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Using a Fermi-Bose mixture of ultra-cold atoms in an optical lattice, we construct a quantum
simulator for a U (1) gauge theory coupled to fermionic matter. The construction is based on
quantum links which realize continuous gauge symmetry with discrete quantum variables. At low
energies, quantum link models with staggered fermions emerge from a Hubbard-type model which
can be quantum simulated. This allows us to investigate string breaking as well as the real-time
evolution after a quench in gauge theories, which are inaccessible to classical simulation methods.

Recently, the condensed matter and atomic physics
communities have mutually benefited from synergies
emerging from the quantum simulation of strongly correlated systems using atomic setups [1–4]. In particular, physically interesting quantum many-body systems,
which can not be solved with classical simulation methods, are becoming accessible to analog or digital quantum
simulation with cold atoms, molecules, and ions. In the
future, quantum simulators may also enable us to address currently unsolvable problems in particle physics,
including the real-time evolution of the hot quark-gluon
plasma emerging from a heavy-ion collision or the deep
interior of neutron stars [5].
The challenge on the atomic physics side is to find
a physical implementation of gauge theories with cold
atoms, and to identify possible atomic setups representing dynamical gauge fields coupled to fermionic matter.
Below we provide a toolbox for a U (1) lattice gauge theory using atoms in optical lattices [1, 3]. Here fermionic
atoms represent matter fields. They hop between lattice sites and interact with dynamical gauge fields on the
links embodied by bosonic atoms. The lattice gauge theory to be implemented is a so-called quantum link model
[6–8], where the fundamental gauge variables are represented by quantum spins. Quantum link models extend
the concept of Wilson’s lattice gauge theory [9]. In particle physics they provide an alternative non-perturbative
formulation of dynamical Abelian and non-Abelian gauge
field theories [8, 10, 11]. Quantum link models are also
relevant in condensed matter contexts, like spin liquids
and frustrated systems [12–14]. Their Hamiltonian formulation provides a natural starting point for quantum
simulation protocols based on atomic gases in optical lattices [15–19]. We will illustrate atomic quantum simulation of an Abelian quantum link model in a 1D setup,
demonstrating both dynamical string breaking and the
real-time evolution after a quench, which are also relevant
in QCD. The quantum simulator discussed below makes
the corresponding real-time dynamics, which is exponen-

tially hard for classical simulations based on Wilson’s
paradigm [20], accessible to atomic experiments.
Cold quantum gases provide a unique experimental
platform to study many-body dynamics of isolated quantum systems. In particular, cold atoms in optical lattices realize Hubbard dynamics for both bosonic and
fermionic particles, where the single particle and interaction terms can be engineered by external fields. The
remarkable experimental progress is documented by the
quantitative determination of phase diagrams in strongly
interacting regimes, the study of quantum phase transitions, and non-equilibrium quench dynamics [21–25].
One of the most exciting recent developments are synthetic gauge fields with atoms, which promises the realization of strongly correlated many-body phases, such
as, e.g., the fractional quantum Hall effect with atoms
[26–31]. A fermion that is annihilated by ψy and recreated by ψx† at a neighboring site x, which propagates
in the background of a classical Abelian vector poten~ gives rise to the hopping term ψx† uxy ψy with
tial A
uxy = exp(iϕxy ). Hopping between the adjacent lattice
Ry
~ The
sites x and y accumulates the phase ϕxy = x d~l · A.
hopping term is invariant against U (1) gauge transfor~0 = A
~ − ∇α.
~
When a fermion hops around
mations A
a lattice plaquette hwxyzi, it picks up a gauge invariant magnetic flux phase exp(iΦ) = uwx uxy uyz uzw , with
R
~ × A.
~ We emphasize that these synthetic
Φ = d2 f~ · ∇
gauge fields are c-numbers mimicking an external magnetic field for the (neutral) atoms.
Instead, here we are interested in dynamical gauge
fields as they arise in particle physics [32]. The corresponding fundamental bosonic degrees of freedom Uxy
are no longer related to an underlying classical back~ but represent quantum operators associground field A,
ated with the lattice links. The hopping of the fermions
is now mediated by the bosonic gauge field via the term
ψx† Uxy ψy , which is invariant under local changes of mat-

2
ter and gauge degrees of freedom

a)

0
Uxy
= V † Uxy V = exp(iαx )Uxy exp(−iαy ),
Y
ψx0 = V † ψx V = exp(iαx )ψx , V =
exp (iαx Gx ) ,

Gx =

ψx† ψx

−

X
i
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is gauge invariant, i.e. [H, Gx ] = 0. In Wilson’s lattice
gauge theory, the link variables Uxy = exp(iϕxy ) ∈ U (1)
are still complex phases, and Exy = −i∂/∂ϕxy . Since
Uxy is a continuous variable, which implies an infinitedimensional Hilbert space per link, it is not clear how
to implement it in ultra-cold matter, where one usually deals with discrete degrees of freedom in a finitedimensional Hilbert space.
Quantum link models offer an attractive framework
for the quantum simulation of dynamical gauge fields
[8, 10, 11]. They extend the concept of a lattice gauge
theory to systems of discrete quantum degrees of freedom
with only a finite-dimensional Hilbert space per link. In
contrast to the Wilson formulation, quantum link models
resemble a quantum rather than a classical statistical mechanics problem. The relation [Exy , Uxy ] = Uxy is then
+
realized by a quantum link operator Uxy = Sxy
which is a
3
raising operator for the electric flux Exy = Sxy associated
with the link connecting neighboring lattice sites x and
y. A local SU (2) algebra is generated by a quantum spin
~xy with just 2S + 1 states per link. We will consider
S
quantum links with S = 12 or 1. In the classical limit
S → ∞ quantum link models reduce to the Hamiltonian
formulation [33, 34] of Wilson’s lattice gauge theory.
The implementation of quantum link models in ultracold matter requires the realization of a gauge invariant
Hamiltonian accompanied by the corresponding Gauss
law. Here, we present a general procedure to obtain U (1)
quantum link models including both gauge and matter
fields. To illustrate our method, we focus on a simple
example, a 1D U (1) quantum link model coupled to so-
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|1i
|0i

c) Q̄
Q̄

1 X
g2 X 2
(Uwx Uxy Uyz Uzw + h.c.), (2)
Exy − 2
2
4g
hxyi

x+1

x

Here Ex,x+î is an electric field operator associated with
the link connecting x and y = x + î, where î is a unitvector in the i-direction. Gx is the generator of gauge
transformations. Gauge invariant physical states must
obey Gauss’ law, Gx |Ψi = 0, which is the lattice variant
~ ·E
~ = ρ = ψ † ψ. To ensure gauge covariance of
of ∇
Uxy , it must obey [Exy , Uxy ] = Uxy . The Hamiltonian
representing the electric and magnetic field energy of a
compact U (1) lattice gauge theory,

H=

x

q̄

S=1
| + 1i

|0i
| 1i

Q

S=1/2

d)

|1/2i

|

1/2i

FIG. 1. [Color online] a) Correlated hop of a fermion as+
sisted by Ux,x+1 ≡ Sx,x+1
consistent with Gauss’ law in a
quantum link model with spin S = 1. b) Realization of the
process in a) with bosonic and fermionic atoms in an optical
super-lattice (see text). c) Breaking of a string connecting a
static Q̄Q pair: from an unbroken string (top), via fermion
hopping (middle), to two mesons separated by vacuum (bottom). d) From a parity-invariant staggered flux state (top),
via fermion hopping (middle), to the vacuum with spontaneous parity breaking.

called staggered fermions with the Hamiltonian
X

H = −t
ψx† Ux,x+1 ψx+1 + h.c.
x

+m

X
x

(−1)x ψx† ψx +

g2 X 2
E
.
2 x x,x+1

(3)

Here t is the hopping parameter, m is the fermion mass,
and g is the gauge coupling. In this case, the gauge
e x = Gx + 1 [(−1)x − 1]. Staggenerator is given by G
2
gered fermions are analogous to spinless fermions at halffilling in condensed matter physics. The corresponding
vacuum represents a filled Dirac sea of negative energy
states. For S = 1, t = 0, and m > 0 the vacuum state
has Ex,x+1 = 0 and ψx† ψx = 12 [1 − (−1)x ]. The corresponding vacuum energy of a system with L sites is
E0 = −mL/2. The above Hamiltonian resembles the
Schwinger model [35]. For S = 1 it shares the nonperturbative phenomenon of string breaking by dynamical q q̄ pair creation with QCD [36]. An external static
quark-anti-quark pair Q̄Q (with the Gauss law appropriately taken into account) is connected by a confining
electric flux string (Fig. 1c, top), which manifests itself
by a large value of the electric flux. For t = 0, the energy
2
of this state
Pis Estring − E0 = g (L − 1)/2, and the flux is
given by h x Ex,x+1 i = −L + 1. At sufficiently large L,
the string’s potential energy is converted into kinetic energy by fermion hopping, which amounts to the creation
of a dynamical quark-anti-quark pair q q̄. In this process,
which is known as string breaking, an external static antiquark Q̄ pairs up with a dynamical quark to form a Q̄q

3
meson. For t = 0, the resulting two-meson state of Fig.
2
1c (bottom) has
P an energy Emesons − E0 = g + 2m and
a small flux h x Ex,x+1 i = −2. The energy difference
Estring − Emesons = g 2 (L − 3)/2 − 2m = 0 determines the
length L = 4m/g 2 + 3 at which the string breaks.
Another non-perturbative process of interest in particle physics is the real-time evolution after a quench. In
particular, the quark-gluon plasma created in a heavy-ion
collision quickly returns to the ordinary hadronic vacuum. This is accompanied by the spontaneous breakdown of the quark’s chiral symmetry. The dynamics after a quench can be quantum simulated by using the
S = 12 representation for the electric flux (which mimics
the Schwinger model at vacuum angle θ = π [35]). In
that case, like chiral symmetry in QCD, for m > 0 parity
is spontaneously broken, at least for small t, for more details see the supplementary information (SI). A quenched
parity-invariant staggered flux state, which evolves into
the true vacuum with spontaneous parity breaking, is
schematically illustrated in Fig. 1d. In this case, the electric flux represents an order parameter for spontaneous
parity breaking, which is expected to perform coherent
oscillations. This is similar to the time evolution after a
quench starting from a disoriented chiral condensate in
QCD [37].
The realization of an atomic lattice gauge simulator
requires (i) the identification of physical degrees of freedom to represent fermionic particles and bosonic quantum link variables, (ii) to impose the Gauss law in order
to remove the gauge variant states, and (iii) to design the
desired dynamics in the gauge invariant subspace. Below
we develop a rather general atomic toolbox to implement
U (1) lattice gauge models coupled to matter fields based
on mixtures of cold fermionic and bosonic atoms in optical lattices. Within this toolbox, we consider two different microscopic realizations in terms of Hubbard models,
model I and II. Below we present in some detail the conceptually simpler model I (see Fig. 2), which assumes
two-component bosons representing gauge fields. Model
II, discussed in the (SI), assumes one component bosons
with magnetic or electric dipolar interactions; it offers
better scalability and experimental feasibility. Our concepts generalize immediately to experiments in 2D and
3D, and to fermions with spin.
(i) The spin S = 12 , 1, . . . representing the quantum
link can be realized with a fixed number N = 2S of
bosonic atoms in a double well potential with tunnel coupling (Fig. 1b). An optical super-lattice [38, 39] (Fig. 2)
provides an array of double wells with different depths,
and a Mott insulator phase of bosons allows loading with
the desired number of atoms N . For two neighboring
sites x and x + 1, with bσx and bσx+1 denoting the boson destruction operators in the corresponding wells, we
define a Schwinger representation for the quantum link
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FIG. 2. [Color online] Schematic view of the optical superlattices for one fermionic and two bosonic species 1 and 2
(model I). a) Species 1 can hop between an even site x and the
odd site x − 1, while species 2 can hop between x and x + 1.
b) Illustration of various contributions to the Hamiltonian.
Fermions and two-component bosons have on-site repulsions
U1F = U2F = U12 = 2U , while bosons of the same species
have U11 = U22 = 2U + g 2 /2 − t2B /U . The offsets of the
bosonic and fermionic super-lattices are 2U1 = 2U2 = 2U and
2UF = 2(U + m), respectively. If the fermion hops to the
left, it picks up the energy offset 2U from a boson of species
2 which simultaneously tunnels to the right.

The electric flux is related to the population difference of
the two sites. Here the bosonic species index σ = 1, 2 distinguishes between links originating from even and odd
sites x. Eq. (4) requires that each boson can tunnel
only to one specific neighboring site, based on a term
σ†
σ
hB
x,x+1 = −tB bx+1 bx + h.c. The number of bosonic atoms
is conserved locally on each link. In the (SI) we discuss
model II with just a single bosonic species, by encoding σ in the geometric location of the bosons to the left
or to the right of the site x. We now also add spinless
fermionic atoms at half-filling to our super-lattice setup,
which can hop between neighboring sites based on the
†
term hF
x,x+1 = −tF ψx+1 ψx + h.c. (ii) Gauss law: Using
σ†
σ
σ
bσ†
x bx + bx+1 bx+1 = 2S, the gauge generator reduces to
e x = nF + n1 + n2 − 2S + 1 [(−1)x − 1] .
G
x
x
x
2

(5)

Here nα
x counts the atoms of type α = F, 1, 2. Up to an
e x thus counts the total number
x-dependent constant, G
of atoms at the site x. To impose the Gauss law, gauge
variant states are removed from the low-energy spectrum
e 2x as the dominant term in the Hamiltonian.
by using U G
This is reminiscent of the repulsive Hubbard model for
a Mott insulator [1]. In this sense, the gauge invariant
1
1
2
x
states (which obey nF
x + nx + nx = 2S + 2 [1 − (−1) ])
can be viewed as “super-Mott” states. (iii) It is well
known that, for large on-site repulsion, the Hubbard
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model reduces to the t-J model [40]. We now induce
the dynamics of a U (1) quantum link model in a similar
manner,
by considering
Hamiltonian
P F the 1D microscopic
P
P e2
x F
e = P hB
H
+
h
+m
(−1)
n
x +U
x x,x+1
x x,x+1
x
x Gx .
Up to an additive constant, it can be expressed as
X †
X
X
†
e = −tB
H
b1x b1x+1 − tB
b2x b2x+1 − tF
ψx† ψx+1
x even

x odd

+ h.c. +

X

x,α,β

β
nα
x Uαβ nx

X
+
(−1)x Uα nα
x.

(6)

The last two terms describe repulsive on-site interactions
as well as super-lattice offsets. The various contributions
to the Hamiltonian are illustrated in Fig. 2b. The quantum link model of Eq. (3) with t = tB tF /U emerges in
second order perturbation theory, if one tunes the parameters to the values listed in Fig. 2b. The offsets Uα give
rise to an alternating super-lattice for both the fermions
and the bosons. In analogy to super-exchange interactions [39], energy conservation enforces a correlated hop
of the fermion with the spin-flip on the link, thus realizing
the term −tψx† Ux,x+1 ψx+1 . This is the key ingredient for
the coupling of fermions and quantum links.
Addition-i
h
P
†
ally, a gauge invariant term δF x ψx† ψx 1 − ψx+1
ψx+1

is also generated, see the (SI).
The reduction of the microscopic model of Eq. (6) to
the quantum link model of Eq. (3) has been verified both
at the few- and many-body level. In the former case,
we have performed a numerical study of the single-link
physics for both S = 12 and 1. The results show that
the dynamics of the microscopic model indeed preserves
gauge invariance on experimentally relevant time scales
τ < 1000 t−1 , as detailed in the (SI). For S = 21 we have
also studied the flux configuration in the ground state of
the microscopic Hamiltonian compared to the emergent
quantum link model using exact diagonalization. As illustrated in Fig. 3a, the microscopic model compares
very favorably with its quantum link analog, and gauge
invariance is effectively realized (see Fig. 3b).
We have performed exact diagonalizations on small
system sizes to quantitatively show the physical phenomena of string breaking and the dynamics after a
quench which can be observed in an experiment. The
main results are presented in Fig. 3c. For S = 1, we
evolve a string state initially prepared as in Fig. 1c under Hamiltonian parameters such that the separation between charge and anti-charge is larger than the characteristic scale for string breaking L = 4m/g 2 + 3. Indeed, the large negative electric flux initially stored in
the string quickly approaches its vacuum value, illustrating the string breaking mechanism. For S = 12 , Fig. 3c
also shows the time evolution after a quench, starting
from the parity-invariant state at the top of Fig. 1d. In
fact, the electric flux, which is an order parameter for
spontaneous parity breaking, displays coherent oscillations, reminiscent of a disoriented chiral condensate in
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FIG. 3. [Color online] a) Flux configuration in the ground
state of the microscopic Hubbard-type model compared to the
quantum link model (QLM) for S = 12 obtained by exact diagonalization of an L = 8 site system. The parameters of the
QLM (in units of tF = tB = 1) are t = 0.05, δF = −0.05
(see SI), and m = −0.2, 0, 0.2 (squares, crosses, and circles). The corresponding microscopic parameters are U =
20 and m = −0.2, 0, 0.2 (dashed-dotted, dashed, and solid
lines). b) accuracy
of the effective gauge invariance paraP
meter G =
x |hGx i|/L in the microscopic realization as a
function of
PtF /U . c) Real-time evolution of the total electric
flux E = x Ex,x+1 on a lattice with 16 sites, obtained by exact diagonalization of the QLM. For S = 1 (solid line) string
breaking is illustrated, starting from the initial state at the
top of Fig. 1c, and approaching the corresponding
P vacuum
expectation value (dashed-dotted line) of E =
x Ex,x+1
√
√
(g 2 = 2t > 0, m = 0, δF = − 2t). For S = 12 we show the
evolution after a quench, starting from the initial state at the
top of Fig. 1d. The flux order parameter performs coherent
oscillations (dashed line) (m = 0.6t, δF = 10 t).

QCD [37].
An experimental implementation will require three basic steps: preparation of an initial gauge invariant state,
evolution via quantum link dynamics, and measurement
of relevant physical observables. The first step can be
implemented by preparation of Mott insulator states of
bosonic and fermionic species on different lattice sites via
loading in deep optical lattice potentials. Subsequently,
the ground state or quench dynamics can be realized via
adiabatic or rapid lowering of the depth of the optical
lattices. Coherent evolution according to the quantum
link model may be validated at the few-body level by
performing double well experiments (corresponding to
a single quantum link) along the lines of Ref. [38, 39].
A numerical case study is presented in the supplementary information. Finally, in-situ site-resolved imaging
of bosonic particle number distributions [41–44] allows
one to measure Ex,x+1 and to reconstruct the spin-flux
configuration and, thus to quantitatively probe the system.
In the present work, we have proposed a quantum simulator of lattice gauge theories, where bosonic
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gauge fields are coupled to fermionic matter, allowing
demonstration experiments for phenomena such as timedependent string breaking and the dynamics after a
quench. While the basic elements behind our model have
been demonstrated individually in the laboratory, the
combination of these tools and the extension to higher
dimensions remain a challenge to be tackled in future
generations of optical lattice experiments. As a next step
towards simulating models of interest in particle physics
it will be interesting to extend these ideas to non-Abelian
gauge fields, which is natural in the framework of quantum link models.
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H. Büchler, Nat. Phys. 6, 382 (2010).
[18] J. Cirac, P. Maraner, and J. Pachos, Phys. Rev. Lett.
105, 190403 (2010).
[19] E. Kapit and E. Mueller, Phys. Rev. A 83, 033625 (2011).
[20] M. Troyer and U. Wiese, Phys. Rev. Lett. 94, 170201
(2005).
[21] S. Nascimbène, N. Navon, K. Jiang, F. Chevy, and C. Salomon, Nature 463, 1057 (2010).
[22] S. Trotzky, L. Pollet, F. Gerbier, U. Schnorrberger,
I. Bloch, N. Prokof’Ev, B. Svistunov, and M. Troyer,
Nat. Phys. 6, 998 (2010).
[23] K. Van Houcke, F. Werner, E. Kozik, N. Prokof’ev,
B. Svistunov, M. Ku, A. Sommer, L. Cheuk, A. Schirotzek, and M. Zwierlein, Nat. Phys. 8, 366 (2012).
[24] X. Zhang, C. Hung, S. Tung, and C. Chin, Science 335,
1070 (2012).
[25] S. Trotzky, Y. Chen, A. Flesch, I. McCulloch,
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6
SUPPLEMENTARY INFORMATION
Symmetries of the U(1) quantum link model

In this section, we briefly review the basic symmetry
properties of the U (1) quantum link model of Eq. (3) of
the main text.
1. As in any gauge theory, the Hamiltonian is invariant against local symmetry transformations. In
this case, it commutes with the infinitesimal U (1)
gauge generators
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The values g 2 and m are small compared to U > 0, i.e.
g 2 , |m|  U , but they are still relevant in the induced
quantum link model.
The term to be generated in second order perturbation
theory is the correlated hopping of fermions mediated by
the quantum link (represented by a quantum spin). It
appears as an effective interaction induced by the previous Hamiltonian and the perturbation terms
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4. For m = 0 the Hamiltonian also has a Z(2) chiral symmetry which shifts all fields by one lattice
spacing,
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However, this symmetry is explicitly broken when
e x |Ψi = 0.
one imposes the Gauss law G
Model I: Quantum link model emerging from a
Hubbard-type model

In this section, we sketch the main steps to reduce the
microscopic Hubbard model, Eq. (6) of the main text,
to an effective quantum link model at low energies using
second order perturbation theory. We are interested in
the scenario where the largest energy scale U is given by
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To second order in tF and tB , the effective Hamiltonian
reads
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The last term proportional to δF = t2F /U was not present
in the original quantum link model Hamiltonian. This is
no problem, because this term is also gauge invariant, and
could have been added to the quantum link Hamiltonian
from the beginning.
To test the reduction of the microscopic Hubbard-type
model to the effective quantum link model, we have considered a minimal setup of four lattice sites in the S = 1
case, as illustrated in Fig. 4a. We have compared the
low-energy spectrum of the microscopic and the corresponding effective Hamiltonian. The spectra coincide for
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tions are quantum gases of magnetic atoms like Cr [5],
Er [6], or Dy [7, 8], and dipolar molecules [9–18]. As
sketched in Fig. 5, the mixture is confined to a lattice,
where fermions occupy sites labeled by x and bosons are
defined on the link sites (x, L) and (x, R), to the left and
to the right of x. Bosons can hop only between sites
(x, R) and (x + 1, L), and serve as natural link variables
when expressed in terms of Schwinger bosons
Ux,x+1 = b†x+1,L bx,R ,
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FIG. 4. [color online] a) Pictorial representation of four
gauge invariant states coupled in second order perturbation theory in the S = 1 case. b) Expectation values of
†
the charge difference ψx† ψx − ψx+1
ψx+1 and the electric flux
Ex,x+1 as a function of the real-time τ , starting from one
of the four states, under the evolution of the microscopic
Hamiltonian for tF = U/20 (solid line). The effective quantum link model
√ (dashedline) yields an expectation value
for the product of both opera− 12 1 − cos 2tF tB τ /U
tors (left plot),
while
the
product
values
√ of bothexpectation
√


is − 21 cos 2tF tB τ /U cos 2tF tB τ /U − 1 (right plot),
signaling the collective dynamics of the coherent fermion hopping mediated by the quantum link. In the plots tF = 2tB .
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Note that here the bosonic index R, L is related to the
lattice configuration, and, in contrast to Eq. (6) of the
main text, it is not associated with an internal degree
of freedom. By identifying bx,L = b1x , bx,R = b2x (for x
even) and bx,L = b2x , bx,R = b1x (for x odd), we can relate
the bosons with spatial indices (x, L) and (x, R) to the
bosonic species σ = 1, 2 that arise in model I discussed
in the main text. The microscopic Hamiltonian of model
II takes the form
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U  tF , tB , and even in the intermediate interaction
regime U ' 10 tF the deviations are of order 1%. In view
of experimental realizations, another relevant question is
to what extent the Hamiltonian preserves the Gauss law.
We have considered several initial gauge invariant states,
e U + ∆H.
e For U = 10 tF
evolving in time according to H
(20 tF ), the probability to leave the gauge invariant subspace is below 10% (2%) even for time scales of order
τ ' 5000 t−1 . Moreover, as demonstrated in Fig4b, the
expectation values of nF
x and Ex,x+1 display oscillations
typical of a coherent two-body process, in direct analogy
with the double well experiments in [1, 2].

Model II: Quantum link models in dipolar systems

Here we illustrate an alternative route toward realizing U (1) quantum link models where a single dipolar
bosonic species is sufficient to realize a gauge covariant
link structure. For simplicity, we focus on the S = 12
setup, although larger spins can, in principle, be achieved
by considering on-site bosonic interactions. While this
construction extends to higher dimensions in a straightforward manner, here we discuss the simpler 1D implementation.
The microscopic model studied here uses a mixture of
fermionic and bosonic particles in the presence of strong
dipolar interactions [3, 4]. Possible experimental realiza-
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where vαβ [x, y] is given by the dipolar interaction between the particles. Its strength is normalized such that
vRL [x, x + 1] = 2vLR [x, x] = 1. The Bose-Fermi interaction is a combined effect of both dipolar and short-range
potentials. The latter stems from the partial overlap between the single-site Wannier functions of bosons and
fermions in (x, L, R) and x, respectively. In analogy with
model I, and taking into consideration the fast spatial
decay of dipolar interactions, one canPreformulate the
e
e dip = U
e2
Hamiltonian of Eq. (15) as H
x Gx + ∆Hdip ,
where
e x = nF + nx,L + nx,R + 1 [(−1)x + 1] .
G
x
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By choosing ωF = U + m, WF B = ωL,R = U , one then
obtains a quantum link model with t = 2tB tF /U , with
additional gauge invariant diagonal terms generated by
the dipolar interaction beyond nearest-neighbor sites.
In case of magnetic atoms [5–7], the interaction regime
U & 10 tF may be achieved by properly tuning the interspecies scattering length and the optical lattice depth,
leading to typical energy scales of the order 5nK for, e.g.,
Dy bosonic gases confined in an optical lattice with a lattice spacing of about 200 nm [8]. Polar molecules have
large electric dipole moments which can be aligned by
using external electric fields providing sufficiently strong
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of the form ψx† Ux,x+1 ψx+1 . Gauge invariance is then implemented by considering state-dependent dipole-dipole
interactions between the bosonic links, and a finite detuning shift for the Raman transition δ. A detailed study of
this implementation scheme will be reported elsewhere.
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FIG. 5. [color online] a) Lattice configuration of model II.
Fermions hop between sites x and x + 1, while bosons hop
in double wells on each link. b) Lattice configuration including Hamiltonian parameters. c) Alternative scheme employing Raman assisted tunneling rates: fermions with spin are
loaded into a species-dependent optical lattice, while bosons
are confined in a periodic potential with half the wavelength.

constraint energies U [4] when loaded into optical lattices [18]. A clear advantage of this setup is that it can
be straightforwardly adapted to 2D, since, in contrast to
model I, just one bosonic species is required regardless
of the dimensionality. Furthermore, dipolar interactions
are isotropic once the dipole moments are aligned perpendicular to the 2D plane [3, 4].
The above realization of gauge fields is based on
bosonic atoms in a double well potential corresponding to
the familiar external Josephson effect. Another intriguing possibility provided by dipolar interactions makes use
of an internal Josephson effect [19], where (instead of two
wells coupled by a tunnel coupling) one considers atoms
with two internal states coupled by a Rabi frequency.
Such an internal Josephson junction provides an alternative realization of quantum link spins. The setup that
we propose is illustrated in Fig. 5. The gauge invariant
dynamics are realized by combining a fermionic species
with spin moving in a spin-dependent optical lattice, and
a bosonic dipolar species confined in a deep optical lattice
of half the wavelength. Tunneling of fermions between
adjacent lattice sites is implemented by a Raman assisted
transition in the spirit of [20, 21], coupled to the internal
Josephson system with the corresponding bosonic link
site (c.f. Fig. 5), leading to an effective Hamiltonian term
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