a finite Hilbert space.
In fact, this requires a specific dynamics that will be described below. Remarkably the
D-theory formulation can be constructed for a wide variety of models such as scalar field
theories or gauge theories.

In D-theory, the classical fields of d-dimensional quantum field theories reappear as
the low-energy collective dynamics of discrete quantum variables of a (d+ 1)-dimensional
quantum model. The extra dimension is needed in order to collect a large number of dis-
crete variables. Dimensional reduction occurs when the (d+ 1)-dimensional theory is in a
massless phase. Hence, the low-energy dynamics can be described by an effective action in
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(d+1) dimensions. Once the finite extent of the extra dimension becomes small in units of
the correlation length, which occurs in all asymptotically free theories, the system under-
goes dimensional reduction and the target d-dimensional field theory emerges. In this way,
the quantum formulation in one more dimension offers another type of regularization for
QFT. This means that the D-theory models describe the same physics as the corresponding
ones in the standard Wilson formulation of lattice field theory.

In D-theory, the scalar field analogs are quantum spins. They act as operators in a finite
Hilbert space. In lattice gauge theories, the gauge fields are represented by link variables,
whose elements take values in

�
. Their analogs in D-theory are quantum links, whose ele-

ments are non-commuting operators acting in a Hilbert space. Quantum link QCD is quite
different from the standard Wilson’s formulation. In the partition function, the classical
action is replaced by a Hamilton operator. In standard lattice QCD, the Hilbert space
contains all SU(3) representation on a link. The corresponding Hilbert space of an SU(N)
quantum link model consists of a single representation of SU(2N). This can be achieved
by considering the theory in (4 + 1) dimensions. Of course, the D-theory formulation of
QCD must also include the fermionic degrees of freedom. As emphasized earlier, Kaplan
has proposed to represent 4-dimensional chiral fermions by working with a domain-wall in
a 5-dimensional world [5]. Although our motivations to include a fifth dimension are dif-
ferent, it is also natural to use this extra dimension in order to protect the chiral symmetry
of fermions. Since we actually work with a finite extent in the extra dimension, it is better
to use Shamir’s variant [30] of Kaplan’s proposal which works in a 5-dimensional slab.
Remarkably, the correlation length of these fermions is exponentially large in the depth of
the slab, which is required in order to survive the dimensional reduction in D-theory. More
details about fermions in this framework will be presented below.

D-theory has several interesting features that go beyond the usual Wilson’s formula-
tion of lattice field theory. First, since we are using discrete variables, the theory can be
completely fermionized. Indeed, all bosonic fields can be written as pairs of fermionic con-
stituents. We call them “Rishons”, which means “first” in Hebrew and has been used as a
name for fermionic constituents of gauge bosons [31]. Using the rishon representation, the
quantum link Hamiltonian can be expressed in terms of color-neutral operators. Indeed,
the two indices of a bosonic matrix field (for example the two color indices of a gluon field
matrix) can be separated because they are carried by two different rishons. This offers new
ways to attack the large N limit of QCD and other models [32]. Another great advantage
is on the computational side. Discrete variables are indeed well suited for numerical sim-
ulations. For example, using efficient cluster algorithms, it has been possible to simulate
the D-theory version of the 2-d O(3) model at non-zero chemical potential [28]. This is
impossible in the standard formulation due to the severe complex action problem. That
type of problem are generally NP -hard to solve [33] and for the same reasons, simulating
QCD at non-zero quark density is still not possible. In the context of the 2-d O(3) model,
which is a toy model for QCD, the sign problem is solved completely with a meron-cluster
algorithm [34]. In this thesis, we will present another achievement of the D-theory formu-
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lation. Using our alternative formalism and an efficient cluster algorithm, we have been
able to simulate CP (N−1) models directly at non-trivial θ-vacuum angle [26]. This allows
us to conclude about the model phase structure for different value of N , which remains im-
possible with the traditional Wilson approach due once again to a complex action problem.

This thesis is organized as follow. In the next chapter, we first introduce the D-theory
formulation with a simple model. Then we turn to a full description of various other
models both with global or local symmetries. This detailed presentation is based on the
publication [25]. In the third chapter, we give some details on classical CP (N − 1) models
described in the continuum. There are interesting quantum field theories with non-trivial
topological properties. In chapter four, we investigate CP (N − 1) models in the D-theory
context. This allows us to conclude about non-perturbative problems which were previously
inaccessible in the framework of Wilson’s lattice field theory. In particular, we have been
able to simulate the model directly at non-zero vacuum angle which is normally almost
impossible due to a complex term in the classical action. In our alternative picture such
problems do not occur. It is therefore possible to conclude about the phase structure of
the model. This chapter is based on the work published in [26]. Finally, in chapter five, we
turn to the details concerning the numerical simulations. We present the cluster algorithm
that we have used and investigate its efficiency close to the continuum limit. We will see
that the critical slowing down is almost completely suppressed. The main results regarding
the part on algorithms have been published in [35]. Finally, the last chapter contains the
conclusions and outlooks.



Chapter 2

D-Theory Formulation of Quantum

Field Theory

Usually, one quantizes field theories by performing a path integral over classical fields con-
figurations. The obtained partition function is used as a generating functional for the
evaluation of physical observables. This approach is used both in perturbation theory and
in Wilson’s non-perturbative lattice field theory. In this work, we propose an alternative
non-perturbative approach to quantum field theory. The classical fields of the action emerge
from the low-energy collective dynamics of discrete quantum variables which undergo di-
mensional reduction. Dimensional reduction of discrete variables is a generic phenomenon
that occurs in a number of models. This leads to an alternative non-perturbative formu-
lation of quantum field theory which we called D-theory [20, 23, 24, 36]. In this chapter,
we will construct explicitly the D-theory formulation of different spin models with vari-
ous global symmetries — O(N) models as well as U(N), SU(N), SO(N) or Sp(N) chiral
models. The case of the CP (N − 1) model will be treated separately in chapter four.
The D-theory constructions for gauge theories with various gauge groups will be presented
within this new framework too, thus leading to the full QCD formulation where fermionic
degrees of freedom can be naturally added. The dynamics of our D-theory models, in
particular the mechanism of dimensional reduction, will be investigated in detail as well.
This alternative non-perturbative approach to quantum field theory will eventually allow
us to attack unsolved problems with powerful cluster algorithms.

We here focus on the algebraic structure of D-theory. The chapter is organized as
follows. In the next section, one presents the original idea of D-theory in the context of
the non-linear O(3) model in various dimensions. Section 2.2 contains the construction of
the basic blocks that can be used in a number of D-theory models. In particular, we show
how real and complex vector and matrix fields can be build in the D-theory context. For
example, the discrete analog of a real scalar field which is O(N) symmetric is a generalized
quantum spin in the algebra of SO(N + 1). On the other hand, the U(N) symmetric
complex vector is represented by an SU(N + 1) quantum spin. Similarly, a complex
SU(N) or real SO(N) matrix, as well as a Sp(N) tensor, are represented in D-theory by
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quantum link variables which are naturally embedded into the algebras SU(2N), SO(2N),
and Sp(2N), respectively. Symmetric and anti-symmetric tensors are also constructed. In
section 2.3 and 2.4, we use these basic building blocks to define quantum spin models.
Namely, the D-theory regularizations of the O(N) model and principal chiral models.
Their dynamics, in particular the mechanism of dimensional reduction and formulas for
the finite correlation length in the dimensionally reduced theory, are also investigated. The
generalization of the D-theory construction to gauge theories with various gauge groups
is presented in sections 2.5 and 2.6. The dimensional reduction scenario, which is rather
different from the one for quantum spin systems, is also described. Eventually, in section
2.7, we carry on with the natural inclusion of fermions using Shamir’s version of Kaplan’s
domain wall fermions. This yields a full D-theory construction of QCD. Some remarks and
outlooks then conclude this chapter.

2.1 The O(3) Model from D-theory

2.1.1 The 2-dimensional O(3) model

Let us illustrate the D-theory idea with the most simple example, the 2-dimensional O(3)
non-linear σ model, which can be viewed as Euclidean field theory in (1 + 1) dimensions.
This model shares a number of features with QCD such as asymptotic freedom, a non-
perturbatively generated mass-gap, instantons, and a θ-vacuum structure. It is therefore a
very interesting toy model for quantum chromodynamics. The continuum classical action
has the form

S[~s] =
1

2

∫

d2x ∂µ~s · ∂µ~s, (2.1)

where ~s(x) is a 3-component unit vector. This action is invariant under O(3) transformation
~s ′ = O~s, where OTO = �. The theory is non-linear because the fields obey the constraint

~s(x) · ~s(x) =

3∑

i=1

si(x)2 = 1, (2.2)

which prevents the system from being a free field theory. The classical theory is quantized
by considering the path integral

Z =

∫

D~s exp

(

− 1

g2
S[~s]

)

, (2.3)

where D~s denotes the integration over all field configurations and g2 is the dimensionless
coupling constant. The above formal integral is a divergent expression. In order to reg-
ularize and renormalize the theory, let us first follow Wilson’s formulation of lattice field
theory and introduce a lattice as an ultraviolet cut-off. The partial derivatives are then
replaced by finite differences and, neglecting an irrelevant constant, the lattice action is
given by

S[~s] = −
∑

x,µ

~sx · ~sx+µ̂, (2.4)
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where the classical 3-component unit vector ~sx is located on the sites x of a quadratic
lattice of spacing a . Here µ̂ represents the unit vector in the µ-direction. One quantizes
the theory by considering the classical partition function

Z =
∏

x

∫

S2

d~sx exp

(

− 1

g2
S[~s]

)

. (2.5)

The integration extends over the sphere S2, i.e. over all possible orientations ~sx, indepen-
dently for all lattice points x. In order to extract physical information from this theory,
one needs to compute the n-point Green function. For example, the 2-point function

〈~sx · ~sy〉 =
1

Z

∏

z

∫

d~sz ~sx · ~sy exp

(

− 1

g2
S[~s]

)

(2.6)

decays exponentially at large distance |x− y| of the two lattice points x and y,

〈~sx · ~sy〉 ∼ exp

(

−|x− y|
ξ

)

, (2.7)

where ξ = 1/m is the correlation length. The inverse correlation length defines the mass-
gapm of the theory, it corresponds to the energy of the first excited state above the vacuum
— the mass of the lightest particle in the theory. Due to asymptotic freedom, the continuum
limit of the lattice-regularized theory is taken by sending the bare coupling constant g → 0.
In this limit, the correlation length diverges exponentially as ξ ∝ exp(2π/g2), where the
short distance lattice artifacts disappear. The strength of the exponential increase is given
by the 1-loop β-function coefficient 1/2π of the model.

2.1.2 The 2-dimensional quantum Heisenberg model

Quantization in D-theory is radically different, one does not quantize by integrating over
the classical field configuration [~s]. Instead, the classical vectors ~sx are replaced by quantum

spin operators ~Sx. These quantum variables are the SO(3) group generators, which obey
the usual commutation relations

[Si
x, S

j
y] = iδxyεijkS

k
x . (2.8)

For example, ~Sx may denote a vector of Pauli matrices for a spin 1/2, but actually the
generators can be in any representations of SO(3). The classical action of the 2-dimensional
O(3) model is thus replaced by the quantum Hamilton operator

H = J
∑

x,µ

~Sx · ~Sx+µ̂, (2.9)

which is in fact the Hamiltonian of a quantum Heisenberg model in two dimensions where
J is the coupling constant. The case J < 0 corresponds to ferromagnetic and J > 0 to
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antiferromagnetic couplings. Like in the classical case, the quantum operatorH is invariant
under global SO(3) transformations. In a quantum theory, this naturally follows from the

relation [H, ~S] = 0, where
~S =

∑

x

~Sx (2.10)

is the total spin. The quantum partition function for the Heisenberg model is given by

Z = Tr exp(−βH), (2.11)

where the trace is taken over the full Hilbert space, which is the direct product of Hilbert
spaces of individual quantum spins. In a condensed matter interpretation, β is the inverse
temperature of the quantum system and can be viewed as an extent of dimension. For
a 2-dimensional quantum spin system, this extra dimension would be Euclidean time.
However, in D-theory the Euclidean time is already part of the 2-dimensional lattice.
Indeed, as we will see, the additional Euclidean dimension will ultimately disappear via
dimensional reduction.

2.1.3 D-theory regularization and dimensional reduction

At this point, we have replaced the 2-d O(3) model, formulated in terms of classical fields,
by a 2-dimensional system of quantum spins with the same symmetry and an extent β
in a third dimension. Let us now consider a 2-dimensional antiferromagnetic Heisenberg
model, i.e. with J > 0. In the case of spin 1/2, this model has very interesting proper-
ties. It describes the undoped precursor insulators of high-temperature superconductors,
for example materials like La2CuO4, whose ground states are Néel ordered with a spon-
taneously generated staggered magnetization. There is indeed overwhelming numerical
evidence that the ground state of the 2-dimensional antiferromagnetic spin 1/2 quantum
Heisenberg model exhibits long-range order [37, 38, 39]. The same is true for higher spins,
and the following discussion applies equally well for higher representations of the SO(3)
generators. Nevertheless, the smallest spin 1/2 is in practice the most interesting case,
since it allows us to represent the physics of the 2-d O(3) model in the smallest possible
Hilbert space.

Formulating this 2-dimensional quantum model as a path integral in Euclidean time
results in a 3-d SO(3)-symmetric classical model. At zero temperature of the quantum
system, we are in the infinite-volume limit of the corresponding 3-dimensional classical
model (infinite extent β). The Néel order of the ground state at that temperature implies
that the staggered magnetization vector points in a particular direction, thus breaking
the SO(3) spin rotational symmetry spontaneously. In other words, this means that the
corresponding 3-dimensional classical model is in a broken phase, in which only an SO(2)
symmetry remains intact (the rotations around the staggered magnetization direction). As
a consequence of the Goldstone theorem [40], a number of Goldstone bosons arises when a
global continuous symmetry is spontaneously broken. Here, the SO(3) symmetry is broken
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down to SO(2), the full symmetry group has three generators, while the subgroup has only
one. Therefore, according to the theorem, there must be 3 − 1 = 2 massless Goldstone
bosons, which are called magnons or spin-waves.

All systems of Goldstone bosons are weakly coupled at low-energy. Hence, one can use
a perturbative approach to describe their dynamics. In the context of QCD, Gasser and
Leutwyler have developed a perturbative approach to study the low-energy dynamics of
pions, which are Goldstone bosons resulting from spontaneous chiral symmetry breaking.
The so-called chiral perturbation theory [41, 42] has been designed for QCD, but is uni-
versally applicable to any system of Goldstone bosons. In particular, it has been used to
investigate the magnon dynamics at low-energies [43]. Indeed, when a global symmetry
G is spontaneously broken to a subgroup H , the resulting Goldstone bosons are described
by a field in the coset space G/H . The dimension of this space is equal to the number
of Goldstone bosons — the difference between the number of generators of G and H . In
our case, the coset space is SO(3)/SO(2) ≡ S2, which is simply the 2-dimensional sphere.
Consequently, the magnons are described by 3-component unit-vectors ~s(x) — the same
fields that appear in the original classical 2-d O(3) model. According to chiral perturba-
tion theory, the low-energy effective Lagrangian must be invariant under the full symmetry
group G = SO(3), and the lowest order terms in the effective Lagrangian contain the small-
est possible number of derivatives. These terms are sufficient to describe the low-energy
physics, while for studies at higher energies one can add terms with more derivatives.
To summarize, due to spontaneous symmetry breaking, the collective excitations of many
discrete quantum spin variables form an effective classical field ~s(x). This is one of the
main dynamical ingredients of D-theory. To lowest order in chiral perturbation theory, the
effective action of the magnons take the form

S[~s] =

∫ β

0

dx3

∫

d2x
ρs

2

(

∂µ~s · ∂µ~s+
1

c2
∂3~s · ∂3~s

)

. (2.12)

Where c and ρs are the spin-wave velocity and the spin stiffness, ρs plays here the same
role as Fπ in the chiral perturbation theory approach to QCD. Note that µ extends over
the physical space-time indices 1 and 2 only. The 2-dimensional quantum system at finite
temperature thus corresponds to a 3-dimensional classical model with finite extent β in
the third dimension.

Another key ingredient is dimensional reduction, to which we now turn. For mass-
less magnons, which imply the presence of an infinite correlation length ξ, the non-zero
temperature system appears dimensionally reduced to two dimensions because the finite
extent β in the extra dimension is negligible compared to the infinite correlation length.
However, in two dimensions, the Hohenberg-Mermin-Wagner-Coleman theorem prevents
the existence of interacting massless Goldstone bosons [44, 45]. Indeed, it is well known
that the 2-d O(3) model has a non-perturbatively generated mass-gap. Naturally, one
can ask if the finite correlation length at finite temperatures still gives rise to dimensional
reduction. One will see that this is still the case, but in contrast to naive expectations,
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dimensional reduction occurs in the zero temperature limit — i.e. when the extent β of the
extra dimension becomes large.

Hasenfratz and Niedermayer used a block spin renormalization group transformation
to map the 3-d continuum O(3) model with finite extent β to a 2-d lattice O(3) model
[46]. The 3-dimensional field is averaged over volumes of size β in the third direction and
βc in the two space-time directions. This is illustrated in figure 2.1. Due to the large
correlation length, the field is essentially constant over these blocks. The average field lives
at the block centers, which form a 2-dimensional lattice with lattice spacing a′ = βc —
which is different from the lattice spacing a of the underlying quantum antiferromagnet.
The effective action of the averaged field defines a 2-d lattice O(3) model formulated in
the standard Wilson framework. The dimensionless bare coupling constant g of this lattice
model is the coupling at the scale a′ = βc. Using chiral perturbation theory, Hasenfratz
and Niedermayer were able to express this coupling constant in terms of the parameters
of the original Heisenberg model. This can be done by computing a physical quantity in
both models and then adjust the coefficients until the two values match. In order to do so,
they chose to add a chemical potential in both models and then compute the free energy
density. They finally expressed the coupling constant as

1/g2 = βρs −
3

16π2βρs

+ O(1/β2ρ2
s). (2.13)

In an earlier work, Chakravarty, Halperin, and Nelson were using the 2-loop β-function of
the 2-d O(3) model in order to express the correlation length as [47]

ξ ∝

c

ρs
exp(2πβρs). (2.14)

Hasenfratz and Niedermayer then extended this result to a more complete relation. Using
the 3-loop β-function and the exact result for the mass-gap of the theory [48, 49], they
found

ξ =
1

m
=

e

8ΛMS

. (2.15)

Here, e is the base of the natural logarithm. This last relation is a remarkable result. If
one would find the same type of relation in QCD, one would understand the mass of the
proton. Unfortunately, the situation is a lot more complicated in 4-dimensional quantum
field theories and an analytic approach seems rather unlikely. The mass-gap of a field
theory is a non-perturbatively generated scale that arises quantum mechanically. The
classical action (2.1) is scale invariant — it does not contain any dimensionful parameters.
This scale invariance is anomalous, it is explicitly broken when a cut-off is introduced in
the theory. This can be seen as well in perturbation theory via dimensional transmutation.
Hasenfratz, Maggiore, and Niedermayer have used dimensional regularization in the MS
scheme where the energy scale is ΛMS. With the 3-loop β-function calculation, one obtains

βcΛMS =
2π

g2
exp(−2π/g2)

[

1 − g2

8π
+ O(g4)

]

. (2.16)
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(d+ 1)-dimensional

D-theory

d-dimensional ordinary lattice field theory

β

ξ

ξ

a′ = βc

a′ = βc

Figure 2.1: Dimensional reduction of a D-theory model: Averaging the (d+1)-dimensional
effective field of the D-theory over blocks of size β in the extra dimension and βc in the
space-time directions results in an effective d-dimensional Wilsonian lattice field theory
with lattice spacing a′ = βc.

This yields the following correlation length for the quantum antiferromagnetic Heisenberg
model

ξ =
ec

16πρs
exp(2πβρs)

[

1 − 1

4πβρs
+ O(1/β2ρ2

s)

]

. (2.17)

This equation resembles the asymptotic scaling behavior of the 2-d classical O(3) model.
Actually, one can view the 2-dimensional antiferromagnetic quantum Heisenberg model in
the zero temperature limit as a regularization of the 2-d O(3) field theory. Remarkably,
the D-theory formulation is entirely discrete, even though the 2-d O(3) model is usually
formulated with a continuous classical configuration space.

The dimensionally reduced theory is an effective 2-dimensional lattice model with lat-
tice spacing βc. The continuum limit of that theory is reached as g2 = 1/βρs → 0, hence
as the extent β of the extra dimension becomes large. Still, in physical units of the corre-
lation length the extent β is negligible in that limit. Indeed, from (2.17) one gets ξ � β.
Therefore, the system undergoes dimensional reduction to two dimensions once the extent
of the third dimension becomes large. This might look rather surprising but this process
occurs in all D-theory models. D-theory introduces a discrete substructure underlying
Wilson’s lattice theory. In the continuum limit, the lattice spacing βc of the effective 2-d
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O(3) model becomes large in units of the microscopic lattice spacing of the quantum spin
system. In other words, D-theory regularizes quantum fields at a much shorter distance
scale then the one considered in the Wilson formulation.

The additional microscopic structure may provide new insight into the long-distance
continuum limit. In a condensed matter system such as the quantum Heisenberg model,
electrons are hopping on the sites of a physical microscopic crystal lattice. Thus, spin-
waves of a quantum antiferromagnet are just collective excitations of the spins of many
electrons. In the context of the D-theory formulation for QCD described below, gluons
appear as collective excitations of rishons hopping on a microscopic lattice. In that case,
the lattice is unphysical and serves just as a regulator. Although rishons propagate only
at the cut-off scale and are not directly related to physical particles, they may be still
useful to study the physics in the continuum limit. In the quantum Heisenberg model, the
rishons can be identified with the physical electrons. One can express the quantum spin
operator ~Sx at a lattice site x in terms of a vector of Pauli matrices ~σ and electron creation
annihilation operators ci†x and cix

~Sx =
1

2

∑

i,j

ci†x ~σijc
j
x. (2.18)

Here, i and j ∈ {1, 2} and ci†x and cix obey the usual anti-commutation relations

{ci†x , cj†y } = {cix, cjy} = 0, {cix, cj†y } = δxyδij . (2.19)

From this construction, it is straightforward to show that ~Sx satisfies the correct commuta-
tion relations (2.8). In fact, those commutation relations are also satisfied when the rishons
are quantized as bosons. It should be noted that the total number of rishons is fixed at
each lattice site x. It is a conserved quantity because the local rishon number operator

Nx =
∑

i

ci†x c
i
x (2.20)

commutes with the Hamiltonian (2.9). In fact, fixing the number of rishons on a site is
equivalent to selecting a value for the spin, i.e. a choice of an irreducible representation of
SO(3). More details on rishons in the context of various models will be given below.

The discrete nature of the D-theory degrees of freedom is particularly well suited for
numerical approaches. Indeed, the quantum Heisenberg model, for example, can be treated
with very efficient cluster algorithms such as the so-called loop-cluster algorithm [38, 50].
In addition, Beard and Wiese showed that the path integral for discrete quantum systems
does not require discretization of the additional Euclidean dimension. This observation
has led to a very efficient loop-cluster algorithm operating directly in the continuum of
the extra dimension [39]. This algorithm, combined with finite-size scaling techniques, has
been used to study the correlation length of the Heisenberg model up to ξ ≈ 350000 lattice
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spacings [27]. In this way, the analytic prediction (2.17) of Hasenfratz and Niedermayer has
been verified to high precision, which proves as well the scenario of dimensional reduction.
This shows that the D-theory formulation of field theory can be used to investigate very
efficiently the 2-d O(3) model. Simulating the (2 + 1)-d path integral of the 2-dimensional
quantum Heisenberg model seems as efficient as the simulation of the 2-d O(3) model
directly with the Wolff cluster algorithm [51, 52]. In addition, D-theory allows us to
simulate this model even at non-zero chemical potential [28], which has not been possible
with traditional methods due to a severe complex action problem.

2.1.4 Generalization to other dimensions d 6= 2

The exponential divergence of the correlation length is due to the asymptotic freedom
of the 2-d O(3) model. Hence, one might expect that the above scenario of dimensional
reduction is specific to d = 2. As emphasized before, D-theory has a wide domain of
application. As we will see now, dimensional reduction also occurs in higher dimensions
but in a slightly different way. Let us consider the antiferromagnetic quantum Heisenberg
model on a d-dimensional lattice with d > 2, the ground state of the system is again in
a broken phase and the low-energy excitations are two massless magnons. From chiral
perturbation theory, the effective action is the same as before (2.12) except that one inte-
grates over a higher-dimensional space-time. Again, for an infinite extent β of the extra
dimension, at zero temperature of the quantum system, one has an infinite correlation
length ξ. Thus, once β becomes finite, the extent of the extra dimension is negligible
in comparison to the correlation length and the system undergoes dimensional reduction
to d dimensions. Nevertheless, in contrast to the 2-dimensional case, there is no reason
why the magnons should pick up a mass after dimensional reduction. Consequently, the
correlation length remains infinite and we end up with a d-dimensional theory in a broken
phase. Eventually, as one reduces the β extent, the Néel order is removed and one reaches
a symmetric phase with a finite correlation length. The transition between the symmetric
and the broken phase is expected to be second order. In that case, as one approaches the
critical “temperature” from the symmetric phase at low β, where dimensional reduction
does not occur, the system eventually goes through the second order phase transition.
This implies a divergent correlation length and hence the dimensional reduction scenario.
Thus, the universal continuum physics of O(3) models for d ≥ 2 is naturally contained
in the framework of D-theory. Nevertheless if the phase transition is first order, it would
mean that the (d+1)-dimensional lattice system in the symmetric phase (at low β) would
not have a continuum limit and the model will hence not fall in a universality class. In
other words, the lattice formulation would not regularize the continuum O(3) model in
that case. However, a first order phase transition is unlikely, although this can be shown
only via numerical simulations.

The case d = 1 implies subtle situations and requires a separate discussion. In contrast
to the 2-dimensional quantum antiferromagnetic Heisenberg model, the antiferromagnetic
quantum spin chain can be solved analytically. Indeed, using his famous ansatz, Bethe
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was able to find the ground state for a spin 1/2 chain [53]. He found a vanishing mass-gap
at zero temperature. This was a puzzling result, because if we consider that the quantum
partition function can be expressed as a (1 + 1)-d path integral with an extent β in the
extra dimension, the quantum spin chain can be reformulated as a 2-dimensional classical
system at zero temperature. The low-energy physics can naturally be described by a 2-d
O(3) model with the action (2.1). However, from the Hohenberg-Mermin-Wagner-Coleman
theorem we know that this theory has a mass-gap which contradicts the Bethe solution.
This puzzle was solved by Haldane, who conjectured that half-integer spin chains are gap-
less, while those with integer spins have a mass-gap [54, 55, 56]. This conjecture has by
now been verified in great detail. It has been shown analytically that all half-integer spins
are gapless [57, 58, 59, 60]. On the other hand, there is strong numerical evidences for a
mass-gap with spins 1 and 2 [61, 62, 63, 64, 65].

Following Haldane’s arguments, the (1+1)-dimensional D-theory model with an infinite
extent β in the second direction — the antiferromagnetic quantum spin chain at zero
temperature — has a low-energy dynamics described by

S[~s] =

∫ β

0

dx1

∫

dx2

[
1

2g2

(

∂1~s · ∂1~s+
1

c2
∂2~s · ∂2~s

)]

+ iθQ, (2.21)

where the last term in the action is a topological θ-vacuum contribution with the topological
charge

Q =
1

8π

∫ β

0

dx1

∫

dx2 εµν ~s · (∂µ~s× ∂ν~s). (2.22)

Here µ, ν ∈ {1, 2} and Q is an integer in the second homotopy group Π2(S
2) = �. It mea-

sures the winding number of the field configuration ~s(x) : S2 → S2, which can be viewed as
a map from the compactified space-time �2(≡ S2) to the intrinsic space of the spins which
is also S2. More details on topology of field theories will be given in the third chapter of
this thesis. Haldane hence argued that the vacuum angle θ = 2πs is determined by the
total spin s ∈ {1/2, 1, 3/2, 2, ...}. First, in the case of integer spins, the vacuum angle is a
multiple of 2π and the additional factor exp(iθQ) in the path integral is equal to 1. We are
left with the O(3) model described by (2.21) at θ = 0 which indeed has a mass-gap. For
half-integer spin chains, θ = π and exp(iθQ) = (−1)Q. It has been shown numerically in
[66] that a second order phase transition with a vanishing mass-gap occurs at θ = π, which
confirms the Haldane conjecture. The simulation at non-trivial vacuum angle is extremely
difficult due to the sign problem in the partition function. Still, Bietenholz, Pochinsky and
Wiese used a Wolff cluster algorithm combined with an appropriate improved estimator for
the topological charge distribution. Moreover, they also confirmed another conjecture due
to Affleck [67], according to which the 2-d O(3) model is in the universality class of a 2-
dimensional conformal field theory, the k = 1 Wess-Zumino-Novikov-Witten model [68, 69].

In the D-theory formulation, the lattice 1-d O(3) model is obtained by dimensional
reduction of the model defined by (2.21) which describes the low-energy dynamics of an
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antiferromagnetic quantum spin chain. To make the argument more precise, dimensional
reduction occurs when the extent β of the second dimension becomes finite. In that case,
the topological term disappears because ∂2~s is negligible due to the large correlation length.
Using the same renormalization group argument as before, one obtains the Wilson version
of the 1-d O(3) model with an effective coupling constant β/g2. In the continuum limit
β → ∞, the model describes the quantum mechanics of a particle moving on a 2-sphere S2.
However, D-theory strictly works only for half-integer spins where the correlation length
is infinite. For integer spins, one of the main dynamical ingredients is missing: an infinite
correlation length. Therefore dimensional reduction cannot occur. Still, using coherent
state path integral techniques [70], one can consider the classical limit of large integer
spins S, where the correlation length increases as ξ ∝ exp(πS). In that way, one could
reach the continuum limit of the 2-d O(3) model with 1/g2 = S/2. However, this is not in
the spirit of D-theory since one then effectively works with classical fields again.

So far, we have seen that D-theory naturally contains the continuum physics of the O(3)
model in any dimension. One will now show that the D-theory formulation is far more
general and can be extended to various field theory models with various global or local
symmetries in different space-time dimensions. In particular a ferromagnetic Heisenberg
model (J < 0) provides as well a valid regularization for the 2-d O(3) model. This will be
presented below in the context of the CP (N − 1) models, which generalizes the previous
construction (note that O(3) = CP (1)).

2.2 D-Theory Representation of Basic Field Variables

In the context of D-theory, a 3-component unit-vector of a classical configuration is replaced
by a vector of Pauli matrices. We hence defined a 2-dimensional quantum Heisenberg
model, which provides in the low temperature limit a regularization for the 2-d O(3)-
symmetric continuum field theory. In the coming chapter, we will show that such a struc-
ture is completely general in the framework of D-theory. We will expose how real and
complex vector and matrix fields can be represented by quantum operators. Symplectic,
symmetric, and anti-symmetric tensors will also be defined. They can then be used as
basic building blocks to construct all kind of D-theory models.

2.2.1 Real vectors

At a first sight, it is not obvious how to represent the N -component unit-vectors of a
classical O(N) model by a quantum operator. Indeed, one cannot generalize the above
D-theory construction for the O(3) model to higher values of N . The O(3) case is special
since it is equivalent to a CP (1) model. In fact, a natural generalization of the previous
construction will yield the CP (N − 1) class of models. For O(N) models, a hint comes
from considering the classical O(2) model (which is also known as the XY model) and
its D-theory regularization. The action of the system is similar to equation (2.1), with
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however a 2-component unit vector ~s = (s1, s2). As before, to quantize the theory one

replaces ~s by the first two components (S1, S2) of a quantum spin ~S which form a vector
under SO(2). The corresponding Hamilton operator then has the form

H = J
∑

x,µ

(S1
xS

1
x+µ̂ + S2

xS
2
x+µ̂), (2.23)

which describes the SO(2)-symmetric quantum XY model. In this case, the Hamiltonian
does only commute with the third component of the total spin, i.e. [H,S3] = 0.

To summarize, the 2-component unit-vectors of an O(2) model can be represented in
D-theory by considering the Lie algebra of SO(3). Indeed, two of its generators transform
as a vector under SO(2) transformations, while the third one generates the group SO(2)
itself. This has a natural generalization to higher N . If we consider the (N + 1)N/2
generators of SO(N + 1), among them N generators transform as a vector under SO(N)
while theN(N−1)/2 others generate the subgroup SO(N). In other words, in the subgroup
decomposition SO(N + 1) ⊃ SO(N) the adjoint representation decomposes as

{

N(N + 1)

2

}

=

{

N(N − 1)

2

}

⊕ {N}. (2.24)

More details on Lie algebras and Lie groups properties can be found in [71]. We can thus
define the commutation relations of the group SO(N + 1) in the following way

[Si, Sj] = iSij , [Si, Sjk] = i(δikSj − δijSk),

[Sij, Skl] = i(δilSkj + δikSjl + δjkSli + δjlSik), (2.25)

where Sij are the generators of the subgroup SO(N) and Si = S0i (i ∈ {1, 2, ..., N}) the N
generators which transform as a vector under SO(N). Note that, just as in the XY model,
one works with an SO(N + 1) algebra while the D-theory model itself is only SO(N)
symmetric. Interestingly and as expected, the case N = 3 does not reduce to a quantum
Heisenberg model. With this construction one obtains another SO(3)-invariant quantum
spin model expressed in terms of the six generators of SO(4).

The commutation relations (2.25) of SO(N + 1) can be represented with rishon con-
stituents

Si = S0i = −i(c0ci − cic0),

Sij = −i(cicj − cjci). (2.26)

In this case, since we are working with real valued fields, the rishon operators c0 = c0† and
ci = ci† are Hermitean and obey the following anti-commutation relations

{c0, ci} = 0, {ci, cj} = δij . (2.27)
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These “Majorana” rishons form a Clifford algebra which can be represented by the usual
γ matrices. The “Majorana” representation of spin operators has a long history in particle
and condensed matter physics [72]. For example it has been used for the description of
disordered spins that occur in frustrated quantum magnets [73].

2.2.2 Real matrices

Chiral spin models with an SO(N)L ⊗ SO(N)R symmetry are formulated in field theory
by classical and real O(N) matrix fields o. In the Wilson formulation of lattice field
theory, one deals with real parallel transporter represented by matrices ox which transform
appropriately under SO(N)L ⊗ SO(N)R global symmetries on the left and and the right.
On the other hand, a gauge theory with Lie group SO(N) is formulated in terms of parallel
transporters ox,µ, which are defined on the links in the µ-direction. Following the same
type of arguments as for the real vectors, the SO(N)L⊗SO(N)R symmetry is generated by
N(N − 1) Hermitean operators. As one quantizes the theory in the D-theory framework,
one replaces the real valued classical matrix o by an N×N matrix O whose elements are N2

Hermitean quantum operators. Altogether, this gives N(N − 1)+N2 = N(2N − 1), which
is exactly the total number of generators of SO(2N). Therefore, one gets the subgroup
decomposition SO(2N) ⊃ SO(N)L ⊗ SO(N)R, which in the adjoint representation gives

{N(2N − 1)} =

{

N(N − 1)

2
, 1

}

⊕
{

1,
N(N − 1)

2

}

⊕ {N,N}. (2.28)

The N(2N − 1) generators Smn of SO(2N) (m,n ∈ (1, ..., 2N)) can hence be decomposed
into N(N −1)/2 generators Lij which generate the SO(N)L symmetry on the left, N(N −
1)/2 generators Rij which generate the SO(N)R symmetry on the right, and an (N ×N)
matrix Oij, where again i, j ∈ (1, ..., N). The commutation relations

[Smn, Sop] = i(δmpSon + δmoSnp + δnoSpm + δnpSmo) (2.29)

are indeed satisfied (m,n, o, p ∈ (1, ..., 2N)). In particular, it is straightforward to show
that the following rishon representation generates the SO(2N) algebra,

Oij = −i(ci+cj− − cj−c
i
+),

Lij = −i(ci+cj+ − ci+c
j
+),

Rij = −i(ci−cj− − ci−c
j
−). (2.30)

The two sets of Hermitean “Majorana” rishons, ci+ = ci†+ and ci− = ci†−, are associated with

the left and right SO(N) symmetries generates by the two vectors ~L and ~R, formed with
the N(N − 1)/2 generators Lij and Rij. They obey the anti-commutation relations

{ci+, cj+} = δij , {ci−, cj−} = δij, {ci+, cj−} = 0. (2.31)



22 Chapter 2. D-Theory Formulation of Quantum Field Theory

2.2.3 Complex vectors

We have seen how to represent a real N -component vector ~s in the D-theory context. One
simply replaces ~s by an N -component vector ~S of Hermitean operators of the SO(N + 1)
algebra. Let us now discuss the D-theory representation of classical N -component complex
vectors ~z. As we will see in chapter 4, CP (N − 1) models have different formulations in
D-theory. In one of them, complex vectors ~z arise and the symmetry group is then U(N).
In that case, there are N2 generators of the symmetry and 2N Hermitean operators which
form the quantum complex vector ~Z — N for the real and N for the imaginary parts.
Altogether this gives N2+2N = (N+1)2−1, the total number of generators of SU(N+1).
Thus, one obtains the following decomposition SU(N + 1) ⊃ SU(N) ⊗U(1), which in the
adjoint representation gives

{(N + 1)2 − 1} = {N2 − 1} ⊕ {1} ⊕ {N} ⊕ {N}. (2.32)

We hence work with the algebra of SU(N + 1), which can be decomposed in the following

way: the quantum operators Z i and Z i†, a vector ~G of SU(N) generators obeying

[Ga, Gb] = 2ifabcG
c, (2.33)

and a U(1) generator G. Again, this algebra has a natural rishon representation given by

Z i = c0†ci, ~G =
∑

ij

ci†~λijc
j, G =

∑

i

ci†ci. (2.34)

In this case, we use “Dirac” rishons c0, c0†, ci, ci† with the usual anti-commutation relations
(2.19). Here ~λ is a vector of generalized Gell-Mann matrices for SU(N), they obey [λa, λb] =
2ifabcλ

c as well as Tr(λaλb) = 2δab.

2.2.4 Complex matrices

In the Wilson approach, U(N) or SU(N) gauge theories are described in terms of link
variables which are classical complex U(N) matrix fields ux,µ. In the same way, chiral spin
models with a global SU(N)L⊗SU(N)R⊗U(1) symmetry are described with U(N) matrix
fields ux. The corresponding symmetry transformations are generated by 2(N2 − 1) + 1
Hermitean operators. In the D-theory formulation, the classical complex valued matrix u
is replaced by a matrix U whose elements are non-commuting quantum operators. The
matrix U is formed by 2N2 Hermitean generators, N2 representing the real part and N2

representing the imaginary part of the classical complex matrix u. Hence, altogether we
have 2(N2 −1)+1+2N2 = 4N2 −1 generators, which is exactly the number of generators
of SU(2N). The corresponding subgroup decomposition SU(2N) ⊃ SU(N)L ⊗SU(N)R ⊗
U(1) takes the following form in the adjoint representation

{4N2 − 1} = {N2 − 1, 1} ⊕ {1, N2 − 1} ⊕ {1, 1} ⊕ {N,N} ⊕ {N,N}. (2.35)
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As before, one can construct a rishon representation for the SU(2N) algebra

U ij = ci†+c
j
−, ~L =

∑

ij

ci†+~λijc
j
+, ~R =

∑

ij

ci†−~λijc
j
−,

T =
∑

i

(ci†+c
i
+ − ci†−c

i
−). (2.36)

The two sets of “Dirac” rishons, ci+ and ci−, are again associated with the left and right

SU(N) symmetries generated by ~R and ~L, and they obey the usual anticommutation
relations. Here, T is the U(1) generator. As we will see, this structure is used both for
U(N) and SU(N) quantum link models.

2.2.5 Symplectic, symmetric, and anti-symmetric complex ten-

sors

Besides SO(N) and SU(N), there is a third sequence of Lie group, the symplectic group
Sp(N). The group Sp(N) is a subgroup of SU(2N). Therefore its elements g are unitary
and have a determinant equal to one. In addition, they obey the constraint

g∗ = JgJ†, J2 = �, (2.37)

where J is a skew-symmetric matrix. It is interesting to ask how Sp(N) gauge theories can
be formulated in the D-theory framework. Remarkably, this is completely analogous to the
SO(N) or SU(N) cases. The Sp(N)L ⊗ Sp(N)R symmetry transformations are generated
by N(2N + 1) Hermitean operators on the left and N(2N + 1) others on the right. In
D-theory, a Sp(N) matrix is 2N -dimensional and its elements are hence described by 4N2

Hermitean operators. Altogether, one thus gets 2N(2N+1)+4N2 = 2N(4N+1) generators,
which is the number of generators of Sp(2N). The corresponding subgroup decomposition
Sp(2N) ⊃ Sp(N)L ⊗ Sp(N)R takes the following form in the adjoint representation

{2N(4N + 1)} = {N(2N + 1), 1} ⊕ {1, N(2N + 1)} ⊕ {2N, 2N}. (2.38)

Other useful building blocks in D-theory are the symmetric (ST = S) and the anti-
symmetric (AT = −A) complex tensors. They transform under SU(N) group transfor-
mations as

S ′ = gSgT , A′ = gAgT , (2.39)

where g ∈ SU(N). According to Slansky’s branching rules for all maximal subgroups [74],
one has the subgroup decomposition Sp(N) ⊃ SU(N)⊗U(1). Counting the generators one
gets N(2N +1) for Sp(N). Subtracting N2−1 for SU(N) and one for the U(1) symmetry,
one is left with N(N + 1) generators, which is exactly the number of Hermitean operators
we need to represent the N(N +1)/2 elements of a complex symmetric tensors. Therefore,
the above subgroup decomposition takes the following form in the adjoint representation

{N(2N + 1)} = {N2 − 1} ⊕ {1} ⊕
{

N(N + 1)

2

}

⊕
{

N(N + 1)

2

}

. (2.40)
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Similarly, working with the SO(2N) algebra with the subgroup decomposition SO(2N) ⊃
SU(N) ⊗ U(1) leads naturally to a definition of a complex anti-symmetric tensor. Again,
the N(N−1)/2 elements of such a tensor are represented by N(N−1) operators. Together
with the generators of SU(N) and U(1), it gives N(N − 1) +N2 = N(2N − 1) generators
— exactly those of SO(2N). Hence, one gets the following subgroup decomposition in the
adjoint representation

{N(2N − 1)} = {N2 − 1} ⊕ {1} ⊕
{

N(N − 1)

2

}

⊕
{

N(N − 1)

2

}

. (2.41)

To summarize, in D-theory classical, real, and complex vectors s and z are replaced by
quantum Hermitean operators S and Z which are embedded respectively in SO(N + 1)
and SU(N + 1) algebras. In a similar way, the real and complex valued matrices o and
u are replaced by matrices O and U whose operator valued elements are embedded in
SO(2N) and SU(2N) algebras. This is a general construction since it is also possible to
represent 2N × 2N symplectic matrices and N ×N symmetric and anti-symmetric tensors
by embedding them in Sp(2N), Sp(N), and SO(2N) algebras, respectively. In the next
sections, we use these basic building blocks to construct a large variety of models, both
with global or local symmetries, in the context of D-theory.

2.3 D-Theory Formulation of Various Models with a

Global Symmetry

In this section, we investigate various field theory models in the D-theory framework. We
show that classical field models with a global symmetry are regularized, in our context,
by quantum spin systems. For each system, we introduce an action operator H which is
defined on a d-dimensional lattice. It replaces the Euclidean action of Wilson’s lattice field
theory and due to the quantum nature of this Hamiltonian the system propagates in an
extra dimension. Hence, in our case, the partition function Z = Tr exp(−βH) resembles a
quantum statistical system. The dynamics of the models, in particular the mechanism of
dimensional reduction, and their general properties will be presented in the next section.
In the following, we concentrate only on the algebraic structure of those models. Note that
the case of the CP (N − 1) models is not addressed here. It will be presented in detail in
the chapter 4.

2.3.1 O(N) quantum spin models

In the second section of this chapter, we have described the regularization of an O(3)-
symmetric non-linear σ model with D-theory in detail. As emphasized before, the general-
ization to O(N) models is not straightforward and demands a specific algebraic structure.
The N -component vector in D-theory is embedded in the algebra of SO(N + 1). In the
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usual Wilson lattice formulation, the O(N) models are defined in terms of classical N -
component unit-vectors ~sx, living on the sites. The Euclidean action is given by a sum
over scalar products

S[s] = −
∑

x,µ

~sx · ~sx+µ̂, (2.42)

which is clearly invariant under SO(N) rotations. As before, the model is non-linear
because the fields obey the constraint

~sx · ~sx =

N∑

i=1

(si
x)

2 = 1. (2.43)

Using the results of the previous section, one replaces the classical N -component vector
of the classical system by a vector ~Sx of Hermitean operators which represent N of the
generators of SO(N + 1). The corresponding action operator is

H = J
∑

x,µ

~Sx · ~Sx+µ̂, (2.44)

with the coupling constant J . The quantum spins Si
x = S0i

x and Sij
x obey the commutation

relations (2.25). The global SO(N) symmetry of the system follows from

[H,
∑

x

Sij
x ] = 0. (2.45)

Like the Heisenberg model, the O(N) quantum spin system can be formulated using dif-
ferent representations. However, in this case, unlike in the Heisenberg model, we have the
freedom to choose representations of SO(N + 1). For example, the rishon representation
is the fundamental spinorial representation of SO(N + 1). It is given on each lattice site
by

Si
x = −i(c0xcix − cixc

0
x),

Sij
x = −i(cixcjx − cixc

j
x). (2.46)

These “Majorana” rishons obey the following anti-commutation relations

{c0x, c0y} = δxy, {c0x, ciy} = 0, {cix, cjy} = δxyδij. (2.47)

2.3.2 SO(N)L ⊗ SO(N)R chiral quantum spin models

In the Wilson formulation, an SO(N)L⊗SO(N)R chiral spin model is formulated in terms
of classical orthogonal SO(N) matrices ox, which are located on the sites of the lattice.
The discretized action is hence

S[o] = −
∑

x,µ

Tr(o†xox+µ̂ + o†x+µ̂ox). (2.48)
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Here the dagger reduces to the transpose due to orthogonality. This action is invariant
under global SO(N)L ⊗ SO(N)R transformations

o′x = exp(i~α+ · ~λ)ox exp(−i~α− · ~λ), (2.49)

where ~λ are the anti-Hermitean generators of SO(N). More properties of the model will be
described in the next section. Following the D-theory procedure, we replace the classical
matrices ox by matrices Ox consisting of N2 generators of the embedding algebra SO(2N).
The SO(N) chiral quantum spin model is thus defined by the action operator

H = J
∑

x,µ

Tr(O†
xOx+µ̂ +O†

x+µ̂Ox), (2.50)

The SO(N) global symmetry is generated on the left by the operator ~L =
∑

x
~Lx and on

the right by ~R =
∑

x
~Rx. The group element W , which is a unitary operator generating

the global SO(N)L ⊗ SO(N)R symmetry transformation, then takes the form

W = exp(i~α+ ·
∑

x

~Lx) exp(i~α− ·
∑

x

~Rx). (2.51)

The Hamiltonian commutes with the generators of SO(N) on the right and on the left,

[H,
∑

x

~Lx] = [H,
∑

x

~Rx] = 0. (2.52)

Using the “Majorana” rishon representation of the SO(2N) algebra, one gets

Oij
x = −i(cix,+c

j
x,− − cjx,−c

i
x,+),

Lij
x = −i(cix,+c

j
x,+ − cjx,+c

i
x,+),

Rij
x = −i(cix,−c

j
x,− − cjx,−c

i
x,−), (2.53)

and the anti-commutation relations take the form

{cix,+, c
j
y,+} = {cix,−, c

j
y,−} = δxyδij , {cix,+, c

j
y,−} = 0. (2.54)

It is straightforward to construct an Sp(N) chiral quantum spin model along the same
lines. One shall use the embedding algebra Sp(2N) in that case.

2.3.3 U(N)L ⊗ U(N)R and SU(N)L ⊗ SU(N)R chiral quantum spin

models

Chiral spin models with a global symmetry SU(N)L ⊗ SU(N)R ⊗U(1) are usually formu-
lated in terms of classical complex U(N) matrices u sitting on the lattice sites. The Wilson
action

S[u] = −
∑

x,µ

Tr(u†xux+µ̂ + u†x+µ̂ux) (2.55)
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is invariant under global chiral SU(N)L ⊗ SU(N)R transformations, i.e.

u′x = exp(i~α+ · ~λ)ux exp(−i~α− · ~λ), (2.56)

as well as under global U(1) transformations

u′x = exp(iα)ux, (2.57)

which do not distinguish between left and right. If one restricts the matrices ux to
SU(N) instead of U(N), the symmetry of the model described by (2.55) is reduced to
SU(N)L ⊗ SU(N)R.

In D-theory, the U(N)L⊗U(N)R chiral chiral model is described by the action operators

H = J
∑

x,µ

Tr(U †
xUx+µ̂ + U †

x+µ̂Ux), (2.58)

where the matrices Ux consist of 2N2 Hermitean generators of SU(2N). The group element
W , which is a unitary operator generating the global symmetry transformation in the
Hilbert space, then takes the form

W = exp(i~α+ ·
∑

x

~Lx) exp(i~α− ·
∑

x

~Rx) exp(iα
∑

x

Tx). (2.59)

The invariance of the model under SU(N)L ⊗ SU(N)R ⊗ U(1) is imposed by the commu-
tation relations

[H,
∑

x

~Lx] = [H,
∑

x

~Rx] = [H,
∑

x

Tx] = 0. (2.60)

Using the construction of complex matrices, one has the following rishon representation of
the SU(2N) algebra per local site

U ij
x = ci†x,+c

j
x,−, ~Lx =

∑

ij

ci†x,+
~λijc

j
x,+, ~Rx =

∑

ij

ci†x,−
~λijc

j
x,−,

Tx =
∑

i

(ci†x,+c
i
x,+ − ci†x,−c

i
x,−). (2.61)

The rishon operators obey canonical anti-commutation relations

{cix,+, c
j†
y,+} = {cix,−, c

j†
y,−} = δxyδij,

{cix,+, c
j†
y,−} = {cix,−, c

j†
y,+} = 0,

{cix,±, c
j
y,±} = 0, {ci†x,±, c

j†
y,±} = 0. (2.62)

Moreover, one can note that the action operator commutes with the local rishon number

Nx =
∑

i

(ci†x,+c
i
x,+ + ci†x,−c

i
x,−). (2.63)



28 Chapter 2. D-Theory Formulation of Quantum Field Theory

It is indeed straightforward to show that [H,Nx] = 0. Remarkably, selecting a fixed num-
ber of rishons corresponds to choosing a representation of SU(2N).

In order to obtain an SU(N)L⊗SU(N)R chiral model, one needs to break the additional
U(1) symmetry explicitly. One does this by adding the real part of the determinant of each
matrix to the action operator (2.58),

H = J
∑

x,µ

Tr(U †
xUx+µ̂ + U †

x+µ̂Ux) + J ′
∑

x

(detUx + detU †
x). (2.64)

Note that the definition of detUx does not suffer from operator ordering ambiguities. In
particular, this determinant takes the following form in the rishon representation

detUx =
1

N !
εi1i2...iN (Ux)i1i′1

(Ux)i2i′2
...(Ux)iN i′

N
εi′1i′2...i′

N

=
1

N !
εi1i2...iNc

i1
x,+c

i′1†
x,−c

i2
x,+c

i′2†
x,−...c

iN
x,+c

i′N †
x,−εi′1i′2...i′

N

= N ! c1x,+c
1†
x,−c

2
x,+c

2†
x,−...c

N
x,+c

N†
x,−. (2.65)

This operator gives a non-vanishing result only when it acts on a state with Nx = N
rishons. Indeed, the U(1) symmetry can be explicitly broken only when one works with
Nx = N rishons on each site. This corresponds to choosing the (2N)!/(N !)2-dimensional
representation of SU(2N) with a totally anti-symmetric Young tableau of N boxes

N







...

More about the dynamics of rishons will be given below, in the context of quantum link
models.

2.4 Classical Scalar Fields from Dimensional Reduc-

tion of Quantum Spins

In section 2.2, we have described the regularization of a d-dimensional O(3) spin model
in the context of D-theory. In that case, the quantum Heisenberg model provides the
regularization framework. In particular, the connection between the two systems can be
established using chiral perturbation theory. The Goldstone boson field ~s appears when the
global SO(3) symmetry is broken down to SO(2). They describe the low-energy dynamics
of the Heisenberg model and can therefore be considered as the collective excitations of
the quantum spins. The system is formulated in (d + 1) dimensions and by dimensional
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reduction the fields ~s become the effective d-dimensional fields of the Wilsonian lattice
O(3) model. The key ingredient in all D-theory models relies entirely on the fact that the
(d + 1)-dimensional theory is massless. In case of the quantum Heisenberg model, we are
in a broken phase at zero temperature. Thus chiral perturbation theory applies and di-
mensional reduction occurs. The continuum limit of this lattice model is reached when the
extent β of the extra dimension becomes large. This is true for all other D-theory quantum
spin models. However, in case of the spin 1/2 quantum Heisenberg model, it requires very
precise numerical simulations before one can be sure that spontaneous symmetry breaking
occurs.

For other D-theory models, such as chiral principal chiral models or O(N) models,
similar simulations have not yet been done. We will show in this thesis that efficient
Monte Carlo simulations can be performed in the context of the D-theory version of the
CP (N − 1) model, where spontaneous symmetry breaking indeed occurs. In the following
discussion, we will consider that in the D-theory formulation, the symmetry breaking
pattern is identical to the corresponding one in Wilson’s lattice description of the theory.
This can be shown analytically for sufficiently large representations of the embedding
algebra [24]. In numerical simulations, one would like to minimize the number of degrees
of freedom of the problem. It is then better to work with smaller representations. For
example, in the context of the CP (N − 1) presented below, an efficient cluster algorithm
can be constructed and it is hence possible to investigate if massless modes exist in the
(d+ 1)-dimensional theory. We have been able to perform detailed tests of this dynamical
picture. In the following, we will describe the O(N) model and the principal chiral models.

2.4.1 O(N) models

In section 2.1, we have already presented the main physical properties of the O(3) model
in d dimensions. The case d = 2 is perhaps the most interesting one since it exhibits many
of the interesting properties of 4-dimensional gauge theories. Here we investigate the D-
theory version, which is defined by the quantum operator (2.44). The quantum statistical
partition function

Z = Tr exp(−βH) (2.66)

can be represented as a (2+1)-dimensional path integral with a finite extent β in the extra
Euclidean dimension. At zero-temperature of the quantum system, i.e. at β = ∞, we have
an infinite 3-dimensional system with a global SO(N) symmetry. In Wilson’s regularization
of quantum field theories, such a model can be in a massless phase in which the symmetry
is spontaneously broken down to SO(N − 1). In the quantum spin case, we assume that
such a symmetry breaking pattern also occurs, this has to be tested numerically for small
representations and might well depend on the choice of the representation of the embedding
algebra. Let us first consider the case N > 2. The abelian N = 2 case needs a separate
discussion. When an SO(N) symmetry breaks down spontaneously to an SO(N − 1)
subgroup, N − 1 Goldstone bosons arise and the low-energy dynamics of the system can
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be described using chiral perturbation theory. The Goldstone bosons are represented by
fields which live in the coset space SO(N)/SO(N −1) = SN−1 — the (N −1)-dimensional
sphere. Therefore, the Goldstone bosons are N -component unit vector fields ~s and their
low-energy effective action (to lowest order) is given by

S[~s] =

∫ β

0

dx3

∫

d2x
ρs

2

(

∂µ~s · ∂µ~s+
1

c2
∂3~s · ∂3~s

)

, (2.67)

where ρs and c are the spin stiffness and the spin-wave velocity. The dimensional reduction
occurs as in the O(3) Heisenberg model. Once the extent β becomes finite, the correlation
length ξ is still much larger than β and the system undergoes dimensional reduction because
the fields are essentially constant over the extra dimension. However, we know from the
Hohenberg-Mermin-Wagner-Coleman theorem that the Goldstone bosons have to pick up
a mass in this slab geometry. The exact mass-gap of the O(N) models has been determined
by Hasenfratz and Niedermayer. As a generalization of their earlier result, they obtained
the following correlation length

ξ = βc

(
e(N − 2)

16πβρs

)1/(N−2)

Γ

(

1 +
1

N − 2

)

exp

(
2πβρs

N − 2

)

×
[

1 − 1

4πβρs
+ O(1/β2ρ2

s)

]

, (2.68)

where again 1/g2 = βρs defines the coupling constant g2 of the Wilsonian lattice theory
with lattice spacing βc. The exponential form of this expression is due to asymptotic free-
dom. In this case (N − 2)/2π is the one-loop β function coefficient of the O(N) models.
In every asymptotically free theory one reaches the continuum limit by sending the bare
coupling constant g to zero. Indeed, in the g → 0 limit the extent β of the extra dimension
becomes extremely large. Still, in physical units of ξ, this extent is negligible and the
(2 + 1)-dimensional D-theory model indeed reduces to the target 2-d O(N) theory.

The situation for higher dimensions is similar to the one described earlier in the con-
text of the Heisenberg model. If one assumes again spontaneous symmetry breaking and
one makes β finite but large enough, we are in a broken phase with an infinite correlation
length. Dimensional reduction hence occurs. For small β we might be in the symmetric
phase with a finite correlation length. The phase transition between these two phases at
a critical β value is believed to be second order. Therefore, the universal continuum be-
havior, which emerges as one approach the phase transition, is accessible in the framework
of D-theory. For d = 1, the situation is a bit different. For N 6= 3, one does not have
instantons or a θ-term. Consequently, we expect the 1-d O(N) quantum spin chain to be
always massive. In that case, we would not have an infinite correlation length and dimen-
sional reduction will not occur. That would mean that such quantum models do not have
underlying universal continuum physics.
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Let’s turn now to the abelian N = 2 case, the quantum XY model described by the
Hamiltonian (2.23). The classical 2-dimensional XY model has a Kosterlitz-Thouless tran-
sition at finite temperature separating a massive phase with a vortex condensate from a
massless spin-wave phase. Indeed, in the low temperature phase the model describes mass-
less magnons which do not interact. The Hohenberg-Mermin-Wagner-Coleman theorem is
hence evaded and no mass-gap is generated. There is numerical evidence for a Kosterlitz-
Thouless transition at finite β in the quantum XY model as well [75, 76, 77]. In that case,
for a large extent of the third Euclidean dimension, one is in the massless phase with an
infinite correlation length already for finite β. One hence has dimensional reduction. The
situation is therefore analogous to the O(N) models with N ≥ 3 in d ≥ 3 dimensions.
The continuum field theory resulting from this dimensional reduction is the 2-dimensional
classical XY model — an SO(2)-symmetric theory of a free massless scalar field.

2.4.2 SU(N), Sp(N) and SO(N) chiral models

As the O(N) model, the 2-dimensional principal chiral models have very interesting prop-
erties such as asymptotic freedom and a non-perturbatively generated mass-gap. Moreover,
they have an infinite number of conservation laws at the classical level which survive quan-
tization. An infinite number of conservation laws implies the absence of particle production
and allows the determination of the S matrix up to the so-called Castillejo-Dalitz-Dyson
factors [78]. Let us be more precise and consider the d-dimensional quantum SU(N) chiral
spin model. Its partition function is described by a (d+ 1)-dimensional path integral with
an extent β of the extra dimension. At β = ∞, the (d + 1)-dimensional system has an
SU(N)L ⊗ SU(N)R chiral symmetry. In [24] it has been shown that the quantum chiral
spin model, for a sufficiently large representation of the embedding algebra SU(2N), has
the same spontaneous symmetry breaking pattern that occurs in the Wilson formulation.
More precisely, the SU(N)L⊗SU(N)R global symmetry breaks down to SU(N)L=R and the
N2−1 Goldstone bosons live in the coset space SU(N)L⊗SU(N)R/SU(N)L=R = SU(N).
With d = 2 and using chiral perturbation theory one gets the following low-energy effective
action

S[U ] =

∫ β

0

dx3

∫

d2x
ρs

4
Tr

(

∂µU
†∂µU +

1

c2
∂3U

†∂3U

)

. (2.69)

The dimensional reduction is exactly analogous to the O(N) model with N ≥ 3. In
particular, one again has a finite correlation length due to the Hohenberg-Mermin-Wagner-
Coleman theorem. Using the result of [78] for the exact mass-gap of the 2-d SU(N) chiral
model up to order 1/βρs corrections, one obtains

ξ = βc

(
e

Nβρs

)1/2
exp(2πβρs/N)

4 sin(π/N)
[1 + O(1/βρs)] . (2.70)

Note that this result is consistent with the result of the O(4) model when one considers
the case N = 2. Again, due to asymptotic freedom, the dimensional reduction and the
emergence of universal behavior occurs in the limit β → ∞. For higher dimensions, we
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have an infinite correlation length already at finite β.

The case of Sp(N) and SO(N) chiral model has been investigated in [79]. In partic-
ular, the exact mass-gap of the corresponding 2-dimensional models yields the following
expressions for the correlation functions. For the Sp(N) chiral model one gets

ξ = βc

(
e

(N + 1)βρs

)1/2
exp(2πβρs/(N + 1))

2(3N+1)/(N+1) sin(π/(N + 1))
[1 + O(1/βρs)] . (2.71)

This is consistent with the SU(2)L⊗SU(2)R case for N = 1. For SO(N)L⊗SO(N)R with
N ≥ 7 the correlation length is given by

ξ = βc

(
e

(N − 2)βρs

)1/2
exp(2πβρs/(N − 2))

2(2N−2)/(N−4) sin(π/(N − 2))
[1 + O(1/βρs)] . (2.72)

Since SO(3) ' SU(2) = Sp(1), SO(5) ' Sp(2), and SO(6) ' SU(4), the cases N = 3,
5, and 6 are covered by the corresponding SU(N) ⊗ SU(N) and Sp(N) ⊗ Sp(N) chiral
models. The N = 4 case corresponds to two decoupled SU(2)⊗SU(2) chiral models, since
SO(4) ' SU(2) ⊗ SU(2).

2.5 D-Theory Formulation of Various Models with a

Gauge Symmetry

We will now turn to gauge theories and to the corresponding D-theory approach — the
quantum link models. Quantum link models are related to Wilson’s formulation of lattice
gauge theory in the same way as quantum spin models are related to their classical counter-
parts. In lattice gauge theory, the gauge variables are represented by parallel transporter
matrices. In D-theory, the corresponding quantum variables are quantum link operators
which are matrices whose elements are quantum operators. Similarly, the Wilson Eu-
clidean action corresponds to a quantum Hamiltonian which transports the system in an
extra dimension. We will see in the next section that, as for quantum spin models, the
extra dimension will ultimately disappear via dimensional reduction. In the following, we
construct explicitly various quantum link models which regularize quantum field theories
with local symmetries.

2.5.1 U(N) and SU(N) quantum link models

In Wilson’s formulation of lattice gauge theory one uses classical complex SU(N) parallel
transporters link matrices ux,µ to form the SU(N) d-dimensional invariant action

S[u] = −
∑

x,µ6=ν

Tr(ux,µux+µ̂,νu
†
x+ν̂,µu

†
x,ν). (2.73)
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By construction, this action is invariant under SU(N) gauge transformations

u′x,µ = exp(i~αx · ~λ)ux,µ exp(−i~αx+µ̂ · ~λ). (2.74)

To construct a quantum link representation of SU(N) lattice field theory, we replace the
classical action by the quantum operator

H = J
∑

x,µ6=ν

Tr(Ux,µUx+µ̂,νU
†
x+ν̂,µU

†
x,ν). (2.75)

Here J is the coupling constant and the elements of the N ×N matrices are operators Ux,µ

acting in a Hilbert space. The dagger represents Hermitean conjugation in both the Hilbert
space and the N × N matrix space. The trace in this expression is taken only over the
N ×N matrix space. Gauge invariance of the quantum link model requires that the above
Hamiltonian commutes with the generators ~Gx of the infinitesimal gauge transformations
at each lattice sites x. These generators obey the commutation relations

[Ga
x, G

b
y] = 2iδxyfabcG

c
x. (2.76)

The gauge covariance of the quantum link follows by construction if

U ′
x,µ =

∏

y

exp(−i~αy · ~Gy)Ux,µ

∏

z

exp(i~αz · ~Gz)

= exp(i~αx · ~λ)Ux,µ exp(−i~αx+µ̂ · ~λ), (2.77)

where the unitary operators which represent a general gauge transformation in Hilbert
space is given by

W =
∏

x

exp(i~αx · ~Gx). (2.78)

The above equation implies the following commutation relations between the gauge gener-
ators and the link variables

[ ~Gx, Uy,µ] = δx,y+µ̂Uy,µ
~λ− δx,y

~λUy,µ. (2.79)

In order to satisfy this relation, we introduce

~Gx =
∑

µ

(~Rx−µ̂,µ + ~Lx,µ), (2.80)

where ~Rx,µ and ~Lx,µ are the generators of right and left gauge transformations of the link
variable Ux,µ. Expressing these vectors in components, their commutation relations take
the form

[Ra
x,µ, R

b
y,ν ] = δx,yδµν2ifabcR

c
x,µ,

[La
x,µ, L

b
y,ν ] = δx,yδµν2ifabcL

c
x,µ,

[Ra
x,µ, L

b
y,ν ] = 0. (2.81)
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In fact, ~L and ~R generate an SU(N)L ⊗ SU(N)R algebra on each link and they commute
with each other when they are associated with different links. The commutation relations
(2.79) finally imply

[~Rx,µ, Uy,ν ] = δx,yδµνUx,µ
~λ,

[~Lx,µ, Uy,ν ] = −δx,yδµν
~λUx,µ. (2.82)

One can view the above relations as the canonical commutation relations between the link
variables and their canonical conjugate momenta ~L and ~R. In Wilson’s formulation, sim-
ilar commutation relations are realized in an infinite-dimensional Hilbert space of square
integrable wave functionals. For quantum link models, the situation is different since the
Hilbert space becomes finite dimensional by allowing the elements of the link variables to
have non-zero commutators.

For each link, the above relations (2.82) can be realized by using the generators of an
SU(2N) algebra with the SU(N)L ⊗ SU(N)R algebra embedded in it. We will give two
examples, the fundamental and the spinorial representation of SU(2N). In the fundamental
representation one can write

U ij
x,µ = ReU ij

x,µ + i ImU ij
x,µ, (U †

x,µ)
ij = ReU ji

x,µ − i ImU ji
x,µ,

ReU ij
x,µ =

(

0 M
(ij)
x,µ

M
(ji)
x,µ 0

)

,

ImU ij
x,µ =

(

0 −iM (ij)
x,µ

iM
(ji)
x,µ 0

)

,

Ra
x,µ =

(
λa

x.µ 0
0 0

)

, La
x,µ =

(
0 0
0 λa

x.µ

)

. (2.83)

With M (ij) a set of N2 matrices (one for each pair (ij)) of size N ×N with M
(ij)
kl = δilδjk.

Suppressing the link index (x, µ) one gets the following local commutation relations between
the real and imaginary parts of quantum link elements

[ReUij ,ReUkl] = [ImUij, ImUkl] = −i(δikImλa
jlR

a + δjlImλ
a
ikL

a),

[ReUij , ImUkl] = i

(

δikReλa
jlR

a − δjlReλa
ikL

a +
2

N
δikδjlT

)

. (2.84)

In particular, one has [Uij , Ukl] = [U †
ij , U

†
kl] = 0 and the additional generator Tx,µ on a link

is given by

Tx,µ =

(
� 0
0 −�

)

. (2.85)

These operators form the algebra of SU(2N) on each link. The real and imaginary parts
of the N2 matrix elements U ij

x,µ are represented by 2N2 Hermitean generators. Together
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with the 2(N2 − 1) generators Ra
x,µ and La

x,µ of right and left gauge transformations and
with the generator Tx,µ, one obtains the 4N2 − 1 generators of SU(2N).

Another representation of the SU(2N) algebra is the rishon representation

U ij
x,µ = ci†x,+µc

j
x+µ̂,−µ,

~Lx,µ =
∑

ij

ci†x,+µ
~λijc

j
x,+µ,

~Rx,µ =
∑

ij

ci†x+µ̂,−µ
~λijc

j
x+µ̂,−µ, (2.86)

with the canonical anti-commutation relations for the rishon operators

{cix,±µ, c
j†
y,±ν} = δxyδ±µ,±νδij , {cix,±µ, c

j
y,±ν} = 0,

{ci†x,±µ, c
j†
y,±ν} = 0. (2.87)

Together with the generator

Tx,µ =
∑

i

(ci†x,+µc
i
x,+µ − ci†x+µ̂,−µc

i
x+µ̂,−µ), (2.88)

one gets again a complete decomposition of the SU(2N) algebra. Moreover, it is easy to
show that this whole algebra commutes with the rishon number operator

Nx,µ =
∑

i

(ci†x,+µc
i
x,+µ + ci†x+µ̂,−µc

i
x+µ̂,−µ). (2.89)

In both cases, one has the following commutation relations between Tx,µ and the link
variables

[Tx,µ, Uy,ν ] = 2δx,yδµνUx,µ, (2.90)

which implies that the generator

Gx =
1

2

∑

µ

(Tx−µ̂,µ − Tx,µ) (2.91)

generates an additional U(1) gauge transformation, i.e.

U ′
x,µ =

∏

y

exp(−iαyGy)Ux,µ

∏

z

exp(iαzGz)

= exp(iαx)Ux,µ exp(−iαx+µ). (2.92)

It is easy to show that the Hamilton operator (2.75) is invariant under the extra U(1)
symmetry and thus describes a U(N) gauge theory.

It is non-trivial to understand how quantum links can describe QCD. Chandrasekharan
and Wiese have constructed an SU(2) quantum link model [20] with link matrices repre-
sented by O(4)-vectors. This leads to the embedding algebra SO(5) instead of SU(4).
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TrUP

detUx,µ

Figure 2.2: The rishon dynamics: The trace part of the Hamiltonian induces hopping of col-
ored rishons around the plaquette. The determinant part shifts a color-neutral combination
of N rishons from one end of a link to the other.

This construction does not contain the additional U(1) gauge symmetry, but it cannot be
generalized to other SU(N) quantum link models. In fact, SO(5) = Sp(2) and the gener-
alization to higher N leads naturally to Sp(N) quantum link models which are embedded
in the algebraic structure of Sp(2N). The solution for SU(N) quantum link models is sur-
prisingly simple, one just needs to break the additional U(1) gauge symmetry by adding
the real part of the determinant of each link matrix to the Hamilton operator

H = J
∑

x,µ6=ν

Tr(Ux,µUx+µ̂,νU
†
x+ν̂,µU

†
x,ν) + J ′

∑

x,µ

(detUx,µ + detU †
x,µ). (2.93)

In analogy to the quantum SU(N) chiral spin model, the U(N) symmetry can be reduced
to SU(N) via the determinant only when one works with Nx,µ = N rishons on each
link. Again, this corresponds to choosing the (2N)!/(N !)2-dimensional representation of
SU(2N) and corresponds to a totally anti-symmetric Young tableau with N boxes. The
rishons dynamics is illustrated in figure 2.2. Note, for example, that the fundamental
representation of SU(2N) defined by (2.83) will not lead to an SU(N) quantum link
model because in that case the determinant in (2.93) is simply zero. Nevertheless, it is
clear that the lattice photon, which comes from the extra U(1) symmetry, and the SU(N)
lattice gluons will decouple in the continuum limit. Indeed, if one considers the low-energy
effective action, the interaction terms scale as a4 and vanish in the continuum limit as
a → 0. However, as long as one simulates the SU(N) ⊗ U(1) system on a lattice, one
would have to deal with this extra lattice photon and with the interaction term.
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2.5.2 SO(N) quantum link models

Gauge theory can be formulated with various gauge groups. Let us now consider a lattice
SO(N) gauge theory. The classical Wilson action takes the form

S[o] = −
∑

x,µ6=ν

Tr(ox,µox+µ̂,νo
†
x+ν̂,µo

†
x,ν), (2.94)

where ox,µ are real-valued classical orthogonal parallel transporter link matrices. The dag-
ger in this expression reduces to a transpose. In D-theory, this classical action corresponds
to the quantum operator

H = J
∑

x,µ6=ν

Tr(Ox,µOx+µ̂,νO
†
x+ν̂,µO

†
x,ν). (2.95)

The elements of the N ×N quantum link variables Ox,µ consist of generators of SO(2N).
Again, gauge invariance implies that H commutes with the local generators Gx of gauge
transformations which are given by

Gij
x =

∑

µ

(Rij
x−µ̂,µ + Lij

x,µ). (2.96)

The rishon representation takes the form

Oij
x,µ = −i(cix,+µc

j
x+µ̂,−µ − cjx+µ̂,−µc

i
x,+µ),

Lij
x,µ = −i(cix,+µc

j
x,+µ − cjx,+µc

i
x,+µ),

Rij
x,µ = −i(cix+µ̂,−µc

j
x+µ̂,−µ − cjx+µ̂,−µc

i
x+µ̂,−µ). (2.97)

The “Majorana” rishon operators obey the anti-commutation relations

{cix,±µ, c
j
y,±ν} = δxyδ±µ,±νδij . (2.98)

2.5.3 Quantum link models with other gauge groups

Besides SU(N) or SO(N) gauge groups, there is a third main sequence, the symplectic
gauge groups Sp(N). One can indeed construct Sp(N) quantum link models in complete
analogy to the SU(N) or SO(N) cases. In section 2.3.5, we have constructed the D-
theory representation of symplectic matrices. Similarly to the two other main Lie group
sequences, one uses the embedding algebra of Sp(2N). Indeed, a Sp(N) matrix appears
naturally considering the subgroup decomposition Sp(2N) ⊃ Sp(N)L⊗Sp(N)R. In partic-
ular, the Sp(1) = SU(2) quantum link model uses the embedding algebra Sp(2) = SO(5),
this case was discussed in detail in [20].

In fact, there are four infinite series of simple Lie algebra, generating what are called the
classical groups. Strictly speaking, there is a difference between the sequence SO(2N) and
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SO(2N + 1) [71]. Cartan, who first discussed the classification of the Lie algebras, called
the algebra SU(n+ 1), SO(2n+ 1), Sp(n) and SO(2n), An, Bn, Cn and Dn, respectively.
Here, n denotes the rank of the group. Besides these series, there are the exceptional Lie
groups G2, F4, E6, E7 and E8, again the index denotes the rank. These groups have very
interesting properties. In particular, the study of G2 Yang-Mills theory has recently lead
to interesting results [80, 81]. On the other hand, the search for a grand unified theory,
based for example on groups SU(5) or SO(10), leads naturally to an interesting scenario
with the E6 algebra — the E6 unification [71]. In the D-theory framework, these groups
have to be treated on a case by case basis. Let us consider only the simplest of them, the
group G2 which is a subgroup of SO(7). G2 has rank 2 and 14 generators, it contains the
SO(7) generators o which satisfy the cubic constraint

Tijk = Tlmno
liomjonk. (2.99)

T is a totally anti-symmetric tensor whose non-zero elements follow by anti-symmetrization
from

T127 = T154 = T163 = T235 = T264 = T374 = T576 = 1. (2.100)

These relations implies that (2.99) represents 7 non-trivial constraints which reduce the
21 generators of SO(7) to the 14 of G2. Therefore, in D-theory one needs 49 Hermitean
generators to represent the 7 × 7 real matrix elements of the link variable. In addition,
the embedding algebra must contain the 14 + 14 = 28 generators of the G2L ⊗G2R gauge
symmetry at the two ends of the link. Altogether, this gives 49 + 28 = 77 generators. It
is tempting to try to embed this structure in E6, which has 78 generators. However, this
would not work since, according to Slansky’s branching rules for all maximal subgroups
[74], E6 does not even containG2L⊗G2R as a subgroup. Instead, one can use the embedding
algebra of SO(14), which is already used for SO(7) quantum link model. SO(14) has 91
generators and has the subgroup decomposition SO(14) ⊃ G2L⊗G2R, which in the adjoint
representation gives

{91} = {14, 1} ⊕ {7, 1} ⊕ {1, 14} ⊕ {1, 7} ⊕ {7, 7}. (2.101)

Again, one cannot simply use the Hamiltonian operator of the SO(7) quantum link model,
but one has to add a term to the action operator (2.94) in order to explicitly break the
SO(7) symmetry down to G2. This can be done in the following way

H = J
∑

x,µ6=ν

Tr(Ox,µOx+µ̂,νO
†
x+ν̂,µO

†
x,ν) + J ′

∑

x,µ

TijkTlmnO
li
x,µO

mj
x,µO

nk
x,µ. (2.102)

Indeed, the additional term is G2 but not SO(7) invariant. This procedure is similar to
the case of the U(N) quantum link model, which can be reduced to the SU(N) quantum
link model.
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2.6 Classical Gauge Fields from Dimensional Reduc-

tion of Quantum Links

In section 2.4, we have seen that, in the context of quantum spin models, dimensional
reduction occurs naturally when one has spontaneous symmetry breaking of a global con-
tinuous symmetry. This yields massless Goldstone modes in the spectrum and an infinite
correlation length. The situation is different when one deals with local symmetries. Indeed,
as a gauge symmetry breaks down spontaneously, the Higgs mechanism prevents massless
modes in the spectrum. Thus dimensional reduction cannot occur. Nevertheless, in this
section we show that D-theory is completely general and can still be applied to abelian
and non-abelian gauge theories.

2.6.1 SU(N) gauge theories

Let us first consider SU(N) non-abelian gauge theory in four dimensions. The action
operator H of the corresponding quantum link model, defined on a 4-dimensional lattice,
evolves the system in a fifth Euclidean dimension. The partition function of this quantum
link model can be written as

Z = Tr exp(−βH), (2.103)

and can be represented as a (4+1)-dimensional path integral. Note that the trace extends
over all states propagating in the fifth dimension. As emphasized before, the spontaneous
breaking of a gauge symmetry in four dimensions leads to massive gauge bosons in the
spectrum. An essential ingredient, an infinite correlation length, is missing and therefore
dimensional reduction cannot occur. Besides the Higgs phase, non-abelian gauge theory
can also exist in a confined phase where the correlation length is also finite. Fortunately,
non-abelian gauge theories formulated in five dimensions can also be in a Coulomb phase
[82]. This has been verified in detail for 5-dimensional SU(2) and SU(3) gauge theory
using the Wilson formulation [83]. The same is true for quantum link models if one con-
siders sufficiently large representations of the embedding algebra SU(2N) [24]. Whether
the (4+1)-d SU(N) quantum link model with a small representation of SU(2N) still is in
a Coulomb phase can only be checked with numerical simulations.

When a gauge theory is dimensionally reduced (we will describe the exact mechanism
below), usually the Polyakov loop in the extra dimension appears as an adjoint scalar field
in the 4-dimensional target theory. Here we want to obtain a 4-dimensional pure Yang-Mills
theory after dimensional reduction. Therefore, we have to get rid of these extra charged
scalar fields. This can be done if one does not impose Gauss’ law for the state propagating
in the extra unphysical dimension because the Polyakov loop is a Lagrange multiplier field
that enforces the Gauss law. Therefore, we have not included a projection operator on an
unphysical 5-dimensional Gauss law, such that gauge-variant states also propagate in the
extra dimension. In the path integral, this implies that the fifth component of the gauge
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field vanishes
A5 = 0. (2.104)

The physical 4-dimensional Gauss law is properly imposed, because the model contains non-
trivial Polyakov loops in the Euclidean time direction which is part of the 4-dimensional
lattice.

The leading terms in the low-energy effective action of 5-dimensional Coulombic gluons
take the form

S[A] =

∫ β

0

dx5

∫

d4x
1

2e2

(

Tr FµνFµν +
1

c2
Tr ∂5Aµ∂5Aµ

)

, (2.105)

which is just the standard 5-dimensional Yang-Mills action with A5 = 0. Note that µ and ν
run over the 4-dimensional indices only. The quantum link model leads to a 5-dimensional
effective gauge theory characterized by the “velocity of light” c. The 5-dimensional gauge
coupling 1/e2 is the analog of the spin stiffness ρs in the spin models. When β = ∞, we are
in the Coulomb phase with massless gluons, and hence with an infinite correlation length
ξ. At finite β with periodic boundary conditions in the extra-dimension, this theory has a
4-dimensional gauge invariance only because A5 = 0. The extent of the extra dimension
then becomes negligible compared with ξ and the theory appears to be dimensionally re-
duced to four dimensions.

In the (2+1)-dimensional quantum spin models with a finite extent in the extra dimen-
sion, the Hohenberg-Mermin-Wagner-Coleman theorem implies that the Goldstone bosons
pick up a mass non-pertubatively. On the other hand, when the (4+1)-dimensional quan-
tum link model is reduced dimensionally, the confinement hypothesis suggests that gluons
are no longer massless. Indeed, as it was argued in [20], a glueball mass

ξ ∝ βc

(
11e2N

48π2β

)51/121

exp

(
24π2β

11Ne2

)

(2.106)

is expected to be generated non-pertubatively. Here 11N/48π2 is the one-loop β-function
coefficient of SU(N) gauge theory. In contrast to the spin models presented earlier in this
thesis, the prefactor in the exponential is not known analytically. Finding this number
would mean understanding deeply the origin of mass in nature. To leading order (for large
β), the coupling constant g2 of the 4-d SU(N) Yang-Mills theory is related to the SU(N)
quantum link model by

1

g2
=
β

e2
. (2.107)

Thus, the continuum limit g2 → 0 of the 4-dimensional Wilson theory corresponds to
sending the extent β of the fifth dimension to infinity. This is in complete analogy with
what has been described for spin models. This should be no surprise since asymptotic
freedom is at the center of this process. Indeed, thanks to that property, the correlation
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length grows exponentially with β. To push further the analogy with spin models, one can
again refer to figure 2.1, where the reduced theory is nothing else than a 4-dimensional
Wilsonian lattice field theory with lattice spacing βc. Again, βc has nothing to do with the
original lattice spacing of the quantum model. In fact, one could perform a block renor-
malization group transformation that averages the 5-dimensional field over cubic blocks of
size β in the fifth direction in βc in the four physical other directions. The block centers
would then form a 4-dimensional space-time lattice of spacing βc and the effective theory of
the block average 5-dimensional field would indeed be a 4-dimensional lattice gauge theory.

Let us now consider the d = 3 case. Using D-theory, one can define a quantum link
model in (3+1) dimensions. However, due to confinement, there is no massless mode in four
dimensions and thus no infinite correlation length. Since we do not expect any universal
behavior, the quantum system does not regularize a continuum field theory. However,
it is known that QCD in four dimensions has a non-trivial topological vacuum structure
and hence a θ-vacuum angle. The situation is analogous to the case of a 1-dimensional
quantum spin chain discussed in section 2.1.4. In accordance with Haldane’s conjecture,
the O(3) = CP (1) quantum spin chain displays an universal behavior because half-integer
spins correspond to the massless 2-d O(3) = CP (1) model at θ = π. Similarly, it is
possible that the 3-d SU(N) quantum link model, with an appropriate representation of
the embedding algebra SU(2N), corresponds to the 4-dimensional Yang-Mills theory at
θ 6= 0. Again, such a theory may be massless. Simulating a model at non-trivial θ-vacuum
angle with traditional approaches is an impossible task due to a complex action problem.
This may perhaps be solved with the D-theory formulation, if the corresponding quantum
model does not suffer from this problem. It might become possible to use powerful cluster
algorithms to investigate numerically the non-trivial topological structure of field theories
vacua.

2.6.2 SO(N), Sp(N) and U(1) gauge theories

SO(N) and Sp(N) gauge theories are similar to the previous case. Using the 1- and 2-loop
β function coefficients, it is straightforward to derive formulas for the asymptotic behavior
of the correlation length of SO(N) and Sp(N) quantum link models. In the Sp(N) case,
one gets

ξ ∝ βc

(
11e2(N + 1)

48π2β

)51/121

exp

(
24π2β

11(N + 1)e2

)

, (2.108)

while for SO(N) with N ≥ 4

ξ ∝ βc

(
11e2(N − 2)

48π2β

)51/121

exp

(
24π2β

11(N − 2)e2

)

. (2.109)

The case N = 3 is already covered by (2.106), since SO(3) ' SU(2).
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The situation for 4-d abelian U(1) gauge theory is analogous to the 2-dimensional XY
model. Indeed, in contrast to non-abelian gauge theory, when one has dimensional reduc-
tion from five to four dimensions, there is no reason for the photons to pick up a mass.
They can naturally exist in a Coulomb phase because they are not confined. Therefore, one
has an infinite correlation length already at finite β, which implies dimensional reduction
for sufficiently large β — not only in the β → ∞ limit. Nevertheless, when β becomes
too small, one enters the strong coupling phase which has a finite correlation length. If
the phase transition is second order, one can reach a continuum limit and thus universal
behavior by approaching the critical point βc from below β → βc.

A U(1) quantum link model in four dimensions can undergo dimensional reduction
to three dimension because the 4-d U(1) gauge fields can exist in a massless Coulomb
phase. However, it is known that 3-d U(1) gauge theories are always in a confined phase
[84, 85]. Therefore the correlation length becomes finite after dimensional reduction. In
fact, exactly as in non-abelian gauge theories in four dimensions, one has an exponentially
large correlation length. Therefore, dimensional reduction occurs again only in the β → ∞
limit. Hence, the universal behavior of U(1) gauge theories both in three or four dimensions,
is naturally contained in the framework of D-theory.

2.7 QCD as a Quantum Link Model: The Inclusion

of Fermions

In order to describe a realistic quantum field theory such as QCD in the framework of
D-theory, it is essential to include fermionic variables. This has been done in detail in [23]
and will be reviewed here. Before discussing the full quantum link QCD with quarks, let
us introduce the standard Wilson action with quarks

S[ψ̄, ψ, u] = −
∑

x,µ6=ν

Tr[ux,µux+µ̂,νu
†
x+ν̂,µu

†
x,ν]

+
1

2

∑

x,µ

[ψ̄xγµux,µψx+µ̂ − ψ̄x+µ̂γµu
†
x,µψx] +M

∑

x

ψ̄xψx

+
r

2

∑

x,µ

[2ψ̄xψx − ψ̄xux,µψx+µ̂ − ψ̄x+µ̂u
†
x,µψx]. (2.110)

The variables ψ̄x and ψx are independent Grassmann valued spinors associated with the
lattice site x which obey canonical anti-commutation relations, γu are the Dirac matrices
and M is the bare quark mass. The term proportional to r is the Wilson term which re-
moves the unwanted lattice fermion doublers. As emphasized in the introduction, it breaks
chiral symmetry explicitly. Normally, in Wilson’s formulation, the bare quark bare mass
must be fine-tuned appropriately in order to reach the continuum limit.
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To obtain an SU(N) quantum link model with quarks, we have to consider the Hamil-
tonian (2.93) and add the spinor part as well. In particular one has to replace ψ̄x by
the quantum operator Ψ†

xγ5. The Hamilton operator which describes the evolution of the
system in a fifth direction is given by

H = J
∑

x,µ6=ν

Tr[Ux,µUx+µ̂,νU
†
x+ν̂,µU

†
x,ν ] + J ′

∑

x,µ

[detUx,µ + detU †
x,µ]

+
1

2

∑

x,µ

[Ψ†
xγ5γµUx,µΨx+µ̂ − Ψ†

x+µ̂γ5γµU
†
x,µΨx] +M

∑

x

Ψ†
xγ5Ψx

+
r

2

∑

x,µ

[2Ψ†
xγ5Ψx − Ψ†

xγ5Ux,µΨx+µ̂ − Ψ†
x+µ̂γ5U

†
x,µΨx]. (2.111)

In this expression, Ψ†
x and Ψx are creation and annihilation operators with canonical an-

ticommutation relations

{Ψiaα
x ,Ψjbβ†

y } = δxyδijδabδαβ , {Ψiaα
x ,Ψjbβ

y } = {Ψiaα†
x ,Ψjbβ†

y } = 0, (2.112)

where (i, j), (a, b) and (α, β) are the color, flavor and Dirac indices, respectively. They
have not been made explicit in (2.111). Since we have added fermions, the generator of an
SU(N) gauge transformation now takes the form

~Gx =
∑

µ

(~Rx−µ̂,µ + ~Lx,µ) + Ψ†
x
~λΨx. (2.113)

One can easily show that the Hamiltonian (2.111) commutes with Ga
x for all x. The di-

mensional reduction of fermions is a rather subtle issue. Following earlier work of Rubakov
and Shaposhnikov [86], Kaplan studied the physics of a 5-dimensional system of fermions,
which is always vector like, coupled to a 4-dimensional domain wall which is a topolog-
ical defects in the 5-dimensional world [5]. The key observation is that a zero-mode of
the 5-dimensional Dirac operator appears as a bound state localized on the the domain
wall. From the point of view of the 4-dimensional domain wall, the zero mode represents a
massless chiral fermion. The original idea of Kaplan was to construct lattice chiral gauge
theory in that way. In D-theory, we also work with one more dimension, but for reasons
totally unrelated to the chiral properties of fermions. We will see that this construction is
completely natural for D-theory as well.

The Wilson formulation of lattice gauge theory suffers from a so-called fine tuning
problem. Indeed, the bare quark mass has to be tuned very carefully in order to reach the
chiral limit (where chiral symmetry is restored). In practice this is a problem in numerical
simulations. Using Kaplan’s proposal, Shamir solved this fine-tuning problem in a very
elegant way [30]. The essential difference compared to Kaplan’s original model is that one
works with a 5-dimensional slab with a finite extent β of the fifth dimension and open
boundary conditions for fermions at the two sides. Within this geometry, there are two
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zero modes, one at each boundary, which correspond to one left- and one right-handed
fermion in four dimensions. In fact, Shamir’s method concentrates on the essential topo-
logical aspects which are encoded in the open boundary conditions.

This set-up fits naturally with the D-theory construction. In particular, the Hamil-
tonian (2.111) governs the evolution of the system in the extra dimension. In Shamir’s
construction, one also sets A5 = 0. However, there are some minor differences between the
implementation of this method in the standard formulation of lattice theory and in our
quantum link models. In the standard formulation, one works with 4-dimensional gauge
fields which are constant in the fifth dimension. In the D-theory formulation this is not
the case. The non-trivial dynamics in the fifth dimension turns the discrete variables of
quantum links into the continuous degrees of freedom of physical gluons. However, it is
still correct to consider the physical gluon field as practically constant in the fifth dimen-
sion, because, due to asymptotic freedom, its correlation length grows exponentially with β.

If one considers open boundary conditions for the quarks and usual periodic boundary
conditions for the gluons, one has to modify the D-theory partition function. It takes the
form

Z = Tr〈0| exp(−βH)|0〉. (2.114)

Note that in Shamir’s formulation r < 0. The trace extends over the gluonic Hilbert space
in order to implement periodic boundary conditions. We decompose the quark spinor
operator into left and right components

Ψx =

(
ΨRx

Ψ†
Lx

)

. (2.115)

The open boundary condition are realized by letting exp(−βH) act on the Fock state |0〉,
which is annihilated by all right-handed ΨRx and left-handed ΨLx. Therefore, there are no
left-handed quarks at the boundary x5 = 0 and no right-handed quarks at the boundary
x5 = β [87]. In that way, both quarks and gluons have zero modes localized on the brane.

In the presence of fermions, the low-energy effective action is modified to

S[ψ̄, ψ, Aµ] =

∫ β

0

dx5

∫

d4x

[
1

2e2

(

Tr(FµνFµν) +
1

c2
Tr(∂5Aµ∂5Aµ)

)

+ ψ̄

(

γµ(Aµ + ∂µ) +mq +
1

c′
γ5∂5

)

ψ

]

. (2.116)

With A5 = 0 and c′ is the “velocity of light” of the quarks in the fifth direction. It is
expected to be different from the velocity c of the gluons because in D-theory there is no
symmetry between the 4-dimensional space-time and the extra dimension. This is, how-
ever, not a problem since we are only interested in the physics in four dimension.
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ξf

ξg
ΨL

ΨR

β

Figure 2.3: Dimensional reduction of fermions in a 5-dimensional slab geometry: The
gluonic correlation length ξg is exponentially large in β. The overlap of the fermionic
wave-functions ΨL and ΨR generates a finite correlation length ξf which is exponentially
large in the depth of the slab.

Let us now be more precise. The confinement hypothesis prevents an infinite gluonic
correlation length ξg as long as β remains finite. We know that, due to asymptotic freedom,
ξg is exponentially large. We will now see that this is the case as well with quarks but
for completely different reasons. Indeed, quarks cannot be massless because they pick up
non-perturbatively a small mass µ = 1/ξf due to the tunneling process between the two
boundaries. This has the effect to mix the left- and right-handed states and thus breaks
the chiral symmetry explicitly. To make this argument more obvious, let us consider
the Hamiltonian H(~p), which describes the evolution of free quarks with spatial lattice
momentum ~p in the time direction of the space-time lattice.

H(~p) = γ4

(

γ5∂5 +M +
r

2

∑

i

(

2 sin
pi

2

)2

− i
∑

i

γi sin pi

)

. (2.117)

Note the difference with H , which describes the evolution of the whole system in the extra
dimension. The wave function of a stationary quark state with energy E(~p) is determined
by the Dirac equation

H(~p)Ψ(~p, x5) = E(~p)Ψ(~p, x5). (2.118)

Let us consider states with lattice momenta pi = 0, π. The state with ~p = ~0 describes a
physical quark at rest, while the other states correspond to doubler fermions. Denoting
the number of non-zero momentum components pi = π by

n =
∑

i

sin2 pi

2
, (2.119)
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the above equation (2.118) then takes the form

−∂5ΨL(~p, x5) + (M + 2nr)ΨL(~p, x5) = E(~p)ΨR(~p, x5),

∂5ΨR(~p, x5) + (M + 2nr)ΨR(~p, x5) = E(~p)ΨL(~p, x5). (2.120)

Due to the open boundary conditions introduced before, we must solve these equations
with ΨL(~p, 0) = ΨR(~p, β) = 0. Inserting the following ansatz in the Dirac equation

ΨL(~p, x5) = A sinhαx5, ΨR(~p, x5) = ±A sinhα(x5 − β), (2.121)

one immediately has

α = (M + 2nr) tanhαβ, M + 2nr = ±E(~p) coshαβ. (2.122)

This equation has a normalizable solution, and therefore a localized zero-mode, only if
M + 2nr > 0. In that case, this implies α = ±(M + 2nr) for large β and hence

E(~p) = ±2(M + 2nr) exp(−(M + 2nr)β). (2.123)

The important observation is that the bare mass parameter M is not the physical quark
mass although we have considered an unrenormalized free theory. Let us first consider the
doubler fermions which are characterized by n > 0. It is then possible to choose r such
that M + 2nr < 0 for which no normalizable solution exists. Thus, for r < −M/2, i.e. for
a sufficiently strong Wilson-term with an unconventional sign r < 0, the doubler fermions
are removed from the physical spectrum. Their zero-modes cannot be localized on the
brane. Thus, the mass of the physical fermion (characterized by n = 0) is

1/ξf = µ = |E(~0)| = 2M exp(−Mβ), (2.124)

which is exponentially small in β. This situation is illustrated in figure 2.3. The above
result suggests how the fine-tuning problem of the fermion mass can be avoided. The
confinement physics of quantum link QCD in the chiral limit takes place at a length scale

ξg =
1

m
∝ exp

(
24π2β

(11N − 2Nf)e2

)

, (2.125)

which is determined by the 1-loop coefficient of the β-function of QCD with Nf massless
quarks and by the 5-dimensional gauge coupling e. As long as one chooses

M >
24π2

(11N − 2Nf )e2
, (2.126)

the chiral limit is reached automatically when one approaches the continuum limit by
making β large. For a given value of r, one is limited by M < −2r (note that r < 0). On
the other hand, one can always choose J (and thus e2) such that the above inequality is
satisfied.
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2.8 Conclusions and Comments

The D-theory framework provides a rich structure which allows us to formulate quantum
field theory in an alternative non-perturbative way — in terms of discrete variables, the
quantum spins and quantum links. The essential ingredients in D-theory are the existence
of a massless phase in the (d + 1)-dimensional quantum theory and the mechanism of
dimensional reduction to the target d-dimensional field theory. In fact, dimensional re-
duction of discrete variables is a general phenomenon. In a (d + 1)-dimensional quantum
spin model with d > 1, it occurs because of spontaneous symmetry breaking, while in
(4 + 1)-dimensional non-abelian quantum link models, it is due to the massless Coulomb
phase in the 5-dimensional theory.

Remarkably, the inclusion of fermions is very natural in D-theory. One just follows
Shamir’s version of Kaplan’s domain wall fermion proposal. Working in five dimensions
allows us to solve the fine-tuning problem of Wilson fermions in a very elegant way. More-
over, it is important to note that D-theory treats bosons and fermions on an equal footing.
Both are formulated in a finite Hilbert space per site, both require an extra dimension,
and both have an exponentially large correlation length after dimensional reduction. Here,
we have presented the theoretical picture in detail. D-theory is attractive both from a
numerical and from an analytic point of view. This formulation has been used to treat
unsolved problems in quantum field theory. On the analytic side, the discrete variables
and the finite Hilbert space allow us to express the theory in terms of fermionic rishon
constituents of bosonic fields. As in an antiferromagnet, where magnons can be viewed as
composites of electrons that are hopping on a lattice, gluons in quantum link models can
be viewed as composites of rishons. The rishons are lattice artifacts and hence have only
a mathematical meaning. However, this formulation may be very useful when one studies
the large N limit of various models [32]. From a computational point of view, one can
investigate different field theory problems with powerful numerical methods developed for
condensed matter systems (like the Heisenberg model). In particular, as will be presented
in the next chapters, powerful cluster algorithms can be used to study the vacuum struc-
ture of the CP (N − 1) models [26, 35]. Recently, using D-theory, a new type of cluster
algorithm was developed for the Ising model [88]. Although until now no efficient cluster
algorithm has been found for quantum link models, these recent results seem promising
for the future of the D-theory formulation.

To summarize, in D-theory the classical fields of ordinary quantum field theory arise
via dimensional reduction of discrete variables. This requires a massless theory in one
more dimension. It is a general structure which can be applied both to spin models and
gauge theories. The dynamical picture in D-theory can be investigated analytically in
the large N limit or for a large representation of the embedding algebra [24]. Numerical
simulations are also essential to test the theory. The connection to ordinary field theory
methods, such as perturbation theory, is rather unclear. Indeed, it seems hopeless to
perform perturbative calculation in the D-theory framework. This can be viewed as a
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potential weakness, but the large separation from perturbative methods may be a major
strength of D-theory. Indeed, the fact that perturbative calculations are difficult may
imply that the corresponding non-perturbative calculations are easier. After all, D-theory
provides an additional non-perturbative structure underlying Wilson’s lattice theory. In
the next chapters, we will show that such a construction allows us to better understand
CP (N − 1) models.



Chapter 3

The CP (N − 1) Model and Topology

Before turning to the D-theory version of the model in the next chapter, one would like to
present in detail the usual formulation of the CP (N − 1) non-linear σ model. Like QCD,
this type of model shows very interesting non-perturbative aspects. Among them are the
non-trivial topology of the vacuum structure. Indeed, one of the characteristic features of
these field theories is the existence of an integer-valued topological charge Q. This gives
rise to an additional complex term iθQ in the action, where θ is, a priori, a free parameter.
The physical implications of a non trivial topology are numerous. For example in QCD,
the existence of the topological charge offers an explanation of the notorious U(1)-problem
— the question why the η′ meson is not a Goldstone boson of the spontaneous chiral
symmetry breaking. Unfortunately, it implies also some difficulties such as the strong CP
problem — the question why θ seems to be zero in Nature.

In this thesis, we aim to study the CP (N − 1) model numerically at non-trivial θ-
vacuum angle. As for QCD, one has to go beyond perturbation theory to investigate such
situations. Wilson’s lattice field theory offers a very rich non-perturbative framework which
is already well established. However, this formulation has its own limits. In particular,
adding a topological term to the action gives rise to complex Boltzmann weights. This
is known as the complex action problem and has dramatic consequences in Monte Carlo
simulations. It yields an exponential growth of the statistical error and the simulation time
becomes unacceptably large. In the next chapter, we will show that this type of problem
is completely avoided in the D-theory context. Here, we give a precise description of the
CP (N−1) model and show explicitly why it can be considered as a toy-model for QCD. In
particular, we concentrate on the topological aspects and use some mathematical concepts
such as homotopy theory. Dynamical consequences such as instanton configurations and
the generation of a θ-vacuum structure are also investigated. Finally, we close this chapter
with some remarks on the topological implications in QCD, the physical theory describing
the strong interactions.
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3.1 The 2-Dimensional CP (N − 1) Model

3.1.1 Introduction

Solving problems in a complicated quantum field theory like QCD implies a lot of tech-
nical difficulties and complex issues. Sometimes, it is easier to consider simpler models,
which share some properties with the physical theory. For example, 2-dimensional non-
linear σ models present a number of similarities with an SU(N) Yang-Mills theory in four
space-time dimensions. Indeed, as emphasized in the previous chapter, the O(N)-invariant
non-linear σ model in two dimensions has a lot in common with QCD. However, this
type of model is topologically trivial for N ≥ 4 and stable instanton solutions are ab-
sent in contrary to the physical theory. In the late 70’s, D’Adda, Di Vecchia and Lüscher
considered and analyzed “a new series of SU(N)-symmetric non-linear σ models” [89] —
the so-called CP (N − 1) models in two dimensions. They found topologically non-trivial
configurations for all values of N . This offers a new framework to study QCD topolog-
ical properties in the context of a simpler situation. Originally, this type of model was
proposed by Eichenherr [90] (and independently by Golo and Perelomov [91] and also by
Witten [92]), who showed for example that the case N = 2 is equivalent to the O(3) model.

The CP (N − 1) model in two dimensions is a renormalizable field theory whose fields
take values in the corresponding complex projective space. As introduced earlier in the
context of the 2-d O(3) model, which is equivalent to CP (1), it displays dimensional
transmutation. Although the classical theory does not contain any scale and is therefore
scale-invariant, the renormalization procedure introduces a scale into the quantized theory.
This occurs as well in non-abelian gauge theory and can be seen already with the perturba-
tive approach. Moreover, the theory contains particles which are massless in perturbation
theory but which acquire a mass in the leading 1/N approximation. In fact, these massive
particles are confined. There is a linear potential between a particle-antiparticle pair which
prevents an infinite separation of the two components. Remarkably, this happens without
any fundamental gauge field in the theory. Historically, the 1/N expansion was envisaged
because families of field theories become simpler as N gets larger. For a number of models,
very interesting phenomena such as asymptotic freedom, spontaneous symmetry breaking,
dimensional transmutation, or confinement show up in the large N expansion. In particu-
lar, this has been studied and reviewed in [93] for φ4 theory, as well as for the Gross-Neveu
and the CP (N − 1) models. The situation in QCD is less simple. One can apply a 1/N
expansion (with N being the number of colors) but one does not know how to deal even
with the leading term of the expansion. Of course, in the real world we have only three
colors and an expansion in powers of 1/3 may seem rather useless. However, one may
argue as follows: in the perturbative approach to quantum electrodynamics, one expands
in powers of the coupling e, which takes the value e2/4π = 1/137 ⇔ e ≈ 0.3. Therefore, a
1/N expansion for QCD cannot be rejected a priori and breakthroughs may well occur in
that direction. For a review on QCD at large N see [94].
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In general, the CP (N − 1) fields are massless Goldstone bosons resulting from the
spontaneous symmetry breaking SU(N) → U(N − 1). They live in the coset space
SU(N)/U(N − 1). However, in two space-time dimensions, there is no spontaneous sym-
metry breaking of continuous global symmetries and hence no massless modes. Instead,
the corresponding particles acquires a small mass non-pertubatively. Another important
property is asymptotic freedom. As for QCD, the effective coupling constant falls when
the energy scale grows. The CP (N − 1) model is also non-trivial topologically. It has an
instanton topological charge leading to a non-trivial θ-vacuum structure for all N . In the
coming sections, we will present further details about that structure. First, let us introduce
the model a bit more precisely. Here, we will not describe the 1/N expansion of the model.
For a good review on this subject one can refer once again to [93].

3.1.2 Classical formulation

The CP (N−1) model has been intensively studied both analytically and numerically since
its first formulation in 1978. It has been considered in the 1/N expansion [89, 95, 96] as
well as within the lattice approach [97, 98, 99]. In the early 90’s, the algorithmic im-
provements and the increasing power of computers have allowed new results on different
aspects [100, 101, 102, 103, 104]. There are also different ways to define the model in the
continuum. Here, we will try to be as complete as possible, following the seminal work
done in [89].

Let us consider a general Lie group G and a subgroup H ⊂ G. By definition, the non-
linear σ model is a theory of fields which take values in the coset space G/H . These fields
can be defined on an arbitrarily curved two-dimensional space-time. Here we consider the
case of a 2-dimensional Euclidean space. The coset space G/H can be identified with the
(N − 1)-dimensional complex projective space CP (N − 1) if we choose

G = SU(N), H = U(N − 1). (3.1)

This is the space of all equivalence classes [z] of complex vectors ~z = (z1, ..., zN) 6= 0. Two
elements ~z and ~z ′ of a class are equivalent if

~z ′ = λ~z, (3.2)

with λ ∈ �
. In order to write down the most general action for the CP (N − 1) model, let

us consider fields of complex unit vectors ~z(x)

~z(x) = (z1(x), ..., zN (x)), zαz̄α = |z1|2 + ...+ |zN |2 = 1. (3.3)

The equivalence relation (3.2) is reflected by a U(1) gauge transformation

z′α(x) = eiΛ(x)zα(x), α ∈ {1, ..., N}, (3.4)



52 Chapter 3. The CP (N − 1) Model and Topology

where the fields zα(x) and z′α(x) have to be considered as equivalent. One can now build
an action which is invariant under the global transformation

~z ′(x) = g~z(x), (3.5)

where g ∈ SU(N), and under the above U(1) gauge transformation. As a necessary
prerequisite, we introduce the following auxiliary gauge field

Aµ =
i

2
(z̄α∂µzα − zα∂µz̄α). (3.6)

Here, µ denotes the two space-time indices and Aµ transforms as an abelian gauge field

A′
µ = Aµ + ∂µΛ. (3.7)

Hence, the general action for the 2-dimensional CP (N − 1) model has the form

S[z] =
1

g2

∫

d2x DµzαDµzα, Dµ = ∂µ + iAµ. (3.8)

As emphasized in the previous chapter, the CP (1) model is equivalent to the O(3) non-
linear σ model. This latter is expressed in terms of spin fields sa(x), a = 1, 2, 3 of unit
length sa(x)sa(x) = 1. Indeed, the CP (1) model is locally isomorphic to the O(3) model
with the identification

sa(x) = z̄α(x)σa
αβzβ(x), (3.9)

where σa are the three Pauli matrices. This relation defines a map between the spin fields
sa(x) onto gauge-equivalence classes of CP (1) fields zα(x).

For later convenience, it is useful to express the action (3.8) in a slightly different way.
Using (3.6), one can write it as

S[z] =
1

g2

∫

d2x (∂µzα∂νzα + (z∂µz̄α)(z∂ν z̄α)). (3.10)

Then, we introduce the projection matrix P (x), which is related to the complex vector
fields by

Pαβ(x) = zα(x)z̄β(x), (3.11)

and has the following properties

P †(x) = P (x), P 2(x) = P (x), TrP (x) = 1. (3.12)

Now expressing (3.10) with this projection matrix, we get the following action

S[P ] =
1

2g2

∫

d2x Tr[∂µP∂µP ]. (3.13)
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This formulation will be used later, when we will define the model in the D-theory frame-
work. Note that the auxiliary field Aµ disappears in this notation. Of course, the action
still has a global SU(N) symmetry since the matrix field now transforms as

P ′(x) = gP (x)g†, (3.14)

where g ∈ SU(N). Moreover, this model is invariant under charge conjugation C, which
acts on P as

CP (x) = P (x)∗. (3.15)

3.2 Non-trivial Topological Structure of the CP (N−1)

Model

In this section, we will investigate the topological vacuum structure of the 2-dimensional
CP (N − 1) model. In particular, we will show that instantons describe tunneling tran-
sitions between topologically distinct vacua for all values of N . This has the effect to
lift the degeneracy of the classical vacuum and implies that the true quantum vacuum
becomes a θ-state (a linear superposition of classical vacua), characterized by the vacuum
angle θ ∈ [−π, π]. This phenomenon occurs as well in non-abelian gauge theories and is
completely inaccessible to perturbative methods. Before presenting the dynamical impli-
cations, let us first introduce the mathematical framework.

3.2.1 Topological aspects

The field configurations defined on a coset space G/H do not need to be continuously
deformed into each other. In fact, they fall into equivalence classes, the so-called homo-
topy classes which represent distinct topological sectors. The elements of a class are fields
which can be deformed continuously one into another. The homotopy group displays prop-
erties of the fields under continuous deformations and thereby describes their topological
characteristics. In the 2-dimensional Euclidean space, the relevant group is the second
homotopy group π2(G/H). It collects all the different homotopy classes, i.e. the classes of
topologically equivalent field configurations. The index 2 indicates that we consider maps
of the 2-dimensional space time �2 compactified to the sphere S2, to the manifold G/H .
Using homotopy theory and a theorem proved in [105, 106], one can identify the second
homotopy group π2(G/H) to a simpler group, i.e.

π2(G/H) = π1(H). (3.16)

Here, π1(H) denotes the fundamental homotopy group. Therefore, the topological structure
of non-linear G/H σ models depends crucially on the stability group H . Note that the
role of the fundamental homotopy group is to detect defects (such as a hole in a plane) as
obstruction against letting loops in the manifold shrink to a point. For SU(N)/U(N−1) =
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CP (N−1) models, we have G = SU(N) and H = U(N−1). The above theorem naturally
applies and one gets

π2(CP (N − 1)) = π1(U(N − 1)). (3.17)

One can then locally identify the SU(N) space as a direct product of spheres, this yields
the following decompositions

SU(N) ∼ S3 ⊗ S5 ⊗ ...⊗ S2N−1,

U(N) = SU(N) ⊗ U(1) ∼ S1 ⊗ S3 ⊗ S5 ⊗ ...⊗ S2N−1, (3.18)

where U(1) ≡ S1. Therefore, we can locally identify the CP (N − 1) manifold with a
(2N − 1)-dimensional sphere to which all points in circles S1 are identified with single
points in S2N−1, i.e.

CP (N − 1) =
SU(N)

U(N − 1)
∼ S2N−1

S1
, (3.19)

where SN denotes the N -dimensional sphere. Using (3.17), it is clear that the relevant ho-
motopy group of the model is π1(S

1). This group classifies maps from the one-dimensional
sphere S1 to the space U(1), which is also S1. Let us now investigate the topological
implications of such map. We define an arbitrary phase χ on S1, with the properties

χ(0) = 0, χ(2π) = 2πm. (3.20)

This can be deformed continuously into the linear function χ(ϑ) = mϑ. Indeed, one can
define a homotopy (or deformation) of the map g : S1 → U(1) with the parametrization

F (ϑ, t) = (1 − t)χ(ϑ) + tϑ
χ(2π)

2π
(3.21)

and with the boundary conditions

F (0, t) = (1 − t)χ(0) = 0, F (2π, t) = χ(2π) = 2πm. (3.22)

The equivalence classes are hence characterized by the winding number m ∈ �. Since
they are additive as one traverses two loops, we obtain the corresponding fundamental
homotopy group

π1(S
1) = π1(U(1)) = �, (3.23)

which is non-trivial. This means that going around the circle S1, the map may cover the
group space U(1) any number of times m ∈ �. For each integer, there is an equivalence
class of maps that can be continuously deformed into one another. This result can be
generalized to higher dimensional spheres SN , for which the corresponding fundamental
homotopy groups are trivial for N ≥ 2. This is illustrated by the following example.
Let us consider the 2-dimensional sphere. Each closed curve on a ordinary sphere can be
constricted to the north pole. The corresponding map is hence topologically trivial, i.e.

π1(S
2) = {0}. (3.24)
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Also, for general N ≥ 2 one has

π1(S
N) = {0}. (3.25)

To be complete, let us now turn to the SU(N − 1) case and its fundamental homotopy
group. We start with the SU(2) topological space. As usual, any element U of SU(2) can
be parametrized as

U = ei~τ ·~ϕ = cos(ϕ) + i~τ · ~ϕ sin(ϕ) = a+ i~τ ·~b, (3.26)

where ~τ is a vector of Pauli matrices and ~ϕ an arbitrary vector. Unitarity implies the
following restriction on a and b

UU † = (a+ i~τ ·~b)(a− i~τ ·~b) = a2 + b2 = 1. (3.27)

This shows the topological equivalence (homeomorphism) between the SU(2) group space
and the 3-dimensional sphere,

SU(2) ∼ S3. (3.28)

The spaces can be mapped continuously and bijectively onto each other and they possess
the same connectedness properties. This confirms also the relations (3.18). According to
(3.25), the corresponding fundamental homotopy group is trivial and so are the homotopy
groups for higher N .

To summarize, the topological properties of the CP (N − 1) models are determined by
the second homotopy group

π2(CP (N − 1)) = π1(SU(N − 1) ⊗ U(1)) = π1(S
1) = �. (3.29)

Again, this means that for each integer in � there is an equivalence class of maps that can
be deformed continuously into one another. The distinct topological sectors are labeled
by the topological charge Q. Thus, for any field configuration ~z(x), the topological charge
Q is an integer. It labels the homotopy classes in a one to one fashion, which means that
two fields with the same charge can be deformed continuously into one another. For any
integer m, there exist fields with Q = m. In the CP (N − 1) model we consider maps of
the form

g : S2 → CP (N − 1), (3.30)

One has shown that this map is topologically identical to

g : S1 → S1, (3.31)

where the corresponding topological charge counts how many times g covers the circle as
one covers S1 once. This number is an integer and, in our case, is defined as

Q[z] = − i

2π
εµν

∫

d2x DµzαDνzα =
i

2π

∫

d2x εµν z̄αDνDµzα, (3.32)



56 Chapter 3. The CP (N − 1) Model and Topology

with εµν the usual antisymmetric tensor and ε12 = 1. Let us prove that Q expressed in that
form is indeed an integer. One first constructs a field strength from the gauge composite
field Aµ

Fµν = ∂µAν − ∂νAµ. (3.33)

This yields
Fµν = iεµν [Dν , Dµ] = 2iεµνDµDν . (3.34)

Therefore, using (3.3), one gets

Q(z) =
1

4π

∫

d2x εµνFµν . (3.35)

The integrand in this integral is a total divergence, i.e.

1

2
εµνFµν = ∂µεµνAν . (3.36)

Substituting this result in (3.35) and using the Gauss law, one integrates over a large disc
of radius R and obtains

Q[z] =
1

2π
lim

R→∞

∮

|x|=R

dxµ Aµ(x). (3.37)

The topological charge hence depends only on the behavior of the solution for large |x|. If
we want to have a finite action, at large distances Dµ~z vanishes, therefore

Dµ~z = 0 ⇒ [Dν , Dµ]~z = Fµν~z = 0. (3.38)

Of course, ~z 6= 0 and this relation implies that the tensor Fµν vanishes. Thus Aµ has to be
in a pure gauge, i.e.

Aµ = ∂µΛ(x) ⇒ Q(z) =
1

2π
lim

R→∞

∮

|x|=R

dxµ ∂µΛ(x) ∈ �. (3.39)

As a consequence, the topological charge measures the variation of the angle Λ(x) on a
large circle, which is a multiple of 2π because ~z is regular. Hence, once we divide by 2π,
Q is indeed an integer m ∈ �. To summarize, the homotopy classes of the maps from S1

to S1 are characterized by an integer winding number m.

3.2.2 Instantons and θ-vacuum structure

We have demonstrated mathematically that the field configurations of the CP (N − 1)
model fall into topologically different classes, the homotopy classes. Now, one would like
to construct a concrete example of topologically non-trivial field configurations. Here
we consider instantons solution of the classical Euclidean field equations. They describe
tunneling processes between degenerate classical vacuum states and occur at a given instant
in Euclidean time. We will see that their existence gives rise to the θ-vacuum structure
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of the CP (N − 1) model. Instantons are field configurations with a non-zero topological
charge Q 6= 0 that are solutions of the Euclidean classical equation of motion. Therefore,
they are minima of the Euclidean action (3.8). Let us consider the following integral

∫

d2x |Dµzα ± iεµνDνzα|2 ≥ 0. (3.40)

We integrate a square, therefore the integral is positive. Expanding the integrand, one gets
∫

d2x [Dµzα ± iεµνDνzα][Dµzα ∓ iεµρDρzα] =
∫

d2x [DµzαDµzα ± iεµνDνzαDµzα ∓ iεµνDµzαDνzα + εµνεµρDνzαDρzα] =
∫

d2x [DµzαDµzα ± 2iεµνDνzαDµzα +DµzαDµzα] =
∫

d2x 2[DµzαDµzα ± 2iεµνDνzαDµzα] = 2g2S[z] ± 4πQ[z] ≥ 0. (3.41)

From the positivity of the integral, it is clear that

S[z] ≥ 2π

g2
|Q[z]|. (3.42)

The topologically non-trivial field configurations hence costs a minimum action propor-
tional to the topological charge. Instantons are configurations with absolute minimum
action in a sector with definite topological charge. Therefore, for them one has

S[z] =
2π

g2
|Q[z]|. (3.43)

This equality corresponds to a minimum and implies that the classical solutions satisfy the
equation

Dµ~z = ±iεµνDν~z. (3.44)

Instantons (and anti-instantons) are the solutions of this first order differential equation.
One can solve it by expressing the spatial coordinates in terms of complex variables w =
x1 + ix2 and w̄ = x1 − ix2, and write the previous relation as [107]

∂w~z(w, w̄) = −iAw(w, w̄)~z(w, w̄)

∂w̄~z(w, w̄) = −iAw̄(w, w̄)~z(w, w̄). (3.45)

Solving the second equation (the first one can be solved in the same way exchanging zα

and z̄α), one can write
zα(w, w̄) = κ(w, w̄)Pα(w), (3.46)

where κ(w, w̄) is a particular solution of

∂w̄κ(w, w̄) = −iAw̄(w, w̄)κ(w, w̄). (3.47)
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The gauge invariance allows us to take κ(w, w̄) real and (3.3) also implies

κ2(w, w̄)PαP̄α = 1. (3.48)

The functions Pα(w) have nothing to do with the matrix field variable introduced in section
3.1.2. For reasons related to the asymptotic conditions of the fields zα(x) (finiteness of the
action), the Pα(w) have to be polynomial and one has, asymptotically,

Pα(w) ∼ cαw
m. (3.49)

With this relation and (3.48) one gets an instanton configuration which takes the form

zα(w, w̄) ∼ cα
|~c|(w/w̄)m/2. (3.50)

As expected, once we vary the phase of w by 2π, the phase of zα varies by 2mπ, where m
is the corresponding winding number.

Instanton solutions have drastic effects on the vacuum structure of the CP (N − 1)
model. Classically, there is a ground state for each topological winding number. The tun-
neling transitions between these distinct vacua, described by instantons, lift the degeneracy
of the classical vacuum and the true quantum vacuum turns out to be a θ-state in which
configurations with different winding numbers are mixed. Let us be a bit more precise. In
the following, we consider the temporal gauge A2 = 0 which leaves space-dependent gauge
transformations unfixed. A classical vacuum state is given by

zα(x1) = eiΛ(x1)vα, vαv̄α = 1, (3.51)

where ~v is a constant vector and x1 the space variable. Again, the classical vacua are
classified by their winding number

n ∈ π1(S
1) = �, (3.52)

and one has a periodic structure. Moreover if the ground state is invariant under space
reflection, one has zα(−∞) = zα(∞) and therefore from (3.39)

Λ(−∞) − Λ(∞) = 2πn. (3.53)

Let us now construct the quantum vacuum state. We first consider small quantum fluctua-
tions around a classical vacuum with given n, which defines a quantum state |n〉. However,
quantum tunneling induces transitions between the various classical vacua, so not only
small fluctuations have to be considered. Instead, let us take a large rectangle with extent
R in the space dimension and T = |t1 − t0| in the Euclidean time direction. Imagine the
system in a vacuum state with winding number n at an early time t0. By a smooth gauge
transformation, one puts the instanton solution in the temporal gauge and finally at a time
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t1, it returns to a classical state with winding number m. Then the variation of the pure
gauge (Aµ = ∂µΛ(x)) comes entirely from the sides at fixed time. For R → ∞, one gets

Q ∝ 1

2π
[Λ(∞, t0) − Λ(−∞, t0)] − [Λ(∞, t1) − Λ(−∞, t1)] = (n−m). (3.54)

As t0 → −∞ and t1 → ∞, the time evolution corresponds to a specific path in the Feynman
path integral. The instantons interpolate between different classical vacua. Hence, an
instanton configuration with topological charge Q = m − n induces a transition from a
classical vacuum with winding number n to one with winding number m = n+Q. Writing
it as a Feynman path integral that describes the amplitude from one classical vacuum to
another with a field configuration restricted to a topological sector Q, one has

〈m|U(−∞,∞)|n〉 =

∫

Dz(m−n) exp(−S[z]), (3.55)

where U(t1, t0) is the time evolution operator and z(Q) the instanton field configuration with
topological charge Q. A gauge transformation thus relates the different classical vacua of
the model. In the quantum theory, such a transformation can be implemented by a unitary
operator T , which acts on a wave functional Ψ[z] as

TΨ[z] = Ψ[gz], (3.56)

where g denotes a U(1) gauge transformation. Acting on a state describing small quantum
fluctuations around a classical ground state, one finds

T |n〉 = |n+ 1〉. (3.57)

Since the ladder operator T implements a gauge transformation in a gauge-invariant model,
it has to commute with the Hamiltonian H . This implies

[H, T ] = 0, (3.58)

and each eigenstate of the Hamiltonian can be labeled by an eigenvalue of T . Eigenvalues
of a unitary operator are complex phases exp(iθ), for example, for the vacuum state |θ〉
one has

T |θ〉 = exp(iθ)|θ〉. (3.59)

On the other hand, one can build the θ-vacuum state as a linear combination of states |n〉

|θ〉 =
∑

n

cn|n〉. (3.60)

Using the following argument, one can easily specify the coefficients cn

T |θ〉 =
∑

n

cnT |n〉 =
∑

n

cn|n+ 1〉

=
∑

n

cn−1|n〉 = exp(iθ)
∑

n

cn|n〉. (3.61)
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This clearly implies

cn−1 = exp(iθ)cn ⇒ cn = exp(−inθ), (3.62)

and the vacuum state can be finally expressed as

|θ〉 =
∑

n

exp(−inθ)|n〉. (3.63)

As expected, the true vacuum of the quantum CP (N − 1) model is a linear combination
of classical ground states with different winding numbers. To each value of θ corresponds
a vacuum state. This is analogous to the energy band in a solid, where as a consequence
of the discrete translation symmetry a state is labeled by a Bloch momentum. Let us see
whether one can have transitions between two θ-vacua,

〈θ|U(∞,−∞)|θ′〉 =
∑

n,m

exp(imθ) exp(−inθ′)〈m|U(∞,−∞)|n〉

=
∑

m,Q=m−n

exp(imθ − i(m−Q)θ′)

∫

Dz(Q) exp(−S[z])

= δ(θ − θ′)
∑

Q

∫

Dz(Q) exp(−S[z]) exp(iθQ[z]) =

∫

Dz exp(−Sθ[z]). (3.64)

This confirms that there are no possible transitions between different θ-vacua, which means
that they are eigenstates. It is now possible to express the action in a non-trivial topological
sector (θ 6= 0) as

Sθ[z] = S[z] − iθQ[z], (3.65)

where S[z] and Q[z] are given by (3.8) and (3.32). This is an important result, since in
the next chapter we will investigate the model at the non-trivial angle θ = π. Finally, in
terms of the matrix variable P (x) (3.11), the topological charge takes the form

Q[P ] =
1

2πi

∫

d2x εµν Tr[P (x)∂µP (x)∂νP (x)]. (3.66)

The factor i is needed here to obtain a real answer because the integral is purely imaginary.

3.3 Topological Consequences in QCD

There has been considerable interest in the subject of topology in field theory, especially
also on the lattice. In particular, the CP (N − 1) model offers a perfect framework to
analyze different mechanisms that can occur as well in QCD. Indeed, in the physical theory
classical vacuum field configurations are characterized by an integer winding number from
the homotopy group π3(SU(N)) = �. Hence, one has as well instantons with topological
charge Q that describe tunneling between topologically distinct vacua. Again, a θ-vacuum
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structure and the vacuum angle manifests itself as an additional term iθQ in the Euclidean
action with

Q = − 1

32π2

∫

d4x εµνρσTr[Fµν(x)Fρσ(x)]. (3.67)

The gluon field strength Fµν is defined for non-abelian gauge theories as

Fµν(x) = ∂µAν(x) − ∂νAµ(x) + g2[Aµ(x), Aν(x)], (3.68)

where g2 is the dimensionless coupling constant of the 4-d SU(3) Yang-Mills theory already
introduced in section 2.6.1 for SU(N) pure gauge theory. Adding such a topological term
in the action has an influence on the symmetries both in QCD and in the CP (N−1) model.
In the first case, this term explicitly breaks the CP symmetry for θ 6= 0, π. As a physical
consequence, the electric dipole moment of the neutron would have a value proportional to
θ, while without a θ-term (and thus without CP violation), such a dipole moment vanishes.
In fact, the observed dipole moment of the neutron is indistinguishable from zero, which
puts a strong bound on the vacuum angle, i.e. |θ| < 10−9. Understanding why in nature θ
seems to be zero is known as the “strong CP -problem”.

The non-trivial topology of the gauge fields offers a nice explanation of another puz-
zling problem, the so-called “U(1)-problem”. In the standard model of particle physics, the
non-trivial topology in SU(2)L gauge fields gives rise to a violation of the baryon number
conservation law. Similarly, the non-trivial topology of gluons fields in QCD leads to the
explicit breaking of the flavor-singlet axial symmetry. This observation allowed ’t Hooft
to understand the so-called U(1)-problem of QCD — the question why the η′ meson is
not a Goldstone boson of spontaneous chiral symmetry breaking. The chiral symmetry of
the classical massless QCD Lagrangian is SU(Nf )L ⊗ SU(Nf )R ⊗U(1)L ⊗U(1)R, while in
the spectrum only the flavor and baryon number symmetries SU(Nf )L+R ⊗ U(1)L=R are
manifest. According to the Goldstone theorem, one might expect N2

f Goldstone bosons,
while one has only N2 − 1 Goldstone bosons in QCD. The candidate for the missing par-
ticle is the meson η′. However, its mass is far too heavy to be a Goldstone boson. The
clue is then to understand why the U(1) axial symmetry is not spontaneously broken,
although it is not manifest in the spectrum. ’t Hooft realized that this U(1) axial symme-
try does not survive quantization and is therefore not a symmetry of QCD. In fact, it is
explicitly broken by the Adler-Bell-Jackiw anomaly [108], the corresponding current is not
conserved after quantization. More precisely, the topologically non-trivial gauge configu-
rations of the gluon fields (for example the instantons) give mass to the η′-meson. More on
the chiral anomaly and on topological concepts in gauge theories can be found in [107, 109].

The strong CP and U(1) problems are in fact closely related. Naively one can hope to
solve the strong CP problem by considering that gluon fields with Q 6= 0 are very much
suppressed. However, this would not work because one needs frequent gluon configurations
with Q 6= 0 in order to solve the U(1)-problem. Thus, solving the strong CP problem
in that way will not help much since we will immediately face again the U(1)-problem.
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A nice solution of both questions was proposed by Peccei and Quinn in [110, 111]. They
suggested to go beyond the standard model and introduce a model with two Higgs doublets
instead of one. The second Higgs field allows to rotate θ away and implies an extra
global U(1)PQ symmetry which breaks down spontaneously. Later Weinberg and Wilczek
pointed out that this leads to the creation of a new pseudo-Goldstone boson called the
axion. This particle has so far not been detected by experiments, hence it is still unclear
whether this scenario is the right solution of the strong CP problem. Nevertheless, the
spontaneous symmetry breaking scale can be shifted to higher energies, making the axion
at the moment impossible to detect. If axions exist, they could well play a major role in
the Universe. Although weakly coupled to ordinary matter, they are massive and could
be a dark matter candidate. Moreover, the spontaneous breakdown of a U(1) symmetry
is always accompanied by the generation of topological defects, in our case, the generation
of cosmic strings. Therefore, if the axion exists, axionic cosmic strings should be present
as well. These topological excitations could then radiate energy by emitting axions.



Chapter 4

Study of CP (N − 1) θ-Vacua Using

D-Theory

4.1 Introduction

In this chapter, we will illustrate the efficiency of the D-theory formulation in the case
of CP (N − 1) model. Previously, we have described the algebraic structure of various
D-theory models both with global and gauge symmetries. This was already some achieve-
ment, but it is also important to show explicitly that our alternative regularization allows
us to solve problems which are not accessible with the Wilson traditional non-perturbative
approach. Typically, the topological structure of the vacuum and hence the non-trivial
topology of field theories is among that type of problems. In the previous chapter, we have
presented the classical continuum formulation of the CP (N − 1) model. In particular, we
have seen that this model is topologically non-trivial, and hence has a θ-vacuum structure.

As emphasized before, the 2-dimensional CP (N − 1) model and its topological vac-
uum structure have been intensively studied on the lattice. First, for large values of N ,
the theory is linearly confining at θ = 0 with particle-anti-particle bound states [89, 92].
Further more, at θ = π it has been conjectured that the model has a phase transition. In
the large N limit, the charge conjugation C and the parity P are spontaneously broken
and the phase transition is known to be first order [112, 113]. The mass-gap reduces by
approximately a factor of two but remains finite. In the strong coupling region, Seiberg
showed that C and P are spontaneously broken for all N [113]. However, for N = 2, the
model corresponds to the 2-dimensional O(3) model and the phase transition is known to
be second order at θ = π. Indeed, following Haldane’s arguments, the CP (1) model can be
obtained from the large spin s limit of a quantum antiferromagnetic spin chain [54, 55, 56].
The consequence is a second order phase transition with a vanishing mass-gap. This has
been verified numerically with a meron-cluster algorithm by Bietenholz, Pochinsky, and
Wiese in [66]. Nevertheless, Seiberg’s statement is still correct, since at strong coupling
one indeed has spontaneously broken C and P symmetries for all N . In the weak coupling
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phase, C and P are unbroken for N = 2 with a diverging correlation length. Based on
these results, Affleck has later conjectured that the situation is so for N = 2 but not for
larger values of N where the phase transition should be first order at θ = π for N ≥ 3
[114, 115].

The only way to decide the validity of this conjecture is to perform reliable numerical
simulations. However, Monte Carlo simulations at θ = π in the usual Wilson framework
are extremely difficult. Indeed, there is a severe sign problem due to the complex topolog-
ical term in the action. As emphasized before, the complex Boltzmann weights imply an
increasing statistical error for θ 6= 0. Nevertheless, many attempts have been made in that
direction. It turns out that none of them was able to get rid of the sign problem and thus
to give a clear answer concerning the above conjecture. Studies have been performed for
moderate volumes and in the strong coupling region in [116, 117] or they rely on additional
extra assumptions [118, 119, 120]. Other more direct studies, which also suffer from the
sign problem can be found in [121, 122]. Numerical investigations of the CP (N−1) models
are far from being straightforward even at θ = 0. In the case of the O(N) non-linear σ
model, one can construct an efficient Wolff-cluster algorithm [51, 52], which almost com-
pletely eliminates the critical slowing down in the continuum limit. We are hence in an
ideal situation and the model can be solved numerically with very high precision. In case
of the lattice CP (N − 1) models, a no-go theorem forbids the existence of such an efficient
algorithm [123]. Therefore, most of the simulations near the continuum limit suffer from
severe critical slowing down. Still, at θ = 0 a rather efficient multigrid algorithm was
developed in [101, 102]. As emphasize before, the situation is worst at θ = π. Simulations
are simply impossible due to the sign problem. Unfortunately, in this case, the results
obtained in [66] for CP (1) cannot be extended to higher N due to the no-go theorem. The
efficiency of the D-theory cluster algorithms will be discussed in the next chapter. There,
we will present our cluster algorithms in more details.

In the present chapter, we demonstrate that it is possible to draw a clear conclusion
on the Seiberg-Affleck conjecture using the D-theory formulation of the model. Indeed,
we found a first order phase transition at θ = π for N ≥ 3, with spontaneous charge con-
jugation symmetry breaking. This confirms the previous hypothesis and provides a final
answer to this difficult problem. Our method is based on the D-theory formulation of field
theory in which continuous classical fields emerge from dimensional reduction of discrete
variables. This framework has been detailed in the second chapter of this thesis, except
for CP (N − 1) models. Here, we show that, although the D-theory regularization has a
completely different structure than the Wilsonian formulation, it yields the same universal
continuum theory. As for the other field theories described in chapter 2, the CP (N − 1)
fields emerge from dimensional reduction of discrete quantum variables.

There are different ways to formulate CP (N − 1) models in the D-theory context. As
we will see, some of them are better suited for numerical simulations. First, we can work
in complete analogy with what has been described in the second chapter, i.e. working with
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the embedding algebras SU(N + 1) for the quantum spin variables and SU(2) for the
quantum links. However, we will see that in this framework, it is far from obvious how
to define an efficient cluster algorithm. This is due to the extra U(1) gauge symmetry
of the model. Hence, we looked for another type of regularization. Indeed, we noticed
that the CP (N − 1) fields can emerge from dimensional reduction of SU(N) quantum
spins systems. This was a major breakthrough in this research project and most of the
following results are based on this observation. In particular, we will see that one way to
regularize d-dimensional CP (N − 1) models at θ = 0 is to consider a (d+ 1)-dimensional
SU(N)-symmetric quantum ferromagnet. In that context, we will demonstrate the equiv-
alence between the D-theory and the Wilson regularizations. In order to investigate the
θ-vacuum structure, we will need to consider SU(N)-symmetric quantum spin ladders with
ferromagnetic coupling along a spacial axis and an antiferromagnetic coupling in the other
direction. We will see that an even number of transversely coupled spin chains leads to
CP (N − 1) models with vacuum angle θ = 0, while an odd number of chains yields θ = π.
Eventually, we will show that 1-dimensional quantum spin chains, with various represen-
tations of the algebra on each site, regularizes as the 2-dimensional model both at θ = 0
and θ = π. However, this formulation is less in the spirit of D-theory since one does not
have dimensional reduction.

In contrast to the Wilson formulation, one does not face the sign problem at θ = π
with the D-theory formulation. We use very efficient cluster algorithms to investigate our
D-theory models. In the next chapter, we will describe the algorithmic framework in detail.
In particular, no critical slowing down occurs as one approaches the continuum limit. In
this way, one evades the no-go theorem which prevents the construction of efficient cluster
algorithms in the Wilson context. What follows is based on the published work [25, 26].

4.2 D-Theory Formulation of CP (N − 1) Models

In this section, we present CP (N−1) models in the framework of D-theory using the same
type of arguments as in chapter 2. Hence, we construct a quantum Hamiltonian which
regularizes the model on the lattice and illustrate a possible choice for the representation
of the embedding algebras. Let us begin by considering the 2-dimensional CP (N − 1)
action (3.8) in the Wilson framework. This can be formulated in terms of classical unit
vectors ~zx and complex link variables ux,µ ∈ U(1). Omitting the vector and matrix indices
this yields

S[z, u] = − 1

g2

∑

x,µ

(z†xux,µzx+µ̂ + z†x+µ̂u
†
x,µzx). (4.1)

As in the continuum formulation, where we do not have a field strength tensor for Aµ,
there is no plaquette term for the auxiliary gauge field. Consequently, the gauge field can
be integrated out and acts therefore only as an auxiliary field. In D-theory, quantization is
performed by replacing the classical variables by quantum operators. The corresponding
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Hamiltonian operator hence takes the form

H = −J
∑

x,µ

(Z†
xUx,µZx+µ̂ + Z†

x+µ̂U
†
x,µZx). (4.2)

Indeed, in section 2.2.3 we have seen that a complex vector ~z is represented in D-theory
by a vector of 2N Hermitean operators ~Z embedded in the algebra of SU(N + 1). On the
other side, a classical U(1) link variable is represented in D-theory by the quantum link
operator

Ux,µ = S1
x,µ + iS2

x,µ = S+
x,µ, (4.3)

which is the raising operator of an SU(2) algebra on each link. As before, one can express
these operators in terms of fermionic constituents. Indeed, in the rishon representation we
get

Z i
x = c0†x c

i
x, Ux,µ = c†x,+µcx+µ̂,−µ. (4.4)

Again, the creation and annihilation operators ci and c† obey the usual anticommutation
relations. The dimension of the representation is determined by the number of rishons on
each site, respectively links. The global SU(N) transformations are generated by

~G =
∑

x

∑

ij

ci†x
~λijc

j
x, (4.5)

where ~G is a vector of SU(N) generators obeying [Ga, Gb] = 2ifabcG
c. Here ~λ is a vector of

Gell-Mann matrices for SU(N) which obeys [λa, λb] = 2ifabcλ
c and Tr(λaλb) = 2δab. The

generator of the U(1) gauge transformation takes the form

Gx =
1

2

∑

µ

(Tx−µ̂,µ − Tx,µ) +
∑

i

ci†x c
i
x, (4.6)

where we have
Tx,µ = c†x,+µcx,+µ − c†x+µ̂,−µcx+µ̂,−µ. (4.7)

The invariance properties of the model follow from the commutation relations

[H, ~G] = [H,Gx] = 0. (4.8)

The quantum Hamiltonian (4.2) describes the evolution of the system in an extra dimen-
sion. Consequently, in D-theory, the partition function of a 2-dimensional CP (N − 1)
model is given by a (2 + 1)-dimensional path integral with a finite extent β in the extra
dimension. In complete analogy with other 2-dimensional models described in chapter 2,
in the β → ∞ limit we have a 3-dimensional system with a global SU(N) and a local U(1)
symmetry, according to (4.8). If one assumes the same symmetry breaking as in Wilson’s
theory, one has a broken phase where only a global U(N − 1) symmetry is left intact.
Hence, one gets Goldstone bosons which live in the coset manifold

SU(N)/U(N − 1) = CP (N − 1) ∼ S2N−1/S1. (4.9)
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In fact, they are just the N -component complex unit-vector fields ~z(x) of a CP (N − 1)
model with a U(1) gauge symmetry. Therefore, one can write the low-energy effective
action of the quantum system described by (4.2) as

S[z, A] =

∫ β

0

dx3

∫

d2x
ρs

2

[

|(∂µ + Aµ)~z|2 +
1

c2
|∂3~z|2

]

. (4.10)

As expected, there is no kinetic term for the gauge field Aµ. Since we have not imposed
Gauss’ law for the states propagating in the extra dimension, the third component A3 of
the gauge field vanishes. Consequently, an ordinary (non-covariant) derivative arises in
the last term. The dimensional reduction of the 3-dimensional model to the 2-dimensional
target theory is exactly as in O(N) or chiral models. When the extent β of the extra
dimension becomes finite, the Hohenberg-Mermin-Wagner-Coleman implies the generation
of an exponentially large (but finite) correlation length

ξ/a′ ∝
(

N

4πβρs

)2/N

exp

(
4πβρs

N

)

. (4.11)

This exponential divergence is due to asymptotic freedom. Again, 1/g2 = βρs defines the
coupling constant g2 of an effective Wilsonian lattice CP (N−1) model with lattice spacing
a′. Here, the 1-loop β-function coefficient is N/4π. In that case, the exact mass-gap of
the theory is not known analytically. The continuum limit of this effective lattice model
is reached as g2 → 0, which corresponds to an increasing extent β → ∞ in the extra
dimension. Still, in physical units of ξ, it is clear from the relation (4.11) that the extent
β is negligible. Therefore, the (2 + 1)-dimensional D-theory model is reduced to the 2-d
CP (N − 1) model. In higher dimensions, the reduction is as in O(N) models with N ≥ 3
or in chiral models (sections 2.4.1 and 2.4.2). One-dimensional CP (N − 1) quantum spin
chains with the Hamiltonian (4.2) could be interesting because of its similarities with a
quantum Heisenberg model. Formulating the quantum CP (N−1) models with appropriate
representations of the embedding algebra SU(N + 1) may correspond to a 2-dimensional
classical CP (N − 1) model with a θ-term. However, as we will see, other D-theory formu-
lations offer an easier way to describe and simulate the θ-physics.

Of course, the dynamics of spontaneous symmetry breaking and dimensional reduction
described above have to be checked numerically. Unfortunately, this D-theory formulation
for CP (N − 1) models is not so well suited for numerical simulations. Originally, one has
expected to construct efficient cluster algorithms to simulate the D-theory model described
by (4.2). However, this seems to be really difficult in this framework. The major difficulties
are related to the U(1) gauge symmetry of the model. Indeed, although efficient cluster
algorithms exist for different classical or quantum spin systems, so far none have been
developed for gauge theories, neither with the Wilson formulation nor with D-theory. A
cluster algorithm for U(1) quantum link models was investigated in [83, 124] but turns out
to be inefficient close to the continuum limit. Remarkably, one can evade this problem by
considering different quantum systems whose low-energy effective theories are described
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by CP (N − 1) models. This has allowed us to simulate CP (N − 1) models both at θ = 0
and θ = π. However, with these formulations, we lost the gauge theory aspect of the
model. Therefore, finding efficient cluster algorithms for quantum link models, and hence
for gauge theories, is still an open problem.

4.3 CP (N − 1) Model at θ = 0 as an SU(N) Quantum

Ferromagnet

In what follows, we construct a ferromagnetic SU(N)-symmetric quantum spin system
which provides a regularization for CP (N − 1) models at θ = 0 in the framework of D-
theory. The model emerges as the low-energy effective theory of the quantum system. The
SU(N) symmetry is spontaneously broken to U(N − 1) and the corresponding Goldstone
bosons live in the coset space CP (N − 1). More precisely, the d-dimensional CP (N − 1)
variables emerge from dimensional reduction of discrete SU(N) quantum spins in (d + 1)
space-time dimensions.

4.3.1 SU(N) quantum ferromagnet

Ferromagnetic systems have been intensively studied both from a condensed matter and
from a field theoretical point of view. In particular, the low-temperature behavior of 2-d
quantum ferromagnets has been investigated in [125]. Let us first describe in some detail the
theoretical structure of an SU(N)-symmetric ferromagnetic quantum system. The SU(N)
quantum spin variables are located on the sites x of a d-dimensional periodic hypercubic
lattice of size Ld. They are represented by Hermitean operators T a

x that generate the group
SU(N) on each site and obey

[T a
x , T

b
y ] = iδxyfabcT

c
x ,

Tr(T a
xT

b
y ) =

1

2
δxyδab. (4.12)

Here, fabc are the structure constants of SU(N) and a = 1, ..., N2 − 1. In particular, they
are Gell-Mann matrices for the triplet representation of SU(3), i.e. T a

x = 1
2
λa

x. In principle,
these generators can be chosen in any irreducible representation of SU(N). However,
as we will see, the choice of the representation is essential since not all of them lead to
spontaneous symmetry breaking from SU(N) to U(N − 1). The Hamilton operator of an
SU(N)-symmetric ferromagnet has the form

H = −J
∑

x,µ

T a
xT

a
x+µ̂, (4.13)

where J > 0 is the exchange coupling. Here, we have nearest neighbor interactions. By
construction, this Hamilton operator is invariant under global SU(N) transformations
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because it commutes with the total spin T a, which is given by

T a =
∑

x

T a
x . (4.14)

The Hamiltonian (4.13) describes the evolution of the quantum system in an extra dimen-
sion of finite extent β. Note that this extra dimension is not the Euclidean time of the
target CP (N − 1) theory which is already part of the d-dimensional lattice. Instead, it
is an additional compactified dimension which will ultimately disappear via dimensional
reduction. Hence, one has the following quantum partition function

Z = Tr exp(−βH), (4.15)

where the trace extends over the physical Hilbert space which implies periodic boundary
conditions in the extra dimension.

4.3.2 Low-energy effective theory

Let us now investigate the low-energy sector of this (d+1)-dimensional quantum ferromag-
net. For d ≥ 2, the ground state of the quantum spin system has a broken global SU(N)
symmetry. Remarkably, the choice of the representation determines the symmetry break-
ing pattern. Here, we want a spontaneous symmetry breaking from SU(N) to U(N −1) in
order to obtain Goldstone bosons that live in the coset space CP (N − 1). We found that
the corresponding SU(N) representation is completely symmetric and can be represented
by a Young tableau with a single row containing n boxes.

...
︸ ︷︷ ︸

n

(4.16)

Let us illustrate this with the case of SU(3). For simplicity, we place the fundamental
triplet representation {3} of SU(3) on each site, which consists of a Young tableau with a
single box. Coupling a number of spins results in a direct sum of SU(3) representations.
For example, when coupling three spins, one gets

⊗ ⊗ = ⊕ 2 ⊕ , (4.17)

which is equivalent to

{3} ⊗ {3} ⊗ {3} = {10} ⊕ 2{8} ⊕ {1}. (4.18)

In SU(3), one has three spin flavors q ∈ {u, d, s}. We choose the symmetric ground state
|uuu〉 transforming in the decuplet representation. This ground state breaks SU(3) but is
invariant under the SU(2) transformations which mix the spins d and s. Moreover, it is
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clear that a global U(1) transformation, which is just a phase acting on the ground state,
leaves this vacuum unchanged. Hence, this yields the correct SU(3) → SU(2) ⊗ U(1) =
U(2) spontaneous symmetry breaking. On the other hand, if one chooses a ground state
which transforms in the adjoint representation (the octet representation), one finds that
only a U(1) ⊗ U(1) symmetry is left intact. This, of course, implies a different low-energy
physics. For L2 spins, we choose the corresponding symmetric {(L2 + 1)(L2 + 2)/2}-
dimensional representation consisting of a Young tableau (4.16) with n = L2 boxes. This
yields the correct SU(3) → SU(2) ⊗ U(1) = U(2) spontaneous symmetry breaking.

Generalization to SU(N) is straightforward. We couple L2 SU(N)-spins with a sym-
metric representation with n boxes on each site. One then chooses the completely symmet-
ric representation which consists of a multiplet of dimension (N+nLd−1)!/(N−1)!(NLd)!.
It is then easy to build the ground state. We can choose, for example, to put SU(N)-spins
q ∈ {u, d, s, . . .} of type u on each site. The Ld-dimensional vacuum vector |0〉 is then
defined by the symmetric combination |uu . . . u〉 = |0〉. As a consequence, one generates a

uniform magnetization ~M and the ground state is no longer invariant under SU(N) but
only under SU(N − 1) ⊗ U(1) = U(N − 1). Indeed, an SU(N − 1) transformation, which
mixes all the spins but u, leaves the vacuum state invariant. As before, U(1) acts on |0〉
as a phase and has no effect on the vacuum. According to the Goldstone theorem, there
are therefore (N2 −1)− (N −1)2 = 2N −2 massless particles which govern the low-energy
physics. They are represented by the previously introduced matrix field P (x) and live in
the coset space SU(N)/U(N − 1) = CP (N − 1). The uniform magnetization is an order
parameter which is a conserved quantity. It is defined as the sum over all spins

Ma =
∑

x

T a
x . (4.19)

At zero temperature, the mean value 〈 ~M〉 does not vanish. This has important conse-
quences for the low-energy physics of the ferromagnetic Goldstone bosons which are also
called magnons or spin-waves. In particular, their energy-momentum dispersion relation

E =
ρs

m
|~p|2, (4.20)

is non-relativistic. This was investigated by Leutwyler in [126]. Again, ρs is the spin
stiffness and m = |~m| is the magnetization density where we have

〈 ~M〉 =

∫ β

0

dt

∫

ddx ~m. (4.21)

Note that in a relativistic theory, e.g. an antiferromagnet, the ground state is Lorentz in-
variant and the charges of an internal symmetry are integrals over the time components
of the corresponding currents. Therefore, they cannot pick up an expectation value and
appear to vanish for dynamical reasons.
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The low-energy effective Lagrangian for SU(N) ferromagnets can then be constructed
using chiral perturbation theory. As always, the expansion is ordered according to the
number of derivatives of the matrix field P (x). To leading order, the Euclidean action is
given by

S[P ] =

∫ β

0

dt

∫

ddx

[

ρsTr(∂µP∂µP ) − 2m

∫ 1

0

dτ Tr(P∂τP∂tP − P∂tP∂τP )

]

. (4.22)

In this effective Lagrangian, the order parameter 〈 ~M〉 manifests itself through a topological
term, the so-called Novikov-Wess-Zumino-Witten term which involves an integral over an
interpolation parameter τ ∈ [0, 1]. It is also manifestly SU(N) invariant. Again, for an
antiferromagnet, this term does not show up because the uniform magnetization vanishes.
Remarkably, for a ferromagnet this contribution is relevant already at leading order and
modifies strongly the low-energy structure of the system. The interpolation parameter τ is
an unphysical extra dimension which has only a mathematical meaning. Let us show now
that the topological term

SWZW [P ] ∝
∫ β

0

dt

∫ 1

0

dτ Tr(P∂τP∂tP − P∂tP∂τP ) (4.23)

is an integer winding number. Since one has periodic boundary conditions in the β direc-
tion, the extra dimension is topologically equivalent to a circle S1. Therefore, introducing
an interpolation parameter τ , the magnon field P (x, t) defined on �d×S1 is extended to a
field P (x, t, τ) in the higher-dimensional space-time �d×H2. Here, H2 is the 2-dimensional
hemisphere with the compactified extra dimension as its boundary. The field obeys the
boundary conditions P (x, t, 1) = P (x, t) and P (x, t, 0) = diag(1, 0, ..., 0). At intermediate
values of τ the field is smoothly interpoled between these two limiting cases. There is no
topological obstruction against such interpolation because π1[CP (N − 1)] is trivial. Of
course, the (d+ 1)-dimensional physics has to be independent of how the field is deformed
into the bulk of the (d+ 2) dimensions. There is, in fact, an integer ambiguity due to the
choice of the interpolation. This can be illustrated by the following example. Let us choose
an integration domain H2′, which is another 2-dimensional hemisphere as shown in figure
4.1. We hence consider also the corresponding interpolated field P ′(x, t, τ). The difference
between the two choices is an integer. Indeed, one has

∫

H2

dt dτ Tr(P∂τP∂tP − P∂tP∂τP )) −
∫

H2′

dt dτ Tr(P ′∂τP
′∂tP

′ − P∂tP∂τP ))

=

∫

H2∪H2′=S2

dt dτ Tr(P∂τP∂tP − P∂tP∂τP )) = k ∈ �. (4.24)

The last identity is due to the fact that π2[CP (N − 1)] = � and we refer to chapter
3 for more details on the topological structure of CP (N − 1) models. Of course, such
mathematical ambiguity should not affect the physics. Therefore, the prefactor m of the
Novikov-Wess-Zumino-Witten term in (4.22) has to be quantized. This ensures that the



72 Chapter 4. Study of CP (N − 1) θ-Vacua Using D-Theory

H2

P (x, t)

P (x, t)

P (x, t)
P (x, t, τ)

P (x, t, τ)

H2′

P ′(x, t, τ)

S2 = H2 ∪H2′

Figure 4.1: Examples of two different interpolations of P (x, t, τ) on H2 and H2′. The
difference of these two interpolations results in an integer ambiguity.

integer contribution k from the (d + 2)-dimensional bulk cancels in the path integral.
Remarkably, one can prove that the prefactor m is just determined by the number of boxes
n of the chosen representation. This can be done by computing the energy-momentum
dispersion relation of the ferromagnetic magnons directly in the microscopic theory. One
can then match the result with the one obtained using chiral perturbation theory. The
details of the calculation are presented in appendix A and on finds

m =
n

2
. (4.25)

Moreover, it is also possible to determine the spin stiffness ρs in terms of the microscopic
parameters J and n. We found that

ρs =
Jn2

4
, (4.26)

and we refer again to appendix A for more details.

4.3.3 Dimensional reduction

To summarize, the low-energy effective theory of an SU(N) quantum ferromagnet with a
symmetric representation of the symmetry group results in a (d + 1)-dimensional model
described by the effective action (4.22). Let us show now that after dimensional reduction
one obtains the d-dimensional CP (N−1) model at vacuum angle θ = 0. First, we consider
the case d = 2. At β = ∞, we know that the system has a broken SU(N) symmetry and
thus massless Goldstone bosons. Again, as soon as β becomes finite, the Hohenberg-
Mermin-Wagner-Coleman theorem forbids a spontaneously broken global symmetry and,
consequently, the magnons pick up a small mass non-pertubatively. The corresponding
correlation length hence becomes finite and the SU(N) symmetry is restored over that
length. The question then arises if ξ is bigger or smaller than the extent β of the extra
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dimension. As it will be argued below, ξ � β and the Goldstone boson fields are essentially
constant along the extra dimension . The system hence undergoes dimensional reduction to
the 2-dimensional target theory. Indeed, the Novikov-Wess-Zumino-Witten term contains
∂tP and simply vanishes after dimensional reduction. The action therefore reduces to

S[P ] = βρs

∫

d2x Tr[∂µP∂µP ], (4.27)

which is just the action of the 2-d CP (N − 1) model at θ = 0. As before, g2 is the
coupling constant of the continuous field theory. It is determined by the extent of the
extra dimension and is given by

1

g2
= βρs. (4.28)

Since the 2-dimensional CP (N−1) model is asymptotically free, one can use the universal
asymptotic formula for the correlation length [15]

a′/ξ = C (β1g
2)−β2/β2

1 exp

(

− 1

β1g2

)

{1 + O(g2)}. (4.29)

Here, β1, β2 are, respectively, the 1- and 2-loop β-function coefficients and C is an unknown
coefficient. Like in the 2-dO(3) model, one averages the (d+1)-dimensional field over blocks
of size β in the extra dimension and a′ in the space-time dimensions (see figure 2.1). For
an antiferromagnetic system, the energy-momentum dispersion relation is relativistic (i.e.
E = pc) and we have

E =
1

β
= pc =

c

a′
⇒ a′ = βc. (4.30)

In the case of a ferromagnet, on the other hand, the dispersion relation is non-relativistic
and is determined by (4.20). Hence the lattice spacing a′ is determined as

E =
1

β
=
ρs

m
p2 =

ρs

ma′2
⇒ a′ =

√

βρs

m
. (4.31)

Using the universal 1- and 2-loop β-function coefficients of the CP (N − 1) model, β1 =
N/4π and β2 = 8π/N2, one finds the following correlation length. At leading order, it is
exponentially large in β

ξ = C

√

βρs

m

(
N

4πβρs

)2/N

exp

(
4πβρs

N

)

. (4.32)

One sees that ξ � β as long as β itself is sufficiently large. As in all asymptotically free
D-theory models, dimensional reduction happens in the large β limit because ξ then grows
exponentially. One then approaches the continuum limit not by adjusting a bare coupling
constant but by increasing the extent β of the extra dimension. It should be noted that
no fine-tuning is needed to approach this limit.
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Unfortunately, the parameter C is not known analytically in the case of the CP (N−1)
models. Therefore, as in QCD, one cannot determine the exact mass-gap of the model. In
fact, analytic techniques developed to solve 2-dimensional O(N) models or chiral models,
happen to fail for CP (N − 1) models. Using techniques specific to two dimensions, the
brothers Zamolodchikov have derived the exact S-matrix of certain quantum field models
[127]. Based on this, Hasenfratz and Niedermayer were able to extract analytically the
mass-gap of the theories [49, 78]. However, with the D-theory formulation, it may be
possible to determine this mass-gap numerically. Ideas in that direction are given in the
conclusion.

Let us say a word about the situation for d > 2. In that case, dimensional reduction still
occurs but the Goldstone bosons remain massless even at finite β. Similarly, as in the case
of the CP (1) = O(3) model (see section 2.1.4), if β is decreased sufficiently, the SU(N)
symmetry is restored and the massless modes are replaced by massive excitations. By fine-
tuning the extent β to the critical value from below, one can reach a continuum limit of the
target theory provided that the corresponding phase transition is second order. Whether
the phase transition between the massive and massless phase is first or second order has
to be checked numerically. Nevertheless, once we are in a massless phase, D-theory applies
naturally.

4.3.4 Equivalence with Wilson’s regularization

In order to verify that the SU(N) quantum ferromagnet indeed defines CP (N − 1) mod-
els in the continuum limit, we can compare physical results obtained from the D-theory
formulation and from Wilson’s lattice field theory. Let us consider the d = 2 case and the
following standard lattice action

S[P ] = − 2

g2

∑

x,µ

Tr[PxPx+µ̂]. (4.33)

The continuum limit is reached as g → 0. A convenient physical quantity characteristic
for a given model is the universal step scaling function. Indeed, it can be considered as a
model’s finger print and can be defined as

F (z) =
ξ(2L)

ξ(L)
, (4.34)

where ξ(L) is the correlation length obtained with the so-called “second moment method”
[128, 129, 130] in a finite system of size L. The finite size scaling variable z = ξ(L)/L mea-
sures the size of the system in physical units. We have performed Monte Carlo simulations
in both frameworks, with our cluster algorithm for the 2-d SU(3) quantum ferromagnet,
and with a usual Metropolis algorithm for the Wilsonian CP (2) model. The results are
presented in figure 4.2. Up to small scaling violations, the agreement between the two
data sets confirms that the D-theory formulation provides a valid regularization of 2-d
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Figure 4.2: Monte Carlo data for the universal finite-size scaling function F (z) of the 2-
dimensional CP (2) model at θ = 0. The black points represent D-theory data from an
SU(3) quantum ferromagnet at βJ = 5.5 and 6, while the pink open squares correspond to
data obtained with the standard Wilson lattice field theory at 1/g2 = 2.25 and 2.5.

CP (N − 1) models. This proves both the spontaneous symmetry breaking scenario and
the dimensional reduction mechanism. Remarkably, thanks to the cluster algorithm, the
D-theory framework allows calculations that are much more accurate than the ones using
the Wilson approach. In particular, critical slowing down is almost completely removed
close to the continuum limit.

4.4 CP (N−1) Models at θ = 0, π as an SU(N) Quantum

Spin Ladder

As stressed earlier, we would like to demonstrate the efficiency of the D-theory formulation
in the context of the CP (N−1) models. In this section, we will show that SU(N) quantum
spin ladders with an odd number of chains yield the CP (N − 1) models at θ = π. In
contrast to Wilson’s formulation, no sign problem arises and an efficient cluster algorithm
is used to investigate the θ-vacuum effects. We will present several results from numerical
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L′

L β

x

y

Figure 4.3: Spin ladder geometry: The open circles belong to sublattice A, while the filled
circles form sublattice B. As before, β is the inverse temperature of the quantum system.

simulations, which confirm the existence of the conjectured first order phase transition
with spontaneous breaking of the charge conjugation symmetry at θ = π with N ≥ 3.

4.4.1 SU(N) quantum spin ladders

Quantum spin ladders are interesting systems which have been studied in detail in the
past. In particular, Haldane’s conjecture has been generalized to quantum spin ladders in
[131]. The ladders consisting of an odd number of transversely coupled spin 1/2 chains
are gapless, while they have a mass-gap for an even number of chains [132, 133, 134].
Moreover, as one increases the even number of coupled chains, the mass-gap decreases
exponentially. In the limit of a large even number of coupled spin chains, one approaches
the continuum limit of the 2-d classical O(3) model, which is equivalent to CP (1) [135].
More recently, quantum spin ladders placed in a external uniform magnetic field have been
studied with a powerful meron-cluster algorithm [28]. The corresponding quantum field
theory is a (1 + 1)-d O(3) model with a chemical potential. Such field theories are usually
very difficult to simulate due to the notorious complex action problem.

As for the SU(N) ferromagnet, we use generalized quantum spins T a
x which generate an

SU(N) symmetry. Again they obey the relations (4.12). The spins are located on the sites
x of a square lattice L′×L with lattice spacing a. We consider L� L′ and we use periodic
boundary conditions. This is illustrated in figure 4.3 where we have a quantum spin ladder
consisting of n = L′/a transversely coupled spin chains of length L. The x-direction of
size L corresponds to the spacial dimension of the 2-dimensional target CP (N −1) model,
while the extra y-dimension of finite extent L′ will ultimately disappear via dimensional
reduction. In contrast to the ferromagnetic case, here the β direction is the Euclidean
time direction of the target theory. We consider nearest-neighbor couplings which are
antiferromagnetic along the chains of length L and ferromagnetic between different chains.
Therefore, we decompose the lattice into two sublattices A and B with even and odd
sites along the x-direction, respectively. Hence, neighboring sites along the transverse y-
direction belong to the same sublattice. Since one has both ferro- and antiferromagnetic
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couplings, the spin variables transform differently whether they are on sublattices A or
B. Indeed, the spins T a

x on sublattice A transform in the fundamental representation
{N} of SU(N) while the ones on sublattice B are in the antifundamental representation
{N}. They are thus described by the conjugate generators −T a∗

x . With these fundamental
variables, one can write the following quantum spin ladder Hamiltonian

H = −J
∑

x∈A

[T a
xT

a∗
x+1̂

+ T a
xT

a
x+2̂

] − J
∑

x∈B

[T a∗
x T a

x+1̂
+ T a∗

x T a∗
x+2̂

], (4.35)

where J > 0 and 1̂ and 2̂ are unit-vectors in the spatial x- and y- direction, respectively.
Note that, in the case of SU(2), the {2} and {2} representation are unitarily equivalent.
One can always transform T a

x into −T a∗
x by a unitary transformation. Finally, by construc-

tion the system has a global SU(N) symmetry, i.e.

[H, T a] = 0, (4.36)

with the total spin given by

T a =
∑

x∈A

T a
x −

∑

x∈B

T a∗
x . (4.37)

The total spin satisfies the SU(N) algebra [T a, T b] = ifabcT
c. The system is also C-

invariant. For a quantum spin ladder, charge conjugation corresponds to replacing each
spin state qx by qx+1̂ (which is the conjugate of q̄x+1̂). In terms of the generators T a

x , it
corresponds to shift them by one lattice spacing and make the substitution T a → T a∗. As
before, this Hamiltonian evolves the system in an extra dimension of size β, but here this
dimension corresponds to the Euclidean time of the 2-d CP (N − 1) target model and will
therefore not disappear via dimensional reduction. Nevertheless, the quantum partition
function at temperature T = 1/β is given by the usual formula

Z = Tr exp(−βH). (4.38)

4.4.2 Low-energy effective theory and dimensional reduction

A priori it is not obvious that the (2+1)-dimensional quantum spin ladder system provides
a viable regularization of the 2-dimensional CP (N − 1) field theory. As a necessary pre-
requisite, the quantum spin ladder does have the global SU(N) symmetry of CP (N − 1)
models. Moreover, it is also invariant under the charge conjugation C. Of course, another
natural choice would have been a 2-dimensional SU(N) antiferromagnetic spin ladders,
with antiferromagnetic couplings in all directions. This type of system also has the right
symmetry properties. However, it has been demonstrated that there is no Néel ground
state and thus no spontaneous symmetry breaking for N ≥ 5 in 2-dimensional SU(N)
quantum antiferromagnets [136]. Hence a major ingredient of D-theory, the existence of
massless modes, is missing. Instead, in order to access any value of N , we consider SU(N)
quantum spin ladders with both ferro- and antiferromagnetic couplings.
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In the infinite volume limit (both L,L′ → ∞) and at zero temperature, one can show
that the system undergoes spontaneous symmetry breaking from SU(N) to U(N − 1).
This can be done using the coherent state techniques of [137]. In that paper, Read and
Sachdev confirm an earlier result of Arovas and Auerbach [138, 139]. They prove that
a square lattice SU(N) antiferromagnet undergoes spontaneous symmetry breaking for a
large symmetric representation n of SU(N) if N < κn, where κ is a numerical constant.
The generalization to the spin ladder case is almost straightforward. Only the sublattices
A and B have to be defined differently. The SU(N) symmetric representation, determined
in that paper by the number of boxes n of the corresponding Young tableau, is in our case
simply the number of coupled spin chains in the y-direction. The SU(2) spin ladder case
is discussed in detail in [135].

In our context, spontaneous symmetry breaking arises for a large number of coupled
chains. Again, the choice of the SU(N) spin representation (here {N} and {N}) has
an effect on the breaking pattern. Due to the symmetry breaking, there are massless
Goldstone bosons governing the low-energy physics of the system. These spin-waves are
described by fields in the coset space SU(N)/U(N − 1) = CP (N − 1). Again, the matrix
field P (x, y, t) is the Hermitean N ×N projector matrix with P 2 = P and TrP = 1. Using
chiral perturbation theory, the lowest order terms in the Euclidean effective action for the
Goldstone bosons are given by

S[P ] =

∫ β

0

dt

∫ L

0

dx

∫ L′

0

dy Tr

[

ρ′s∂yP∂yP + ρs

(

∂xP∂xP +
1

c2
∂tP∂tP

)

− 1

2a
(P∂xP∂tP − P∂tP∂xP )

]

. (4.39)

Here ρs and ρ′s are spin stiffness parameters for the x- and y-direction, respectively, and
c is the spin-wave velocity. By construction, the action is invariant under global SU(N)
transformations

P ′(x) = ΩP (x)Ω†, (4.40)

with Ω ∈ SU(N). The last term in (4.39) is purely imaginary and is related to the
topological charge which has been introduced in chapter 3. Its exact form is

Q[P ] =
1

2iπ

∫ β

0

dt

∫ L

0

dx Tr(P∂xP∂tP − P∂tP∂xP ). (4.41)

We have seen before that Q is an integer in the second homotopy group π2[CP (N−1)] = �,
and thus y-independent. Therefore, the integration over y in (4.39) can be performed
trivially, this yields the term iθQ[P ] where the vacuum angle is given by

θ =
L′π

a
= nπ. (4.42)

Here a is the lattice spacing of the quantum spin ladder and L′/a = n is the number of
transversely coupled spin chains. Thus, the vacuum angle is trivial for even n, while for
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odd n it is equivalent to θ = π.

The dimensional reduction process is similar to the cases presented before. The infinite
(2+1)-d system has massless Goldstone bosons, but once the y-direction is compactified to
a finite extent L′, the Hohenberg-Mermin-Wagner-Coleman theorem forbids the existence
of massless excitations. Consequently, the Goldstone bosons pick up a mass m = 1/ξ non-
perturbatively and thus have a finite correlation length ξ. Using the asymptotic freedom
formula (4.29) for the CP (N − 1) model, one obtains

ξ ∝ exp(4π/Ng2). (4.43)

Again, g2 is the coupling constant of the target theory. It can be identified with the
parameters of (4.39) when one considers ξ � L′. The system hence undergoes dimensional
reduction to the 2-dimensional CP (N − 1) field theory with the action

S[P ] =

∫ β

0

dt

∫ L

0

dx Tr

[
c

g2

(

∂xP∂xP +
1

c2
∂tP∂tP

)

− n

2
(P∂xP∂tP − P∂tP∂xP )

]

.

(4.44)

The coupling constant of the dimensionally reduced theory is hence given by

1

g2
=
L′ρs

c
. (4.45)

Using this relation (4.43) becomes

ξ ∝ exp(4πL′ρs/cN) � L′, (4.46)

which is indeed exponentially large in L′. This confirms the scenario of dimensional reduc-
tion which is already well-known from quantum antiferromagnets [46, 47]. It has also been
discussed for SU(2) quantum spin ladders in [135]. In the D-theory context, it has been
shown in [28] that the dimensional reduction of ladder systems yields a 2-d O(3) = CP (1)
model at non-zero chemical potential. Here, we have extended this construction, which
allows us to simulate the CP (N − 1) models reliably both at θ = 0 and π.

4.4.3 A first order phase transition at θ = π for N > 2

In what follows, we would like to present numerical results on the existence of a first order
phase transition at θ = π with spontaneous symmetry breaking of the charge conjugation
symmetry C. This confirms the long standing conjecture proposed by Seiberg and Affleck.
To achieve this, we use the D-theory formulation which has the advantage to be formulated
in terms of discrete degrees of freedom instead of continuum classical fields. In particular,
the quantum partition function (4.38) of the SU(N) quantum spin ladder can be written
as a path integral using a basis of discrete SU(N) spin states q ∈ {u, d, s, ...} on sublattice
A and q̄ ∈ {ū, d̄, s̄, ...} on sublattice B. In the case of SU(2), this corresponds to the usual
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Figure 4.4: Probability distribution of the order parameter Q[q, q̄] for the CP (1) model at
θ = π with L = 180a, n = 3 and βJ = 7.

“up” ↑ and “down” ↓ spins. Full details about the algorithmic setup will be given in the
next chapter. We simulate this quantum system using a very efficient single loop-cluster
algorithm. Remarkably, no sign problem arises at non-trivial vacuum angle and the no-go
theorem, which in the Wilson’s context forbids the existence of efficient cluster algorithms
already at θ = 0, is evaded.

In order to determine the order of the phase transition, we consider an order parameter
which “measures” whether there is only one phase (second order phase transition with
intact C symmetry) or a jump between to coexisting phases (first order phase transition
with C-breaking). A natural quantity that suggests itself as an order parameter is the
topological charge Q[P ], which has the property to be C-odd, i.e.

Q[CP ] = Q[P ∗] = −Q[P ]. (4.47)

This is clear from the relations (3.15) and (4.41). Note that C is explicitly broken for
θ 6= 0, π. However, it is not broken explicitly at θ = 0, π because the Boltzmann weight

exp(iθQ[P ]) = (−1)Q[P ] (4.48)
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Figure 4.5: Monte Carlo time histories of the order parameter Q[q, q̄] for the CP (1) model
at θ = π with L = 180a, n = 3 and βJ = 7. One observes large fluctuations of the order
parameter, which is characteristic of a second order phase transition.

is then C-invariant. Unfortunately, the topological charge is defined only in the framework
of the target theory. In the discrete spin system, one has to define another order parameter,
which is also C-odd. In the basis of quantum spin states (q, q̄) we define this alternative
order parameter Q[q, q̄] by counting the number of spin flips in a configuration. The order
parameter Q[q, q̄] receives a contribution +1 if a pair of nearest neighbor spins qxq̄x+1̂ along
the x-direction flips to another state q′xq̄

′
x+1̂

, at some moment in time. On the other hand,

a spin flip from q̄xqx+1̂ to q̄′xq
′
x+1̂

contributes −1 to Q[q, q̄]. As for the topological charge
in the target theory, this term changes sign under charge conjugation while the partition
function remains invariant. Again, in the quantum spin ladder system, charge conjugation
corresponds to replacing each spin state qx by qx+1̂ (which is the conjugate of q̄x+1̂).

We have used a single-cluster algorithm to simulate SU(N) quantum spin ladders. Let
us present our numerical results. In figure 4.4, for the CP (1) model at θ = π, we observe
that the values of the order parameter Q[q, q̄] are symmetrically distributed around zero.
This is also shown in figure 4.5. One notes large fluctuations of the order parameter around
zero which is characteristic of a second order phase transition. This is an expected result
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Figure 4.6: Monte Carlo time history of the order parameter Q[q, q̄] for the CP (3) model,
which corresponds to an SU(4) quantum spin ladder, at θ = 0 (n = 4, L = 180a, βJ = 50,
dark curve) and θ = π (n = 3, L = 200a, βJ = 80, green curve).

since we know from [66], that the phase transition has to be second order for the 2-d
CP (1) model at θ = π. We have then used our cluster algorithm to investigate higher
values of N with different numbers n of coupled spin chains. In figure 4.6, we show Monte
Carlo histories for SU(4) quantum spin ladders with n = 3 and 4 which correspond to a
CP (3) model at θ = π and θ = 0, respectively. For n = 3, one clearly observes a first
order phase transition with spontaneous C-breaking. For n = 4, one only has a single
phase, which is C-symmetric. Figure 4.7 shows the probability distribution of the order
parameter Q[q, q̄] for an SU(5) ladder system with n = 7. This corresponds to a CP (4)
model at θ = π. Again, due to the double peak structure, we observe a first order phase
transition with two coexisting phases. This is a typical signature for this phenomenon.
At this point, our results confirm the conjectured θ-vacuum structure of the CP (N − 1)
models. In order to demonstrate that we approach the continuum limit of an asymptotically
free theory, we have also determined the correlation length ξ(n) in the CP (2) case, as a
function of n. The correlation length is defined using the second moment method and the
number of chains n = L′/a controls the coupling 1/g2 = L′ρs/a. Note that the lattice
spacing a is set to one. One obtains, ξ(2) = 4.82(4)a, ξ(4) = 17.6(2)a and ξ(6) = 61(2)a,
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Figure 4.7: Probability distribution of the order parameter Q[q, q̄] for the CP (4) model at
θ = π (n = 7, L = 40a, βJ = 6). Due to limited statistics the two peak are sampled
unevenly.

which indeed shows an exponential increase of the correlation length characteristic for an
asymptotically free theory. This also confirms that for n → ∞ (in the infinite volume
limit), the correlation length is diverges. Massless modes of the spontaneous symmetry
breaking SU(N) → U(N − 1) hence reappear thus supporting the spontaneous symmetry
breaking scenario.

4.5 CP (N − 1) Models at θ = 0, π as an Antiferromag-

netic SU(N) Quantum Spin Chain

Of course, a quantum spin ladder with n = 1 corresponds to an antiferromagnetic quantum
spin chain. In this section, we would like to show that SU(N)-symmetric antiferromagnetic
chains of quantum spins in higher SU(N) representations are related to CP (N−1) models
at θ = 0 and π. This formulation is, however, not completely in the spirit or D-theory,
since one does not have dimensional reduction. Indeed, here the 2-d CP (N − 1) model
arises from the SU(N)-symmetric 1-dimensional quantum spin chain.
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4.5.1 Antiferromagnetic SU(N) quantum spin chains

Antiferromagnetic quantum spin chains were intensively studied in the past. In particular,
Bethe was able to find the ground state for a spin 1/2 chain. We refer to section 2.1.4 for
more details on the subject. Let us now consider an antiferromagnetic SU(N) quantum
spin chain with the Hamiltonian

H = J
∑

x

T a
xT

a

x+1 = J
∑

x

T a
x (−T a∗

x+1), (4.49)

where J > 0. Now the spins T a
x at the even sites x (sublattice A) are generators of

an SU(N) symmetry with a specific representation of the group while the ones at odd
sites x + 1̂ (sublattice B) are in the corresponding anti-representation of SU(N). Indeed,
T

a

x+1 = −T a∗
x+1 transforms in the complex conjugate representation and obeys the correct

SU(N) commutation relations

[−T a∗
x ,−T b∗

x ] = [ifabcT
c
x ]∗ = ifabc(−T c∗

x ) (4.50)

The conserved total spin is now given by

T a =
∑

x∈A

T a
x −

∑

x∈B

T a∗
x , (4.51)

for which indeed we have
[H, T a] = 0. (4.52)

We now consider once again the SU(2) case. This group is special because its represen-
tations are real or pseudo-real and hence the complex conjugate representation −T a∗

x+1 is
unitarily equivalent to T a

x . In the fundamental representation, i.e. for ordinary SU(2)
quantum spins s = 1/2, the generators T a

x = 1
2
σa

x are given in terms of Pauli-matrices, and
H is unitarily equivalent to the familiar spin chain Hamiltonian

H =
J

4

∑

x

~σx · ~σx+1. (4.53)

As shown in section 2.1.4, antiferromagnetically coupled spins with value s are related
to the 2-d O(3) model with vacuum angle θ = 2πs. In particular, Haldane noticed that
chains of integer-valued spins which have a mass-gap are described by the 2-d O(3) model
at vacuum angle θ = 0, while chains of half-integer spins are gapless and correspond to
θ = π [54, 55, 56]. Again, the low-energy excitations of the spin chain are described by an
effective action for spins waves, which takes the form

S[~s] =
1

2g2

∫

d2x ∂µ~s · ∂µ~s− iθQ[~s]. (4.54)

The coupling constant g2 is determined by the value of the spin s. In the large s limit
one finds 1/g2 = s/2. Hence, by increasing the size of the SU(2) spin representation
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one approaches the continuum limit g2 → 0 of the asymptotically free 2-d O(3) model
[140, 141, 142]. As before, the topological charge is given by

Q[~s] =
1

8π

∫

d2x εµν ~s · (∂µ~s× ∂ν~s) ∈ π2[S
2] = �. (4.55)

Quantum spin chains hence provide an unconventional regularization of the 2-d O(3) model
at θ = 0 or π. This model is equivalent to the CP (1) model as one can identify

P (x) =
1

2
[� + ~s(x) · ~σ]. (4.56)

This offers a natural generalization to higher CP (N − 1) models. The low-energy effective
theory of an antiferromagnetic quantum spin chain can be investigated using coherent state
path integral techniques [70, 137]. Once again, the choice of the SU(N)-representation on
each site determines the space in which the low-energy fields take their values. Here, we
choose a completely symmetric SU(N) representation on the even sites (sublattice A),
corresponding to a Young tableau with a single row and n boxes.

n
︷ ︸︸ ︷

On the odd sites (sublattice B), one uses the corresponding anti-representation, i.e. the
complex conjugate one, which consists of (N − 1) rows with n boxes.

n
︷ ︸︸ ︷

One can prove analytically that for large representations of SU(N) (i.e. for large n), the
low-energy physics is governed by CP (N−1) fields. It should be noted that other represen-
tations with mixed symmetry (and thus with more complicated Young tableaux) in general
do not lead to CP (N − 1) models. For example, choosing a totally antisymmetric tensor
representation of SU(N) with N even, i.e. the fermionic representation, one obtains the
non-linear U(N)/[U(N/2) × U(N/2)] Grassmannian σ-model as the low-energy effective
theory [114]. However, with our conditions, the effective action for the spin-waves is the
2-dimensional CP (N − 1) model described by

S[P ] =
1

g2

∫

d2x Tr(∂µP∂µP ) − iθQ[P ], (4.57)
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Figure 4.8: Probability distribution of the order parameter Q[q, q̄] for an SU(2) quantum
spin chain with n = 5, which corresponds to a CP (1) model at θ = π. Here, nx = 72,
nt = 512, and βJ = 10. Large fluctuations of the order parameter indicate a second order
phase transition.

where Q[P ] is again given by

Q[P ] =
1

2πi

∫

d2x εµν Tr(P∂µP∂νP ) ∈ π2[CP (N − 1)] = �. (4.58)

In complete analogy to the CP (1) case, the size of the representation determines both the
coupling constant and the vacuum angle, i.e.

1

g2
=
n

4
, θ = nπ. (4.59)

Note that for SU(2) spin chains, n = 2s.

4.5.2 A first order phase transition at θ = π for N > 2

As it is illustrated in section 4.4.3, a first order phase transition occurs at θ = π for
CP (N − 1) models with N ≥ 3. The charge conjugation symmetry C (which remains
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Figure 4.9: A first order phase transition for the SU(4) quantum spin chain with n = 3,
which corresponds to a CP (3) model at θ = π. Here, nx = 144, nt = 512, and βJ = 25.

intact for CP (1)) is spontaneously broken. As before, quantum spin chains are, of course,
C-invariant. Charge conjugation acts on the system in the exact same way as for quantum
spin ladders. The order parameter Q[q, q̄] that we use here is also completely identical. We
refer to the next chapter for a detailed description of Q[q, q̄]. Here, we present numerical
results for SU(N) quantum spin chains with various symmetric SU(N) representations.
We vary the representation by changing the number n of Young tableau boxes. This de-
mands a particular decomposition of the partition function that we will present in the
next chapter. In a word, we consider spins in the symmetric SU(N) representation with
a Young tableau of n boxes as a direct product of n SU(N) quantum spins in the funda-
mental representation. This direct product contains other non-symmetric representations
which have to be projected out. Indeed, we need to restrict the representation on each
site to a symmetric one with n Young tableau boxes. This so-called layer decomposition of
the partition function is presented in detail in the next chapter. In figure 4.8, we present
numerical simulations for the CP (1) model at θ = π. This corresponds to an antiferro-
magnetic SU(2) Heisenberg chain with spin 5/2 on each site. As expected [66], we observe
a second order phase transition with large fluctuations of the order parameter Q[q, q̄]. In
figure 4.9, we zoom in on a first order phase transition for the CP (3) model at θ = π. One
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Figure 4.10: First order phase transition at θ = π for the CP (3) model of figure 4.9.

clearly sees the two coexisting phases and a tunneling transition between them. This is
also illustrated in figure 4.10, where we present the probability distribution of the order
parameter Q[q, q̄]. One observes a double peak structure which implies a first order phase
transition. Due to limited statistics, the two peaks are not completely symmetric. Finally,
in figure 4.11, we also present results for a CP (5) model at θ = π which corresponds to an
SU(6) spin chain with n = 3. Again, one clearly sees the tunneling processes between the
two phases.

4.6 Conclusions and Comments

In this chapter, we have seen that it is possible to regularize CP (N−1) models with SU(N)-
symmetric quantum spin systems in the framework of D-theory. First, an SU(N) quantum
ferromagnet in (d + 1) dimensions provides a valid regularization for the d-dimensional
CP (N − 1) at θ = 0. Indeed, at zero temperature (i.e. for an infinite extent β of the extra
dimension), one has spontaneous symmetry breaking from SU(N) to U(N − 1) and the
corresponding Goldstone bosons live in the coset space CP (N − 1). Another ingredient of
the D-theory formulation is dimensional reduction. Once β is made finite, due to asymp-
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Figure 4.11: Tunneling processes for the SU(6) quantum spin chain with n = 3, which
corresponds to a CP (5) model at θ = π. Here nx = 72, nt = 512, and βJ = 7.

totic freedom, the correlation length ξ is exponentially larger than β. Consequently, as one
approaches the continuum limit, β becomes completely negligible and the system under-
goes dimensional reduction to the d-dimensional target CP (N − 1) model at θ = 0. The
D-theory idea has been checked numerically with the help of an efficient cluster algorithm.
One finds a remarkable agreement between the traditional Wilsonian regularization and
our alternative one.

Moreover, it is also possible to simulate CP (N − 1) models directly at vacuum-angle
θ = π. Considering the (2 + 1)-dimensional SU(N)-symmetric quantum spin ladders,
using coherent state path-integral techniques, one can prove that the system undergoes
spontaneous symmetry breaking from SU(N) to U(N − 1) for a large number of coupled
spin chains. The dynamics of dimensional reduction is then analogous to the case of the
quantum ferromagnet. Remarkably, an even number of coupled spin chains results in the
2-d CP (N − 1) model at θ = 0, while an odd number results in the model at θ = π.
Hence, we have shown that one has a first order phase transition with C-breaking at θ = π
for N ≥ 3. This confirms the Seiberg-Affleck conjecture. Of course, one cannot be sure
that working with a small number of coupled spin chains still leads to the right low-energy
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physics. Spontaneous symmetry breaking is proved analytically only for a large number of
coupled spin chains. Nevertheless, one observes the conjectured vacuum phase structure,
which indicates that our formulation is indeed correct. Another important indication is the
exponentially increasing correlation length ξ(n) as one increases the number of chains n.
This shows that for a large number of chains, the correlation length explodes. For an infi-
nite system, ξ(n) → ∞ implies massless modes and hence spontaneous symmetry breaking.

To augment our arguments, we have seen that a single SU(N)-symmetric quantum
antiferromagnetic spin chain also provides a valid regularization of CP (N−1) models both
at θ = 0 and π. In that case, some of the D-theory ingredients are missing. Indeed, one
has no spontaneous symmetry breaking due to the Hohenberg-Mermin-Wagner-Coleman
theorem, and hence no dimensional reduction. Instead, we generalized the results obtained
for the quantum spin 1/2 chain to the larger group SU(N). Coherent state techniques hence
allow us to investigate the low-energy physics, which is described by 2-dimensional CP (N−
1) models with a topological term. This is strictly proved only for large representations
of the group. Still, working with smaller representations, we find the conjectured phase
structure: a first order phase transition for N ≥ 3 and a second order one for N = 2 at
θ = π. Therefore, the considerations for large SU(N) representations seem to still apply
for smaller ones.



Chapter 5

Efficient Cluster Algorithms for

CP (N − 1) Models

5.1 Introduction

In this chapter, we would like to present in some detail the algorithmic structure used
to simulate our quantum spin systems. We have seen in the previous chapter that they
provide a regularization of the CP (N−1) models at θ = 0 or π. Here, we will show how to
construct efficient cluster algorithms. They are among the most powerful tools for numer-
ical simulations of non-perturbative lattice field theories and statistical mechanics models.
Interestingly, it is impossible to construct an efficient Wolff-type embedding algorithm for
the CP (N−1) models in Wilson’s framework of lattice field theory due to a no-go theorem
[123]. In the D-theory framework on the other hand, it is almost straightforward. Indeed,
the algorithmic structure is relatively simple and detailed studies of the autocorrelation
times show that critical slowing down in the continuum limit is almost completely elim-
inated. Before turning to the cluster algorithms, let us say a word about Monte Carlo
simulation of physical systems.

5.1.1 The Monte Carlo method and critical slowing down

In what follows, we would like to simulate different quantum spin systems which are in
general impossible to solve analytically. An exact diagonalization of the Hamilton operator
is, for example, possible only for small systems, because of the huge size of the Hilbert space.
Fortunately, powerful numerical methods were developed in statistical mechanics, the most
accurate being the Monte Carlo method. The idea is to compute the quantum partition
function by generating spin configurations numerically. Of course, the partition function is
an extremely high dimensional integral, therefore a direct integration is hopeless. Instead,
the Monte Carlo method give the predominance to configurations which have the largest
contributions in the partition function. The Boltzmann factor exp(−S[C(i)]) is used as
the probability to generate the spin configuration [C(i)], where S[C(i)] is the corresponding
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action. In Monte Carlo simulations one generates a sequence of configurations

[C(1)] → [C(2)] → . . .→ [C(N)], (5.1)

which form a Markow chain. An algorithm turns the spin configuration [C(i)] into [C(i+1)].
The initial configuration is picked at random and after a number M of iterations, the system
reaches an equilibrium. The configurations generated after this thermalization time are
used to compute observables. The estimation of the expectation value of an observable
O[C] is performed by averaging its values over configurations of the Monte Carlo sample

〈O[C]〉 ≈ 1

N −M

N∑

i=M+1

O[C(i)]. (5.2)

This relation becomes exact as N → ∞. At finite values N −M , one makes an error that
decreases proportionally to 1/

√
N −M . Hence, to increase the accuracy by a factor of

two, one has to run the Monte Carlo algorithm four times as long. The Boltzmann weight
exp(−S[C(i)]) does not appear explicitly in the above sum. It is implicitly included, since
the configurations in the Markow chain occur with probability exp(−S[C]).

In order to converge to the correct equilibrium distribution, the Monte Carlo algorithm
has to obey ergodicity and detailed balance. Ergodicity means that starting from an initial
configuration, the algorithm can in principle reach any other spin configuration. Detailed
balance means that

exp(−S[C])w([C] → [C′]) = exp(−S[C′])w([C′] → [C]), (5.3)

where w([C] → [C′]) is the transition probability for the algorithm to turn the configuration
[C] into [C′]. In fact, a Monte Carlo algorithm is completely characterized by w([C] → [C′]).
Let us take the example of the Metropolis algorithm [11]. A new configuration [C′] is
randomly chosen in the vicinity of the old configuration [C]. If one has

S[C′] < S[C] ⇒ w([C] → [C′]) = 1, (5.4)

the new configuration [C′] is accepted. On the other hand, if the new action is larger, the
new configuration is accepted only with a certain probability, i.e.

S[C′] > S[C] ⇒ w([C] → [C′]) = exp(−S[C′] + S[C]). (5.5)

Otherwise the old configuration is kept. It is easy to show that this algorithm is ergodic
and obeys detailed balance. This algorithm is particularly simple, but unfortunately not
very efficient as the correlation length becomes large. Indeed, it turns out that successive
configurations in the Markow chain are correlated with each other. The updates are only
local, thus generating a new statistically independent configuration may require a large
number of Monte Carlo iterations. The autocorrelation time τ of the Metropolis algorithm,
which denotes the Monte Carlo time to obtain statistically independent configurations,
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actually increases when one approaches a second order phase transition. This is bad news
for lattice field theory or D-theory formulations, where one reaches the continuum limit by
sending the correlation length ξ to infinity. In that limit, the corresponding critical slowing
down is determined by

τ ∝ ξz, (5.6)

where z is the dynamical critical exponent characterizing the efficiency of the Monte Carlo
algorithm. For the Metropolis algorithm described above, one has z ≈ 2, which leads to
severe critical slowing down near the continuum limit. In lattice pure gauge theory, the
best algorithm presently known has z ≈ 1 — the so-called overrelaxation algorithm [143].
For simpler spin models as the O(N) models, one can use cluster algorithms with z ≈ 0
already in the Wilson formulation. This is not the case for the CP (N − 1) models, for
which efficient cluster algorithms can be constructed only in the D-theory framework. In
the following sections, we will show how this is possible.

5.1.2 Generalities on cluster algorithms

As shown in the previous chapter, quantum spin systems such as SU(N)-symmetric quan-
tum ferromagnets, quantum antiferromagnets, and ladder systems with both couplings,
lead to unconventional regularizations of the CP (N − 1) models in the framework of D-
theory. Remarkably, within this formulation, it is almost straightforward to construct
cluster algorithms which perform reliably close to the continuum limit. Indeed, cluster al-
gorithms are among the most efficient tools for numerical simulations of lattice field theory
or statistical mechanics systems. The first cluster algorithm was developed by Swandsen
and Wang for discrete classical spins in the context of the Ising and Potts models [12]. This
was generalized later by Wolff to O(N) models formulated in terms of continuous classical
spins [51, 52]. For the 2-d O(3) model, the Wolff cluster algorithm has been extended
to a meron-cluster algorithm which has been used to solve the complex action problem
at non-zero θ-vacuum angle [66]. Cluster algorithms for quantum spin systems were first
developed by Evertz et al. [50] and by Wiese and Ying for the 2-dimensional quantum
antiferromagnetic Heisenberg model [38].

Cluster algorithms are very efficient because they guarantee non-trivial moves in config-
uration space. In contrast to local algorithms, they perform global updates of the system
and detect the correlations between the quantum spins. For example, in a highly correlated
system, the Metropolis step (flipping a single spin) will almost always be rejected. On the
other hand, the cluster algorithm connects the spin that are correlated and can flip them
with probability one. Remarkably, cluster algorithms can also be defined directly in contin-
uous Euclidean time (no need to introduce a lattice decomposition in the β-direction), and
turn out to be even more efficient [39]. We will detail the exact structure of the algorithm
in the next sections. For a review on the subject, we refer to [144].

Let us now illustrate the main ideas behind cluster algorithms. We start with the simple
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example of a 1-dimensional spin 1/2 Heisenberg chain with ferromagnetic coupling. The
configurations are hence characterized by the spins q(x, t) located on the 2-dimensional
space-time lattice of sites (x, t). The spins 1/2 can be either up u(x, t) or down d(x, t).
The cluster algorithm forms a closed loop of spins in the same quantum state on the
space-time lattice. Then, it flips all the connected spins on the loop to another quantum
state. In our case, a cluster with connected spins u will be flipped to spins d. It starts
by picking a lattice point (x, t) at random and then grows the loop according to certain
cluster rules. The probabilities of spin connections will be derived in the next sections for
general SU(N)-symmetric spin systems. Once the updating process is done, one repeats
the operation by picking up a new point at random and grows another cluster. This is
performed any number of time in order to extract mean values of physical quantities.

In the following, we set up the path integral representation for d-dimensional SU(N)
quantum ferromagnets and for SU(N) quantum spin chains with various representations
of the group. In particular, we derive the Boltzmann weight of the allowed plaquette
configurations. This will eventually lead to the cluster rules, which control the growth of
the clusters on the space-time lattice. This set-up is then generalized to SU(N) quantum
spin ladder systems. In the last part of this chapter, we demonstrate the high efficiency of
cluster algorithms near the continuum limit, i.e. as ξ → ∞.

5.2 Path Integral Representation of SU(N) Quantum

Ferromagnets

Let us first construct a path integral representation of the quantum partition function

Z = Tr exp(−βH), (5.7)

where H is the quantum Hamiltonian describing the SU(N)-symmetric ferromagnetic sys-
tem

H = −J
∑

x,µ

T a
xT

a
x+µ̂. (5.8)

In the context of D-theory, the extent β is not the Euclidean time of the target CP (N−1)
model. Nevertheless, to have a clear notation, we will still denote positions in that dimen-
sion by the time parameter t. The standard way to derive a path integral representation is
to discretize the β direction and insert at each time-step a complete set of basis states that
spans the physical Hilbert space. Therefore, as an intermediate step, we introduce a lattice
in the β direction as illustrated in figure 5.1. We use the so-called Trotter decomposition
of the Hamiltonian. Indeed for a d-dimensional hyper-cubic lattice Ld with an even extent
L, we decompose the Hamilton operator into 2d terms

H = H1 +H2 + . . .+H2d, (5.9)
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Figure 5.1: Trotter decomposition along the extra dimension of size β. The shaded pla-
quettes carry the interaction. Here ~x is a 1-dimensional vector which denotes the physical
dimensions. In D-theory, the extra dimension ultimately disappears via dimensional reduc-
tion and does hence not correpond to the Euclidean time of the target theory.

where the independent terms are given by

Hi =
∑

x=(x1,x2,...,xd)
xieven

hx,i, Hi+d =
∑

x=(x1,x2,...,xd)

xiodd

hx,i. (5.10)

The individual contributions hx,i to a given Hi commute with each other, but two different
Hi do not commute. Hence, the interaction is carried only by the shaded plaquettes of
figure 5.1. The individual contributions hx,i to equation (5.10) have the form

hx,i = −JT a
xT

a
x+î
. (5.11)

Using the Trotter formula, one can express the partition function as

Z = lim
M→∞

Tr[exp(−εH1) exp(−εH2)... exp(−εH2d)]
M . (5.12)

We have introduced M Euclidean time-slices with the lattice spacing ε = β/M in the extra
dimension. Note that the Trotterization procedure is just a technical trick. In fact, the
path integral is completely well defined with a continuous extent of the extra dimension.
The final result is hence independent of this decomposition. In order to obtain the path
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integral representation, one inserts a complete sets of spin states q ∈ {u, d, s, . . .} between
the exponential factors in (5.12). The partition function then takes the form

Z =
∑

[q]

exp(−S[q]). (5.13)

The sum extends over configurations [q] of spins q(x,t) on a (d+ 1)-dimensional space-time
lattice of points (x, t). The Boltzmann factor has the following form

exp(−S[q]) =

M−1∏

p=0

d∏

i=1

∏

x=(x1,x2,...,xd)

xieven, t=2dp+i−1

exp
(

−S[q(x,t), q(x+î,t), q(x,t+1), q(x+î,t+1)]
)

×
∏

x=(x1,x2,...,xd)

xiodd, t=2dp+d+i−1

exp
(

−S[q(x,t), q(x+î,t), q(x,t+1), q(x+î,t+1)]
)

. (5.14)

Let us be a bit more explicit. A space-time plaquette contribution to the above expression
is obtained by considering the following transfer matrix element

〈qa
(x,t), q

b
(x+î,t)

| exp(−εJT a
xT

a
x+î

)|qc
(x,t+1), q

d
(x+î,t+1)

〉 =

exp{−S[qa
(x,t), q

b
(x+î,t)

, qc
(x,t+1), q

d
(x+î,t+1)

]} (5.15)

The state |qa
(x,t), q

b
(x+î,t)

〉 denotes two neighboring SU(N)-spins at the time-slice t in the

extra dimension, and |qc
(x,t+1), q

d
(x+î,t+1)

〉 the state a time-slice later. Here, a, b, c and d

indicate the flavor of the correponding SU(N)-spin q ∈ {u, d, s, . . .} and run from 1 to N .
We place two spins q on the sites (x, t) and (x+ î, t) of a shaded plaquette. They transform
in the fundamental representation {N} of SU(N), and hence couple as

{N} ⊗ {N} =

{
N(N + 1)

2

}

⊕
{
N(N − 1)

2

}

. (5.16)

In terms of Young tableaux, one gets

⊗ = ⊕ . (5.17)

We now consider the basis state |qa
(x,t), q

b
(x+î,t)

〉 with a ∈ {1, . . . , N} which has to be inserted

at each time-step of the Trotter decomposition. Of course, one has

N∑

a,b=1

|qa
(x,t), q

b
(x+î,t)

〉〈qa
(x,t), q

b
(x+î,t)

| = �. (5.18)

From the relation (5.16), we see that out of the N2 states |qa
(x,t), q

b
(x+î,t)

〉 we can build

N(N + 1)/2 symmetric states and N(N − 1)/2 antisymmetric ones. At a given time-slice
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(for fixed time t), one can thus construct the N(N + 1)/2 symmetric states |ab〉s, which
have the form

|aa〉s = |qa
(x,t), q

a
(x+î,t)

〉

|ab〉s =
1√
2

(|qa
(x,t), q

b
(x+î,t)

〉 + |qb
(x,t), q

a
(x+î,t)

〉), a 6= b. (5.19)

The N(N − 1)/2 antisymmetric ones are given by

|ab〉a =
1√
2

(|qa
(x,t), q

b
(x+î,t)

〉 − |qb
(x,t), q

a
(x+î,t)

〉). (5.20)

Inverting these relations, one obtains the basis spin states in terms of symmetric and
antisymmetric states

|qa
(x,t), q

a
(x+î,t)

〉 = |aa〉s,

|qa
(x,t), q

b
(x+î,t)

〉 =
1√
2

(|ab〉s + |ab〉a), a 6= b,

|qb
(x,t), q

a
(x+î,t)

〉 =
1√
2

(|ab〉s − |ab〉a), a 6= b. (5.21)

In order to act on these states with the Hamiltonian (5.11), we write the operator ~Tx · ~Tx+î

as
~Tx · ~Tx+î =

1

2
(~Tx + ~Tx+î)

2 − 1

2
~T 2

x − 1

2
~T 2

x+î
. (5.22)

One recognizes the quadratic Casimir operator of SU(N), which is defined as

C2({r}) = ~T 2
{r}, (5.23)

where {r} denotes the representation of the group. This Casimir operator has the property
to commute with all generators of SU(N). In particular, for this group, depending on the
representation, they are given by [145]

C2({N}) =
N2 − 1

2N
,

C2({N(N + 1)/2}) =
(N − 1)(N + 2)

N
,

C2({N(N − 1)/2}) =
(N + 1)(N − 2)

N
. (5.24)

Therefore, the relation (5.22) reduces to the two following expressions depending on whether

the operator (~Tx + ~Tx+î)
2 is in the symmetric or antisymmetric SU(N) representation

~Tx · ~Tx+î =
1

2
C2({N(N + 1)/2}) − C2({N}) = E({N(N + 1)/2}),

~Tx · ~Tx+î =
1

2
C2({N(N − 1)/2}) − C2({N}) = E({N(N − 1)/2}), (5.25)
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with

E({N(N + 1)/2}) =
N − 1

2N
,

E({N(N − 1)/2}) = −N + 1

2N
. (5.26)

Then, using these relations and the expressions of the basis spin states (5.21) in terms of
symmetric and antisymmetric states, it is easy to evaluate the transfer matrix elements
(5.15). Indeed, one obtains

〈qa
(x,t), q

a
(x+î,t)

| exp(εJ ~Tx · ~Tx+î)|qa
(x,t+1), q

a
(x+î,t+1)

〉

= 〈aa|s exp(εJE({N(N + 1)/2}))|aa〉s = exp

(
εJ(N − 1)

2N

)

. (5.27)

Hence, two spins with the same flavor can then evolve in the extra dimension through an
interaction plaquette without flavor change. For two different spins (a 6= b), one has

〈qa
(x,t), q

b
(x+î,t)

| exp(εJ ~Tx · ~Tx+î)|qa
(x,t+1), q

b
(x+î,t+1)

〉 =
1

2
(〈ab|a + 〈ab|s) exp(εJ ~Tx · ~Tx+î)

× (|ab〉s + |ab〉a) =
1

2

[
〈ab|a exp(εJE({N(N − 1)/2}))|ab〉a

+〈ab|s exp(εJE({N(N + 1)/2}))|ab〉s
]

=
1

2

[

exp

(

−εJ(N + 1)

2N

)

+ exp

(
εJ(N − 1)

2N

)]

(5.28)

and similarly

〈qa
(x,t), q

b
(x+î,t)

| exp(εJ ~Tx · ~Tx+î)|qb
(x,t+1), q

a
(x+î,t+1)

〉 =
1

2
(〈ab|a + 〈ab|s) exp(εJ ~Tx · ~Tx+î)

× (|ab〉s − |ab〉a) =
1

2

[

exp

(
εJ(N − 1)

2N

)

− exp

(

−εJ(N + 1)

2N

)]

. (5.29)

Normalizing these relations by dividing by exp(εJ(N − 1)/2N) and using the relation
(5.15), the plaquette contributions reduce to

exp(−S[u, u, u, u]) = exp(−S[d, d, d, d]) = 1,

exp(−S[u, d, u, d]) = exp(−S[d, u, d, u]) =
1

2
[1 + exp(−εJ)],

exp(−S[u, d, d, u]) = exp(−S[d, u, u, d]) =
1

2
[1 − exp(−εJ)], (5.30)

where S[u, u, u, u] is the contribution given by four same spins qa on the plaquette. The
flavors u and d can be permuted to other values. All other Boltzmann factors are zero.
This implies several constraints on allowed configurations. The Boltzmann factor (5.14)
is a product of these plaquette contributions. The allowed ones are represented in figure
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Figure 5.2: Allowed configurations on the interaction plaquettes of the Trotter decom-
position. The SU(N) spins u and d can be permuted to any other spin qa of SU(N),
a = 1, . . . , N .

5.2. In the following, we will consider the uniform magnetization in the 3-direction (4.19),
which takes the form

M =
∑

x,t

[δq(x,t),u − δq(x,t),d]. (5.31)

This represents one component of T a =
∑

x T
a
x . One can also define the corresponding

uniform susceptibility

χ =
1

βLd
〈M2〉, (5.32)

where Ld is the spatial volume of the system.

5.3 Cluster Algorithm and Cluster Rules for SU(N)

Ferromagnetic Systems

Let us now turn to the explicit construction of clusters in our (d + 1)-dimensional sys-
tem. We will concentrate on the single-cluster algorithm, which grows one cluster and flips
it with probability 1 to another quantum state. We also mention the multi-cluster algo-
rithm. A multi-cluster algorithm first connects spins in pairs on each interaction plaquette.
It identifies all resulting clusters, each spin belonging to exactly one cluster. Then, instead
of flipping each cluster with probability 1 (which would be completely inefficient), it flips
all clusters with a probability 1/2. Therefore, a configuration with n clusters turns into
one of 2n possible new configurations, with equal probability for each alternative. In the
following, we will use a multi-cluster algorithm to investigate the efficiency of the method
in the continuum limit.

The single cluster algorithm for a (d+ 1)-dimensional SU(N) quantum ferromagnet is
a straightforward generalization of what has been described above for the SU(2) Heisen-
berg chain. One picks a point (x, t) randomly in the hypercubic lattice. Again, the spin
located at this point participates in two plaquette interactions, one before and one after
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Configurations and Break-ups Transfer Matrix Elements

exp(−S[u, u, u, u]) = 1

exp(−S[u, d, u, d]) =
1
2
[1 + exp(−εJ)]

exp(−S[u, d, d, u]) =
1
2
[1 − exp(−εJ)]

Table 5.1: Possible configurations for an SU(N) quantum ferromagnet with the correspond-
ing break-ups and Boltzmann weights. Again, the spins u (open circles) and d (black points)
can be permuted to any other SU(N) spins qa.

t. The choice of one of the interaction is arbitrary and one considers the other spins on
that plaquette. One of the corners will be the next point of the loop. According to the
path integral representation investigated in the previous section, only some plaquette con-
figurations are allowed. This implies severe constraints on the possible growth of the loop.
For configurations C1 = [qa, qb, qa, qb] with a 6= b, the next point is the time-like neighbor
(x, t+ 1) of (x, t) on the plaquette. For C2 = [qa, qb, qb, qa] with a 6= b the next point is the
diagonal neighbor (x + î, t + 1). If the states are all the same, i.e. for C3 = [qa, qa, qa, qa],
the next point of the loop is the time-like neighbor with probability

p =
1

2
[1 + exp(−εJ)], (5.33)

and the diagonal neighbor with probability (1 − p). This is illustrated in table 5.1 for
the three possible configurations. The next point on the loop belongs then to another
interaction plaquette for which the same process is repeated. The loop grows in this way
until it finally closes. The flavor (or quantum state) is the same for all connected spins
on the loop and one then flips all spins in the cluster to another randomly chosen flavor
with probability 1. This is illustrated in figure 5.3, where a cluster of flavor d is flipped to
another quantum state s. Note that the cluster can only evolve forward (or backward) in
time, since only time-like or diagonal break-ups are allowed. As they should, the cluster
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Figure 5.3: Example of an SU(3) ferromagnet. The fat black line represents a cluster of
connected spins in a quantum state d. All spins in that cluster are then flipped to another
flavor s, represented by the red square. Open circle represents spins in the state u.

rules are consistent with detailed balance, i.e.

p(Ci)w(Ci → Cj) = p(Cj)w(Cj → Ci), (5.34)

where p(Ci) = exp(−S[Ci]) is the Boltzmann weight of the plaquette configuration and
w(Ci → Cj) is the transition probability to go from Ci to Cj. In particular, we have

p(C1)w(C1 → C2) = 0 = p(C2)w(C2 → C1),

p(C1)w(C1 → C3) = p = p(C3)w(C3 → C1),

p(C2)w(C2 → C3) = 1 − p = p(C3)w(C3 → C2). (5.35)

If one repeats the updating process a number of times, one can extract physical quantities
such as the uniform susceptibility of equation (5.32). In particular, one can define a so-
called improved estimator for this quantity. Improved estimators can be constructed using
the multi-cluster algorithm briefly described above. With such an estimator, the statistics
is increased by a factor 2n, which is exponentially large in the number of clusters and
hence in the physical volume. Let us illustrate this idea for the improved estimator of the
uniform susceptibility. Again, χ is defined as

χ =
1

βLd
〈M2〉, (5.36)

where M is the uniform magnetization (5.31) in the 3-direction of the SU(N) space.
According to the cluster rules, all spins in a cluster have the same flavor. Since all points
are touched once in a multi-cluster algorithm, one has

χ =
1

βLd
〈(
∑

C

MC)
2〉, (5.37)
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where MC is the cluster magnetization. Each cluster C has an integer winding number
which is the number of times the cluster winds around the extra dimension. This quantity
times β is the cluster size |C| (which is equal to |MC|). Moreover, the susceptibility takes
the form

χ =
1

βLd
〈(
∑

C

MC)
2〉 =

1

βLd
〈
∑

C,C′

MCMC′〉 =
1

βLd
〈
∑

C

M2
C〉. (5.38)

In the second step, we have averaged over the sub-ensemble of 2n equally probable config-
urations. According to the relation (5.31), the cluster changes sign under cluster flip from
u to d flavors. Therefore, the term MCMC′ averages to zero unless C = C′. This relates
the uniform susceptibility to the average M2

C of a multi-cluster algorithm.

Let us turn back to the single cluster algorithm where a loop is grown from a randomly
chosen point and then flipped to another value of the spin. In this case, the improved
estimator obtained for the multi-cluster algorithm has to be modified by the probability
|MC|/Ldβ to pick a single cluster of size |MC|. Hence, the improved estimator for the
single-cluster algorithm is given by

χ =
1

βLd
〈 L

dβ

|MC|
M2

C〉 = 〈|C|〉, (5.39)

where the cluster size |C| is the sum over all displacements in the cluster, i.e.

|C| =
ε

M

∑

(x,t)∈C

1. (5.40)

Again, M is the number of slices of separation ε in the extra dimension of extent β.

5.4 Path Integral Representation for SU(N) Antifer-

romagnetic Spin Chains

The path integral representation of SU(N)-symmetric quantum antiferromagnetic spin
chains can be set up following the same type of arguments. In full analogy with the case
of an SU(N) ferromagnet, we use a Trotter decomposition of the partition function and
insert a complete set of basis spin states at the time-slices. One splits the Hamiltonian
into two pieces because the chain is 1-dimensional. Hence, we have

Z = lim
M→∞

Tr[exp(−εH1) exp(−εH2)]
M , (5.41)

where H1 and H2 act on successive time-slice steps as illustrated by the shaded plaquettes
in figure 5.1. The individual contributions to equation (5.10) are given by

hx,1 = −JT a
xT

a∗
x+1̂

, (5.42)
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with J > 0 and 1̂ the direction along the chain. The local contributions to the Boltzmann
weight factor exp(−S[q, q̄]) are given by the relation

exp(−S[qa
(x,t), q̄

b
(x+1̂,t)

, qc
(x,t+1), q̄

d
(x+1̂,t+1)

])

= 〈qa
(x+1̂,t)

, q̄b
(x+1̂,t)

| exp(−εJT a
xT

a∗
x+1̂

)|qc
(x,t+1), q̄

d
(x+1̂,t+1)

〉. (5.43)

Again a, b, c, d ∈ {1, . . . , N}. In the following, we study the path integral representation for
spins q and q̄ in the fundamental and antifundamental representations, respectively. Gener-
alization to higher SU(N) spin representations will be investigate separately in section 5.6.

Let us begin by placing the fundamental representation {N} of SU(N) on each even
site, and the corresponding antifundamental representation {N} on the odd sites of the
chain. Coupling two neighboring spins results in the following decomposition

{N} ⊗ {N} = {N2 − 1} ⊕ {1}. (5.44)

Indeed, a representation and its antirepresentation couple to the adjoint representation
plus a singlet. In terms of Young tableaux, for example for SU(3), one has

⊗ = ⊕ (5.45)

We can easily construct the state which transforms as a singlet under SU(N) transforma-
tions as well as the ones which transform in the adjoint representation. For the singlet,
one has

|{1}〉 =
1√
N

∑

a

|qa
(x,t), q̄

a
(x+1̂,t)

〉, (5.46)

where |qa
(x,t), q̄

a
(x+1̂,t)

〉 is the state formed by two SU(N) spins q ∈ {u, d, s, . . .} and q̄ ∈
{ū, d̄, s̄, . . .}, located on the neighboring sites on a plaquette interaction. It is also straight-
forward to build the states of the adjoint representation (think about the octet represen-
tation of SU(3), for example about the state |u(x,t), d̄(x+1̂,t)〉)

|{N2 − 1}〉 = |qa
(x,t), q̄

b
(x+1̂,t)

〉, a 6= b. (5.47)

However, in this way, one has only N(N − 1) possible different states. One needs to
construct N2 − 1 − N(N − 1) = N − 1 others. In the SU(3) case, one has two states of
this type, they are given by

|{8}〉1 =
1√
2

(|u(x,t), ū(x+1̂,t)〉 − |d(x,t), d̄(x+1̂,t)〉)

|{8}〉2 =
1√
6

(|u(x,t), ū(x+1̂,t)〉 + |d(x,t), d̄(x+1̂,t)〉 − 2|s(x,t), s̄(x+1̂,t)〉). (5.48)
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It is easy to generalize this result to the case of SU(N), one gets

|{N2 − 1}〉k =
1

√

N(N − 1)

(
N∑

a=1

|qa
(x,t), q̄

a
(x+1̂,t)

〉 −N |qk
(x,t), q̄

k
(x+1̂,t)

〉
)

, (5.49)

with k = 1, . . . , N . There are N −1 independent states because one of them is not linearly
independent of the other ones. Indeed, they are not orthogonal, i.e.

j〈{N2 − 1}|{N2 − 1}〉k = − 1

N − 1
, j 6= k. (5.50)

As before, we can express the basis spin states in term of this new basis, one obtains

|qa
(x,t), q̄

b
(x+1̂,t)

〉 = |{N2 − 1}〉, a 6= b.

|qa
(x,t), q̄

a
(x+1̂,t)

〉 =
1√
N

|{1}〉 −
√
N − 1√
N

|{N2 − 1}〉. (5.51)

We then write the Hamilton operator in terms of the quadratic Casimir operator C2({r}) =
~T 2
{r} of SU(N) with the corresponding representation {r}, i.e.

~Tx · ~T ∗
x+1̂

=
1

2
(~Tx + ~T ∗

x+1̂
)2 − 1

2
~T 2

x − 1

2
~T ∗2

x+1̂

=
1

2
C2({1} or {N2 − 1}) − C2({N}), (5.52)

where C2({N}) = C2({N}). The relevant Casmir operators have the form [145]

C2({N}) = C2({N}) =
N2 − 1

2N
,

C2({N2 − 1}) = N,

C2({1}) = 0. (5.53)

We can then compute the transfer matrix element between two spins qa, q̄b at the time-slice
t and two others at the time-slice (t+1). First, for two different spins (a 6= b), one obtains

〈qa
(x,t), q̄

b
(x+1̂,t)

| exp(−εJ ~Tx · ~T ∗
x+1̂

|qa
(x,t+1), q̄

b
(x+1̂,t+1)

〉 = 〈{N2 − 1}| exp(−εJ ~Tx · ~T ∗
x+1̂

)

× |{N2 − 1}〉 = exp

(

−εJ
[
1

2
C2({N2 − 1}) − C2({N})

])

= exp

(

− εJ

2N

)

. (5.54)

For four spins with the same flavor, using the second relation in (5.51), we get

〈qa
(x,t), q̄

a
(x+1̂,t)

| exp(−εJ ~Tx · ~T ∗
x+1̂

|qa
(x,t+1), q̄

a
(x+1̂,t+1)

〉 =
1

N
exp

(

− εJ

[
1

2
C2({1})

− C2({N})
])

+
N − 1

N
exp

(

−εJ
[
1

2
C2({N2 − 1}) − C2({N})

])

=
1

N
exp

(
εJ(N2 − 1)

2N

)

+
N − 1

N
exp

(

− εJ

2N

)

. (5.55)
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uuu
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ū

d̄

d̄d̄

Figure 5.4: Allowed configurations on the interaction plaquettes of the Trotter decomposi-
tion for an antiferromagnetic spin chain. The SU(N) spins u, ū, d, and d̄ can be permuted
to any other spin q or q̄ of SU(N).

Finally, the last non-trivial configuration is given by two spins of flavor a at the time-slice
t and two other spins of flavor b 6= a a time-slice later in the extra dimension. Using the
relations (5.50) and (5.51), one has

〈qb
(x,t), q̄

b
(x+1̂,t)

| exp(−εJ ~Tx · ~T ∗
x+1̂

|qa
(x,t+1), q̄

a
(x+1̂,t+1)

〉 =
1

N
exp

(

− εJ

[
1

2
C2({1})

− C2({N})
])

− 1

N − 1

N − 1

N
exp

(

−εJ
[
1

2
C2({N2 − 1}) − C2({N})

])

=
1

N
exp

(
εJ(N2 − 1)

2N

)

− 1

N
exp

(

− εJ

2N

)

. (5.56)

Normalizing these relations by dividing by exp(−εJ/2N), we find the Boltzmann weights
for an SU(N) antiferromagnet in the fundamental representation,

exp(−S[u, ū, u, ū]) = exp(−S[d, d̄, d, d̄]) =
1

N
[exp(εJN/2) +N − 1],

exp(−S[u, d̄, u, d̄]) = exp(−S[d, ū, d, ū]) = 1,

exp(−S[u, ū, d, d̄]) = exp(−S[d, d̄, u, ū]) =
1

N
[exp(εJN/2) − 1]. (5.57)

Again, the flavors of the SU(N)-spins can be permuted to any other values. All other
combination of spins give a zero Boltzmann weight factor. The allowed ones are illustrated
in figure 5.4.

5.5 Cluster Algorithm for SU(N) Antiferromagnetic

Systems

As for SU(N) ferromagnets, we can also define a cluster algorithm for SU(N) antifer-
romagnetic systems. Let us consider here the simplest case: spins in the fundamental
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Configurations and Break-ups Transfer Matrix Elements

exp(−S[u, ū, u, ū]) =
1
N

[exp(εJN/2)+N−1]

exp(−S[u, d̄, u, d̄]) = 1

exp(−S[u, ū, d, d̄]) =
1
N

[exp(εJN/2) − 1]

Table 5.2: Possible configurations for an SU(N) quantum antiferromagnet with n = 1 with
the corresponding break-ups and Boltzmann weights. Again, the spins u, ū (open cirles)
and d, d̄ (black points) can be permuted to any other SU(N) spins qa, q̄a.

representation of SU(N). Generalization for higher SU(N)-spin representations is inves-
tigated in the next section. Here, a cluster consists of spins in the same state qa on even
lattice sites and in the conjugate state q̄a on odd ones. Again, one picks up a random initial
lattice site (x, t) and investigates the states of the spins on an interaction plaquette. One
of the corners will be the next point on the loop. Here, only a number of configurations
are allowed. Indeed, for configurations C1 = [qa, q̄b, qa, q̄b] or [qb, q̄a, qb, q̄a] with a 6= b the
next point on the plaquette is the time-like neighbor of (x, t) on that plaquette. For con-
figurations C2 = [qa, q̄a, qb, q̄b] or [qb, q̄b, qa, q̄a] with a 6= b the next point is the space-like
neighbor. Finally for C3 = [qa, q̄a, qa, q̄a] or [qb, q̄b, qb, q̄b] with a 6= b, the next point on the
loop is again the time-like neighbor with probability

p =
1

N
[exp(εJN/2) −N − 1], (5.58)

or the space-like neighbor with probability (1 − p). The new point defined in that way
belongs to the next interaction plaquette and the process is then repeated until the loop
eventually closes. In contrast to the ferromagnet, the cluster can grow forward in time and
suddenly turns backward. The cluster rules are illustrated in table 5.2 and are consistent
with detailed balance (5.34). In particular, one has
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Figure 5.5: A cluster algorithm update for an SU(N) antiferromagnetic chain with the
SU(N) spins in the fundamental (or antifundamental) representation, i.e. n = 1. The open
circles are in the quantum state u, ū. The fat black line represents a cluster of connected
spins in a quantum state d, d̄. All spins in that cluster are then flipped to another flavor
s, s̄, represented by the red squares.

p(C1)w(C1 → C2) = 0 = p(C2)w(C2 → C1),

p(C1)w(C1 → C3) = 1 =
1

p
p = p(C3)w(C3 → C1),

p(C2)w(C2 → C3) =
1

N
[exp(εJN/2) − 1] =

1

p
(1 − p) = p(C3)w(C3 → C2)

(5.59)

They have been derived according to the transfer matrix elements that we have computed
in the previous section. A single cluster update is illustrated in figure 5.5. Again, note
that this cluster algorithm can operate directly in continuous Euclidean time [39].

5.6 Generalization to Higher SU(N) Representations

for Quantum Spin Chains

In order to obtain the CP (N − 1) models at θ = 0 or π, we have seen in the previous
chapter that one needs to vary the number of Young tableau boxes of the SU(N) symmetric
representation on each site. Recall that we place a symmetric SU(N) representation with
n Young tableau boxes in a single row on each even site. On odd sites we place the
corresponding antirepresentation (with n×(N−1) Young tableau boxes). This is illustrated
in section 4.5. Including this extra degree of freedom implies a non-trivial algorithmic set-
up. The idea is the following. We want to have a given representation with n Young tableau
boxes on an even site x of the spin chain. We first couple n SU(N) spins in the fundamental
representation of SU(N). These n quantum spins are placed on n layers on site x. Their
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direct product decomposes into a direct sum of various SU(N) representations. In order
to keep only the completely symmetric representation, we project out the unwanted ones.
This can be done by inserting a projector operator between the usual transfer matrices in
the Trotter formula (5.41). It corresponds to impose an infinitely strong “ferromagnetic
coupling” between the n spins to be sure to select the highest-dimensional representation
(the completely symmetric one). On the odd sites the set-up is completely identical,
we couple n times SU(N) spins in the corresponding antirepresentation. This scheme was
developed some time ago by Wiese and collaborators in order to build cluster algorithms for
higher spin antiferromagnetic Heisenberg model. We will present this particular example,
and then generalize the construction to SU(3) with n = 2, 3, i.e. the 6- and 10-dimensional
representation.

5.6.1 Path integral representation and layer decomposition

As emphasized above, one has first to decompose the SU(N) spins in the symmetric {(N+
n − 1)!/(N − 1)! n!}-dimensional representation into n SU(N) spins in the fundamental
{N}-dimensional representation. Here, n is the number of boxes of the corresponding
Young tableau. On even sites x of the chain, we hence decompose the quantum spins as

T a
x =

n∑

i=1

T a,i
x , (5.60)

where T a,i
x are the SU(N) spins in the fundamental representation. We do the same on

the odd sites and the total Hamiltonian then takes the form

H = −J
∑

〈xy〉

n∑

(i,j)=1

~T i
x · ~T j∗

y . (5.61)

Again, J > 0 and 〈xy〉 denotes nearest neighbors. The Trotterization procedure is then a
bit more complicated due to this extra degree of freedom. In fact, one has to add n more
Trotter steps corresponding to the possibilities of interactions between the n spins on site x
and the n others on site y. In order to write the quantum partition function in its Trotter
decomposed form, one has to include a projector operator P which guarantees the desired
symmetric SU(N) representation on each site. The projector acts on each site, therefore
we have

P =
∏

x

Px. (5.62)

It consists in the sum over all symmetric states that one can build out of n spins in the
fundamental representation of SU(N). This will become clear with the following examples.
This projector has to be inserted between each exponential in the Trotter formula (5.41).
However, since P = P2 and from the cyclicity of the trace, one simply has

Z = lim
M→∞

Tr{[exp(−εH1) exp(−εH2)]
M P}, (5.63)
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where we have used

[H,P] = 0. (5.64)

As before, we insert a complete set of spin states between the exponential factors. Re-
markably, since we work with a sum of spins in the fundamental (or antifundamental)
representation of SU(N), the transfer matrix elements of the exponential factors are com-
pletely identical to the ones obtained before. In fact, we only need to evaluate the matrix
elements of the projection operator, i.e

〈qa,i
(x,t)|P|qb,j

(x,t+1)〉 =
∏

x

P
(

qa,1
(x,t), . . . , q

a,n
(x,t); q

a,1
(x,t+1), . . . , q

a,n
(x,t+1)

)

. (5.65)

Let us consider the following example. We want to construct a spin 1 quantum Heisenberg
chain, i.e. spins in the triplet (or anti-triplet) representation of SU(2). Hence, we have
n = 2s = 2 and two spin 1/2 places in two layers at the point (x, t). In order to keep only
the symmetric representation (spin 1) and to project out the other (spin 0), we write the
projector P as a sum over the symmetric states

Px = |1, 1〉〈1, 1|+ |1, 0〉〈1, 0|+ |1,−1〉〈1,−1|, (5.66)

where

|1, 1〉 = |uu〉(x,t),

|1, 0〉 =
1√
2

(|ud〉(x,t) + |du〉(x,t)),

|1,−1〉 = |dd〉(x,t). (5.67)

Note that the antisymmetric state |0, 0〉 = (|ud〉(x,t) − |du〉(x,t))/
√

2 has been left out. In
that case, the transfer matrix in the basis {|uu〉, |ud〉, |du〉, |dd〉} at the site (x, t) is given
by

P =







1 0 0 0
0 1

2
1
2

0
0 1

2
1
2

0
0 0 0 1






. (5.68)

We now consider the case of a spin in the sextet representation of SU(3). Again, n = 2
and on each even site x we have two SU(3) spins in the fundamental representation. Out
of these, we can build six symmetric states and hence construct the projection operator.
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These states are

|1〉 = |uu〉(x,t),

|2〉 = |dd〉(x,t),

|3〉 = |ss〉(x,t),

|4〉 =
1√
2

(|ud〉(x,t) + |du〉(x,t)),

|5〉 =
1√
2

(|us〉(x,t) + |su〉(x,t)),

|6〉 =
1√
2

(|ds〉(x,t) + |sd〉(x,t)).

(5.69)

As before P is defined as

Px =
6∑

k=1

|k〉〈k|, (5.70)

which, in the basis {|uu〉, |ud〉, |du〉, |dd〉, |ds〉, |sd〉, |ss〉, |us〉, |su〉}, gives a 9 × 9 transfer
matrix of the form

P =

















1 0 0 0 0 0 0 0 0
0 1

2
1
2

0 0 0 0 0 0
0 1

2
1
2

0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1

2
1
2

0 0 0
0 0 0 0 1

2
1
2

0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1

2
1
2

0 0 0 0 0 0 0 1
2

1
2

















. (5.71)

Generalizations to higher N and n are straightforward. The transfer matrix is (Nn ×Nn)-
dimensional. For example, in the decuplet representation of SU(3) (n = 3), P is 27-
dimensional. On the diagonal, one has six (3×3)-blocks with entries 1/3, one (6×6)-block
with entries 1/6 and three times 1. This corresponds to the ten symmetric states that one
can built out of three SU(3) spins in the fundamental representation.

5.6.2 Cluster rules

To summarize, one needs to consider different symmetric SU(N) representations on each
site in order to simulate CP (N − 1) models at θ = 0 or π. This is done by introducing
layers in an unphysical direction. Indeed, in order to build an SU(N) spin in a certain
symmetric representation on a site x, we place a number of SU(N) spins in the fundamen-
tal representation on layers at that point which couple to different SU(N) representations.
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p = 1 p = 1/2 p = 1/6

tt

t+ 1t+ 1

Figure 5.6: Example of the layer break-ups in the case of SU(3) with n = 3. The spins are
in two successive time-slices at the even site x. The open blue circles are spin u, the filled
black ones are spin d, and the red squares are spin s. The probabilities of each connection
are indicated. In the first case, we have only one possibily of connection. In the second
configuration, the dashed line represents the other possible connection which have the same
probability 1/2. Finally, there are six possible connections in the third case, we draw only
one of them.

We then use a projector operator P to select the symmetric ones. Formally, the cluster can
evolve as well in this unphysical dimension, and the transfer matrix (5.65) determines the
break-ups probabilities. In the plane of points (x, t), everything is as described in section
5.5. In this unphysical dimension however, the spins on n layers at the time-slice t can
be connected with any other of the n spins on the layers at the time-slice (t + 1). Let
us illustrate this with a few examples. We consider the case of the triplet representation
of SU(2), where we place two spins 1/2 on two layers on an even site x. They can be in
the states u or d. In the unphysical dimension and in the β direction the cluster rules are
the following. If one has a configuration [ud; ud] the next point on the loop is the point
forward in time, because the flavor has to be always conserved in a cluster. For a configu-
ration [ud; du], the next point is the diagonal one. For [uu; uu], there are two possibilities
with both a probability 1/2. This has a natural generalization to higher SU(N) with any
symmetric representation. Let us investigate the case of the decuplet representation of
SU(3). As illustrated in figure 5.6, at an even site x one has three spins in the fundamen-
tal representation of SU(3) on a layer. They can be in the flavor states u, d, and s. Recall
that in all cases the flavor state has to be conserved. Some of the allowed configurations
are presented in figure 5.6. Depending on the flavors of the spins at t and (t + 1), there
is a number of connection configurations. They all have the same probabilistic weight p.
The cluster rules are the following. When the loop reaches a spin on the layer, one has
to investigate the layer configuration in the next time-slice. If there is only one spin in
the same state, it will be the next point of the loop with probability 1. With two spins
in the same state, one has an equal probability 1/2 to choose one or the other in the next
time-slice. If the three spins are in the same flavor state one has a probability 1/3 to reach
any of these spins. This construction is straightforward to generalize to higher N and n.
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To investigate the vacuum structure of CP (N − 1) models, we have used an order pa-
rameter Q[q, q̄]. As described in section (4.4.3), this order parameter is C-odd. It is defined
by counting the number of spin flips in a configuration. Q[q, q̄] receives a contribution +1
if a pair of nearest neighbor spins qxq̄x+1̂ along the x-direction flips to another state q′xq̄

′
x+1̂

,
at some moment in time. On the other hand, a spin flip from q̄xqx+1̂ to q̄′xq

′
x+1̂

contributes

−1 to Q[q, q̄]. Hence, the layer construction has no effect on that parameter. It is defined
in this way for all SU(N) representations. When programming such system, one should
carefully implement the periodic boundary conditions along the antiferromagnetic chain.
An odd number of sites in a chain would lead to frustration. This would have dramatic
effects on the efficiency of the algorithm. Indeed, it is extremely difficult to deal with
frustrated systems.

5.7 Path Integral Representation and Cluster Rules

for SU(N) Spin Ladders

In the previous chapter, we haved used quantum spin ladder systems to simulate CP (N−1)
models at non-trivial vacuum angle. Being a model with both ferro- and antiferromagnetic
couplings, the path integral representation of the quantum partition function is very similar
to what has been presented in detail above. Recall that we are in (2 + 1) dimensions. The
quantum ladder Hamiltonian

H = −J
∑

x∈A

[T a
xT

a∗
x+1̂

+ T a
xT

a
x+2̂

] − J
∑

x∈B

[T a∗
x T a

x+1̂
+ T a∗

x T a∗
x+2̂

], (5.72)

is a sum of four terms that we denote, respectively, by H1, . . . , H4. Two of them (H1, H3)
describe the antiferromagnetic interaction, while the two others (H2, H4) describe the fer-
romagnetic one. Using the Trotter decomposition, one can write the partition function Z
as

Z = lim
M→∞

Tr [exp(−εH1) exp(−εH2) exp(−εH3) exp(−εH4)]
M , (5.73)

where we have introduced M slices in the β-direction with spacing ε = β/M . As before,
one can insert a complete set of basis states between the exponential factors and then use
the results obtained for the cases of ferro- and antiferromagnetic systems. Since we are
working with the fundamental representation {N} of SU(N) on even sites and with the
antifundamental {N} on odd sites, one does not need to introduce layer decompositions.
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Therefore, one hence gets the following transfer matrix elements

〈qa
x, q

a
y | exp(−εh2)|qa

x′, qa
y′〉 = exp

(
εJ(N − 1)

2N

)

,

〈qa
x, q

b
y| exp(−εh2)|qa

x′ , qb
y′〉 =

1

2

[

exp

(
εJ(N − 1)

2N

)

+ exp

(

−εJ(N + 1)

2N

)]

, a 6= b

〈qa
x, q

b
y| exp(−εh2)|qb

x′ , qa
y′〉 =

1

2

[

exp

(
εJ(N − 1)

2N

)

− exp

(

−εJ(N + 1)

2N

)]

, a 6= b

〈qa
x, q̄

a
y | exp(−εh1)|qa

x′, q̄a
y′〉 =

1

N
exp

(

− εJ

2N

) [

exp

(
εJ

2N

)

+N − 1

]

,

〈qa
x, q̄

a
y | exp(−εh1)|qb

x′, q̄b
y′〉 =

1

N
exp

(

− εJ

2N

) [

exp

(
εJ

2N

)

− 1

]

, a 6= b

〈qa
x, q̄

b
y| exp(−εh1)|qa

x′ , q̄b
y′〉 = exp

(

− εJ

2N

)

, a 6= b. (5.74)

Here, x and y denote the nearest neighbors at the time-slice t, while x′ and y′ are the
neighboring sites a time-slice later. The transfer matrix elements for h3 and h4 can be
obtained by substituting h1 → h3 and h2 → h4 with q ↔ q̄.

The cluster rules follow from the above relations. A cluster grows according to these
rules and eventually closes. Again, one flips the cluster to another quantum state of SU(N).
As presented in the previous chapter, this ladder system provides an unconventional regu-
larization of CP (N −1) models. We have investigated the vacuum structure with the help
of the order parameter Q[q, q̄] described in the previous section. Again, one must have an
even site extent in the antiferromagnetic direction to make sure that one does not have a
frustrated system.

5.8 Efficiency of the Cluster Algorithm in the Con-

tinuum Limit

In this section, we like to show that our algorithm is remarkably efficient close to the
continuum limit. Indeed, critical slowing down is almost completely eliminated. As em-
phasized in the beginning of this chapter, Monte Carlo simulations become very difficult
close to a second order phase transition, i.e. when the correlation length becomes large.
In particular, the autocorrelation time τ (the number of Monte Carlo steps to generate a
statistically independent configuration) grows as

τ ∝ ξz, (5.75)

and so behaves the relative statistical error. The efficiency of an algorithm is hence char-
acterized by its dynamical critical exponent z. For CP (N − 1) models in the Wilson
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Figure 5.7: History of the magnetization of an SU(3) ferromagnet on a 3202 lattice at
βJ = 6.75 as a function of the Monte Carlo time (measured in units of sweeps with the
multi-cluster algorithm).

formulation, due to a no-go theorem, no efficient Wolff-type embedding cluster algorithm
can be constructed [123]. Numerical studies have shown no improvement over a local
Metropolis algorithm [100]. The local Metropolis algorithm is not particularly efficient
with a critical exponent z ≈ 2. Still, a rather efficient multigrid algorithm does exist with
a critical exponent z ≈ 0.2 [101, 102], but it works only at θ = 0. This algorithm is, at
a first sight, not easy to implement. Our cluster algorithm, on the other hand, has the
advantage to be almost straightforward to program.

In order to test the efficiency of our method, we have considered the cluster algorithm
for an SU(N) ferromagnet which regularizes the CP (N − 1) model at θ = 0. We have
then determined the autocorrelation time. More precisely, we have considered the inte-
grated autocorrelation time which measures the area under the exponential fall-off of the
autocorrelation function. Here, we will not treat the case of the spin ladder system or the
antiferromagnetic spin chain. Remarkably, such systems can regularize the model also at
θ = π. In that context, the simulations suffer from “supercritical slowing down”. Due to
the first order phase transition, there is slowing down during the tunneling processes. We
use here a multi-cluster algorithm for a (2 + 1)-dimensional SU(3) ferromagnet in discrete
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Figure 5.8: Autocorrelation functions of the magnetization of an SU(3) ferromagnet as a
function of the number of sweeps with the multi-cluster algorithm. In order to increase
visibility, some points have been slightly displaced.

Euclidean time (the extra dimension of extent β). This is a convenient choice since a
multi-cluster algorithm allows a natural definition of a Monte Carlo sweep — all points
are touched once by a cluster. Of course, a similar study would have been possible for a
single cluster algorithm defined both in continuous or discrete Euclidean time. However,
one then grows only one cluster at a time and only a variable number of sites is touched
depending on the cluster size. Therefore, the definition of a sweep in that context may
be rather unclear. Here, we use an SU(3) quantum ferromagnet and investigate the inte-
grated autocorrelation times τM of the uniform magnetization and τχ of the corresponding
susceptibility. These quantities are defined in relations (5.31) and (5.32). The integrated
autocorrelation time is defined as

τint =
1

2
+

∞∑

t=1

C(t)

C(0)
, (5.76)

where C(t) is the autocorrelation function which is an exponentially decreasing function
[146]. Again, τint represents the area the autocorrelation function. For example, in case of



116 Chapter 5. Efficient Cluster Algorithms for CP (N − 1) Models

0 5 10
0.001

0.01

0.1

1

 L/a =   20
 L/a =   40
 L/a =   80
 L/a = 160
 L/a = 320

Figure 5.9: Autocorrelation functions of the susceptibility of an SU(3) ferromagnet as a
function of the number of sweeps with the multi-cluster algorithm. In order to increase
visibility, some points have been slightly displaced.

the uniform magnetization, the autocorrelation function is given by

CM(t) = 〈M(s)M(s+ t)〉 − 〈M〉2, (5.77)

where s and t are Monte Carlo times. In figure 5.7, we present a Monte Carlo history of
the magnetization (5.31). One observes no correlations between successive Monte Carlo
sweeps. The points are indeed uniformly distributed around zero. This already indicates
that autocorrelations are very much suppressed. We have then analyzed the autocorrela-
tion functions for the magnetization and the susceptibility which are illustrated in figures
5.8 and 5.9. The results for the integrated autocorrelation times are collected in table
5.3. In order to estimate the dynamical critical exponent z of critical slowing down, we
have considered several lattices with decreasing lattice spacing. The ratio ξ(L)/L of the
correlation length ξ(L) and the lattice size L was kept fixed. ξ(L) was obtained with the
continuous time single cluster algorithm using the second moment method [39].

Remarkably, the autocorrelation times τM and τχ do not show any dependence on the
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L/a 20 40 80 160 320 640
β 4.5 5.0 5.55 6.2 6.75 7.45

ξ(L)/a 8.78(1) 16.76(1) 32.26(3) 64.6(1) 123.4(2) 253(1)
τM 0.833(3) 0.831(4) 0.836(5) 0.831(2) 0.828(2) —
τχ 0.884(6) 0.893(7) 0.898(10) 0.898(11) 0.903(11) —

Table 5.3: Numerical data for the correlation length ξ(L) and the integrated autocorrelation
times τM and τχ for an SU(3)-symmetric ferromagnet corresponding to a CP (2) model in
D-theory.

correlation length ξ(L). The critical slowing down is hence practically eliminated and our
data are consistent with z = 0. It should be noted that, although the autocorrelation time
does not scale with a power law, it could still increase as the logarithm of the correlation
length. The D-theory construction hence allows us to work with really efficient cluster
algorithms. This offers a way to evade the no-go theorem and allows us to build efficient
cluster algorithms for CP (N − 1) models which can operate reliably both at θ = 0 and π.
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Chapter 6

Conclusions

We have seen in this thesis that D-theory provides a very rich structure. It allows to for-
mulate quantum field theories in terms of discrete variables. Scalar fields are represented
by quantum spins while gauge fields are represented by quantum link variables. Due to
the quantum nature of the system, one has to deal with an extra dimension. Remarkably,
we have seen that the phenomenon of dimensional reduction is completely generic. For
(d + 1)-dimensional quantum spin systems with d ≥ 2, it occurs because of spontaneous
symmetry breaking. Indeed, global symmetries of the quantum systems are spontaneously
broken and the low-energy physics is governed by massless Goldstone bosons. In (2 + 1)
dimensions, as one makes the extent β of the extra-dimension finite, the Goldstone bosons
pick up a small mass and the corresponding correlation length ξ is exponentially large
in β. Therefore, one reaches the continuum limit by sending β to infinity. The system
hence appears dimensionally reduced because the fields are essentially constant in the ex-
tra dimension due to the exponentially large correlation length. This is ensured since the
target 2-dimensional quantum field theories are asymptotically free. For higher dimensions,
spontaneous symmetry breaking also occurs and one directly sits in a massless phase where
ξ = ∞. The mechanism of dimensional reduction follows naturally. In the case of non-
abelian quantum link models in (4 + 1) dimensions, the dimensional reduction process is
due to the existence of a 5-dimensional massless Coulomb phase. One hence has an infinite
correlation length. Once the extent of the extra dimension is made finite, asymptotic free-
dom predicts an exponentially large correlation length in β. As a consequence, dimensional
reduction occurs again because one can average the fields in the fifth dimension resulting in
the usual 4-dimensional Yang-Mills theory. The inclusion of fermions is also very natural
in D-theory. One just follows Shamir’s variant of Kaplan’s domain wall fermion proposal.
Interestingly, when the theories are dimensionally reduced, the confinement hypothesis in
4 dimensions (gluons form glueballs and are hence confined) plays the same role as the
Hohenberg-Mermin-Wagner-Coleman theorem in two dimensions. It forbids the existence
of free massless particles in the reduced theory.

The D-theory formulation of QCD hence rests on a solid theoretical basis but, unfor-
tunately, it has so far not been possible to simulate such systems. The use of discrete
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quantum variables normally allows to use powerful numerical techniques such as cluster al-
gorithms. However, no efficient cluster algorithm has been developed even for the simplest
quantum link models. This can be seen as a potential weakness of the formulation, but
investigations are still on their way and there is good hope to find new types of algorithms
which will allow precise numerical simulation in that framework as well. For 2-dimensional
spin systems, the situation is far better. We have seen here that it is possible to regularize
CP (N − 1) models with quantum SU(N)-symmetric systems. This offers a new way to
attack non trivial problems which are not accessible with the perturbative approach or
with the Wilsonian regularization. In this thesis, we have thus investigated the vacuum
structure of CP (N − 1) models. It was not clear whether the system faces a first order
phase transition with C-breaking at vacuum angle θ = π for not too large N ≥ 3. Using
the D-theory formulation and an efficient cluster algorithm, we have been able to perform
numerical simulations reliably directly at θ = π. This is impossible with the traditional
Wilson approach due to the complex term in the action. In this way, we have been able
to confirm that the phase transition is second order for N = 2 and first order for larger
N . The quantum spin systems used here were (2 + 1)-dimensional quantum spin ladders
and (1 + 1)-dimensional quantum spin chains. They both have a global SU(N) symmetry
and can regularize CP (N − 1) models both at θ = 0 or π. On the other hand, (2 + 1)-
dimensional SU(N) ferromagnetic systems, which provide a regularization at θ = 0, were
also investigated in detail. In particular, we have been able to prove the perfect agreement
between the Wilsonian and D-theory regularizations. This has confirmed the mechanism of
spontaneous symmetry breaking from SU(N) to U(N − 1) and the dimensional reduction
scenario to the target 2-dimensional CP (N − 1) model.

To simulate these quantum systems, we have used highly efficient numerical simulation
techniques. D-theory indeed offers a perfect framework for the use of cluster algorithms.
This type of algorithms have the advantage to remove almost completely the critical slow-
ing down near the continuum limit. Indeed, they can perform global updates of the size
of the correlation length and are hence particularly efficient for highly correlated systems.
They have been used in many classical or quantum spin models. Nevertheless, cluster
algorithms turn out to be inefficient for CP (N − 1) models in the Wilson formulation.
This is even proved by a no-go theorem. Remarkably, the D-theory formulation of the
CP (N − 1) models, in terms of SU(N) quantum systems, completely evades this theo-
rem. We have shown here that, at θ = 0, the dynamical critical exponent is consistent
with z = 0. This means that successive Monte Carlo sweeps are practically not corre-
lated. On the other hand, these algorithms are relatively simple to implement and one can
simulate CP (N−1) models at vacuum angle θ = π without any additional numerical effort.

Being able to simulate CP (N −1) models at θ = 0 for large correlation lengths ξ offers
wide new perspectives. Indeed, it would now be possible to investigate numerically the
mass-gap of the theory, which is not known analytically. In order to do so, we just have to
simulate the (2+1)-dimensional SU(N) quantum ferromagnet with our cluster algorithm.
The limited power of computers will, of course, prevents simulations at very small lattice
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spacing. Fortunately, one can use finite size scaling techniques to extrapolate the value
of ξ to the continuum limit and hence obtain the mass-gap of the theory. Similar studies
can be made as well in the large N limit, where the system is believed to simplify. The
mass-gap in that limit can also be investigated. Besides the CP (N − 1) models, it would
be interesting to see if D-theory also allows us to build efficient cluster algorithms for other
field theories. For example, the SU(N) ⊗ SU(N) chiral models for N ≥ 3 to which the
no-go theorem also applies. As emphasized before, an important goal is to find a way to
simulate more efficiently pure gauge theories. The most efficient algorithm is nowadays
the overrelaxation algorithm which has a critical exponent of z ≈ 1. Unfortunately, the
D-theory formulation of pure gauge theories has so far not yielded the expected results.
However, there is still good hope to construct modified cluster algorithms which would
allow us to simulate gauge theories efficiently. Simulations of fermions would be the next
step. Indeed, we have seen, that Shamir’s version of Kalplan domain-wall fermions can be
naturally included in D-theory. Hence, all ingredients of QCD are included in the D-theory
formulation. The theoretical framework rests on a solid basis and we expect further algo-
rithmic developments in the coming years.

As it was suggested by U.-J. Wiese in [147], D-theory may provide a far deeper frame-
work for physics at ultra-short distances. Indeed, it is believed that the quantum field
theory picture, and therefore the use of classical fields as basic concepts, has to be replaced
at very high energies. This has already been pointed out by Dirac, who was not satisfied
with the usual procedure of removing the infinities in the perturbative treatment of quan-
tum electrodynamics [148]. Nowadays, the most discussed candidate to regularize particle
physics at a fundamental level is string theory. However, deteminating the physical pro-
cesses at the Planck scale is far from the scope of today’s experiments. Hence, it is more a
question of speculation and discrete quantum variables such as quantum links and quantum
spins may also be promising candidates for the degrees of freedom of fundamental physics.
Indeed, what could be more fundamental than a quantum spin? D-theory indeed provides
a framework in which classical fields emerge naturally from discrete quantum variable that
undergo dimensional reduction. Formulating a theory in one or more extra dimensions is
not a weakness, since it is strongly believed that hidden dimensions must be present at
high energies. A hint in that direction is the existence of light fermions in Nature. Indeed,
without invoking extra dimensions and Kaplan’s remarkable solution, one would not un-
derstand non-pertubatively why fermions can be naturally light. Of course, the D-theory
formulation may well not be adapted to describe fundamental physics, one needs maybe
more dimensions and a different framework. It is also not clear whether gravity or the full
standard model can be regularize in the D-theory framework. Nevertheless, discrete quan-
tum variables are interesting alternative objects which could provide new insights towards
a better comprehension of fundamental physics.
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Appendix A

Determination of the Low-Energy

Parameters of an SU(N )-Symmetric

Ferromagnet

In section 4.3.2, we have given values for the low-energy parameters of an SU(N) quantum
ferromagnetic system without justifying these results. Indeed, the uniform magnetization
m and the spin stiffness ρs were given in terms of the microscopic parameters n and J ,
the number of Young tableau boxes of the corresponding symmetric SU(N) representation
on each site x and the ferromagnetic coupling constant, respectively. To determine these
low-energy parameters, we will compute the energy-momentum dispersion relation in the
microscopic theory. We will then match the coefficients with the results obtained in chiral
perturbation theory [126]. We start by considering an SU(N) symmetric quantum ferro-
magnet defined on a 2-dimensional lattice of size L2. As before, the Hamiltonian is given
by

H = −J
∑

〈xy〉

~Tx · ~Ty, (A.1)

where J > 0 and 〈xy〉 denotes nearest neighbors. The quantum spins T a
x , a ∈ {1, . . . , N2−

1}, are in any symmetric representation of SU(N), corresponding to a Young tableau with
n boxes in a single row. The normalization is fixed by the relation

Tr
(
T a

xT
b
y

)
=

1

2
δabδxy. (A.2)

Let us begin by determining the ground state energy E0 of such a system. As described
in section 4.3.2, the vacuum state is a completely symmetric state with maximal spin
projection on each site. For example, in the fundamental representation of SU(N) one can
choose a state |uu . . . u〉. Here, we will simply denote this ground state by |n〉. In order to
find the ground state energy, let us express (A.1) as a sum of quadratic Casimir operators
of SU(N)

H|n〉 = −J
∑

〈xy〉

(
1

2
(~Tx + ~Ty)

2 − 1

2
~T 2

x − 1

2
~T 2

y

)

|n〉. (A.3)
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The quadratic Casimir operator for symmetric representations of SU(N) with a corre-
sponding Young tableau with n boxes in one row is given by [149]

C2 = Cf
n(N + n)

N + 1
, (A.4)

with

Cf =
N2 − 1

2N
, (A.5)

the quadratic Casimir of the fundamental representation. Hence, for a ground state with
all SU(N) spins in the symmetric representation with n Young tableau boxes, one has

H|n〉 = E0|n〉 = −JL2n2 (N − 1)

N
|n〉. (A.6)

Here we have summed over the 2L2 bounds of nearest neighbors. The dispersion relation
of such systems is defined by the difference E~p − E0, where E~p is the energy-spectrum of
the 1-magon (or spin-wave) state. It is defined as

H|~p 〉 = E~p |~p 〉, (A.7)

where the state with momentum ~p is

|~p 〉 = T−
~p |n〉 =

∑

x

ei~p·~x T−
x |n〉 =

∑

x

ei~p·~x|n′
x〉. (A.8)

The operator T−
x is a “lowering operator” acting on the site x which flips the SU(N) spin

on that site to another quantum state. It is defined in terms of non-diagonal generators of
SU(N). For example

T−
x =

1√
2

(T 1
x − iT 2

x ), (A.9)

with T 1
x and T 2

x two non-diagonal generators of SU(N). In order to act on |~p 〉, let us split
the Hamilton operator into two parts,

H = Hd +Hs. (A.10)

Here, Hd is defined as a sum over all diagonal operators of SU(N). Since the rank of the
group is N − 1, there are N − 1 of them, which yields

Hd = −J
∑

〈xy〉

N−1∑

a=1

T a
xT

a
y . (A.11)

On the other hand, Hs is a sum of product of shift operators of the form (A.9). Since each
of them contains two generators of SU(N), there are N(N − 1)/2 terms in the following
sum

Hs = −J
∑

〈xy〉

N(N−1)/2
∑

b=1

(
T+,b

x T−,b
y + T−,b

x T+,b
y

)
. (A.12)
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For example, b = 1 corresponds to the operator (A.9). Let us act with Hd on |~p 〉. For
that we can first study

Hd|n′
x〉 = (Hr + 4Hb′)|n′

x〉. (A.13)

The generalization to |~p 〉 is trivial. Here Hr is defined as

Hr|n′
x〉 = (2L2 − 4)Eb|n′

x〉, (A.14)

where Eb is the energy of a bond defined by

Eb =
E0

2L2
= −Jn2 (N − 1)

2N
. (A.15)

We have subtracted the four bonds that are connected with the site x from the total
number of bonds 2L2. Indeed, the energy of the rest of the system is not affected by the
introduction of a different spin on the site x. We now determine the energy Eb′ of a bond
connected with x,

Hb′|n′
x〉 = −J

N−1∑

a=1

T a
xT

a
y |n′

x〉 = Eb′|n′
x〉. (A.16)

As emphasized before, the state |n′
x〉 consists of L2 − 1 spins in the same state “up” and

one in a different quantum state “down”. This latter is in any symmetric representation
of SU(N). In particular, let us arbitrarly choose the representation with (n − 1) Young
tableaux boxes in a single row. The above relations becomes

Hb′ |n′
x〉 = −J

(

T 1
xT

1
y +

N−1∑

a=2

T a
xT

a
y

)

|n′
x〉 = −J

[

n

2

(n

2
− 1
)

+
n2

2

N−1∑

a=2

1

a(a + 1)

]

|n′
x〉

= −J
[
n

2

(n

2
− 1
)

+
n2

2

(N − 2)

2N

]

|n′
x〉. (A.17)

Here, the first term gives a contribution n/2 for the site y and (n/2−1) for x. To illustrate
this, one may think about the SU(2) case, where T 1 ∝ σ3 and n = 2s with s being the
total spin. There, we have a spin (s−1) on x and a maximal spin projection s on all other
sites. Hence, as one sums over all sites and introduces the momentum ~p, one gets

∑

x

ei~p~xHb′ |n′
x〉 = −Jn

2

(
n(N − 1)

N
− 1

)

|~p 〉. (A.18)

Let us now consider the case of Hs. Again this is a local operator one can decompose in
four parts

Hs = H(x,+1̂) +H(x,−1̂) +H(x,+2̂) +H(x,−2̂), (A.19)

where 1̂ and 2̂ are the two directions on the lattice. For example, one has

H(x,+1̂) = −J
N(N−1)/2)
∑

b=1

(

T+,b
(x1,x2)

T−,b
(x1+1,x2)

+ T−,b
(x1,x2)

T+,b
(x1+1,x2)

)

. (A.20)
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As one acts on a state |n′
x〉 the sum reduces to the value of b which corresponds to the

quantum state of the SU(N) spin on site x. This yields

H(x,+1̂)|n′
x〉 = −J

(

T+
(x1,x2)

T−
(x1+1,x2)

+ T−
(x1,x2)

T+
(x1+1,x2)

)

|n′
(x1,x2)〉

= −JT+
(x1,x2)

T−
(x1+1,x2)

|n′
(x1,x2)〉 = −JT−

(x1+1,x2)T
+
(x1,x2)

T−
(x1,x2)

|n(x1,x2)〉

= −JT−
(x1+1,x2)

T 1
(x1,x2)|n(x1,x2)〉 == −Jn

2
|n′

(x1+1,x2)〉, (A.21)

We have used the relation

T+
(x1,x2)

T−
(x1,x2)

|n(x1,x2)〉 =
[

T 1
(x1,x2)

− T−
(x1,x2)

T+
(x1,x2)

]

|n(x1,x2)〉 = T 1
(x1,x2)

|n(x1,x2)〉. (A.22)

Again, T 1 denotes the first diagonal operator of the group SU(N). In the fundamental
representation of the group, it is given by the matrix diag(1,−1, 0, . . . , 0)/2. We still need
to sum over all sites and consider also the momentum ~p, i.e.

H(x,+1̂)|~p 〉 =
∑

x1,x2

eip1x1eip2x2H(x,+1̂)|n′
x〉 = −nJ

2

∑

x1,x2

eip1x1eip2x2 |n′
(x1+1,x2)〉

= −nJ
2

∑

x′

1,x2

eip1x′

1eip2x2eip1 |n′
(x′

1,x2)
〉 = −nJ

2
eip1 |~p 〉 (A.23)

Therefore, the eigenvalue of the operator Hs (A.19) is given by

Hs|~p 〉 = −nJ
2

(
eip1 + e−ip1 + eip2 + e−ip2

)
|~p 〉 = −Jn [cos(p1) + cos(p2)] |~p 〉. (A.24)

Putting all those contributions together, one obtains

H|~p 〉 = (Hr + 4Hb′ +Hs)|~p 〉 = E~p|~p 〉, (A.25)

where

E~p = −(2L2 − 4)Jn2 (N − 1)

2N
− 2Jn

(
n(N − 1)

N
− 1

)

− Jn [cos(p1) + cos(p2)] . (A.26)

As a cross-check, it is clear that E~p=0 = E0. The energy momentum dispersion relation is
hence given by

E~p − E0 = 2Jn2 (N − 1)

N
− 2Jn

(
n(N − 1)

N
− 1

)

− Jn [cos(p1) + cos(p2)]

= Jn [2 − cos(p1) + cos(p2)]

= Jn [(1 − cos(p1)) + (1 − cos(p2))] . (A.27)

For small values of ~p, we expand E~p −E0 to second order and find

E~p −E0 ' Jn

(

1 − 1 +
p2

1

2
+ O(p4

1) + 1 − 1 +
p2

2

2
+ O(p4

2)

)

=
Jn

2
p2 + O(p4), (A.28)
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where p = |~p|. We can then match this result to the one obtained by Leutwyler using chiral
perturbation theory. Hence,

E~p − E0 =
ρs

m
p2 =

Jn

2
p2 ⇒ ρs

m
=
Jn

2
. (A.29)

From the SU(2) case, it is clear that the uniform magnetization m is equal to the total
spin s = n/2. Therefore, for SU(N) one has

ρs =
Jn2

4
, m =

n

2
, (A.30)

which proves the results of section 4.3.2.
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